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MAPIIIPYTHI C JIOKAJIBHBIMU OTPAHNYEHMNAMMUAU
T.A. IIanroxosa

THE PATHS WITH LOCAL RESTRICTIONS

T.A. Panyukova

B nanmoit paboTe pacCMOTPEHa 3313498 MOKPHITUS Ipada MUHUMAIBHBIM
YHCJIOM TieTiel, YI0BIeTBOPSIIOIAX 33 JaHHBIM JIOKAJILHBIM OorpanudeHnsaM. Io-
Ka3aHa BO3MOXKHOCTb PACIIO3HABAHMS CHCTEMBI IEPEXOIO0B, JOIyCKarome au-
HEMHYIO CJIO2KHOCTD 334 IOCTPOeHust Joiycrumoro myTa. IocTpoenst airo-
PHUTMBI OTBICKaHUSA B Tpadhe JOIyCTUMOro 9iiepoBa IUKJIa 33 JIMHeiiHoe BpeM4,
Ju60, ecIu TaKOro IUKJIA HET, — MOKPBLITHS Tpada HOMyCTUMBIMU LEIAMH.

Karouesvie caosa: 2pad, mapupym, uens, 3anpeweHnvtl neperod, noxpoi-
mue

The research is devoted to the problem of graph covering by minimal
number of trails corresponding some local restrictions. The opportunity to
recognize the transitions system is observed. The problem of allowed path
construction has linear complexity. Algorithm of allowed Eulerian cycle
construction is also considered. If graph does not have such a cycle then
algorithm constructs covering of graph by allowed trails. This algorithm also
runs by linear time.

Keywords: graph, path, trail, forbidden transition, covering

BBenenune

MHorue 3a/Ja49u HAXOXKIEHUs MapUIPYTOB, YIOBJIETBOPSIOIIUX ONpEIeJeHHBIM OTPaHUYCHH-
AM, TOSIBUJIMCh U3 KOHKPETHBIX MPAKTHYECKUX CHTyanuil. B 3amagax packpos JMCTOBOrO MarTe-
prasa IJIOCKHH rpad sIBJISIETCs MOJEJIBI0 PACKPOMHOrO IUIaHa, & MapUIpyT, HOKPBIBAIOIIMN BCe
pebpa, OIpeessieT TPAEKTOPHIO0 PexKyIero nHerpyMenTa. OrpaHudeHneM fABJISAETCA OTCYTCTBUE
HepecedeHnsl BHY TPEHHUX IDaHeil Jiio60i HavaJbHOM YacTH MapuipyTa ¢ pebpaMu ero ocTaBIlei-
ca wacru [1]. IIpu nocrpoenuu cucreM ymnpaBiieHHs] MAHUITYIATOPAMH C TIOMONIBI0 HEOPHEHTUPO-
BaHHOTO rpada 0TOOPaXKar0T BCEBO3MOXKHBIE 3JIEMEHTHI TpaeKTopuu ManuiyasTopa. IIpu sTom
BO3HHUKAIOT IPOOJIEMBI IIOCTPOEHUS MaPIIPYTOB, YAOBIETBOPSIONINX PA3IHIHBIM OI'DAHUYCHUAM,
HaIlpuMep: NPSMOJIMHEHHBIX MapIIPyTOB [2]; MapuIpyToB, B KOTOPHIX Cjeyiollee pedpo onpese-
JigeTcd 33JaHHBIM LOHUKJIAYECKMM IMOPSAKOM Ha MHOXKECTBe pebep, MHIMAEHTHBIX TeKylle#d Bep-
mmse [3 — 5]; MapmIpyToOB, B KOTOPHIX 9acTh pebep CiefyeT MPONTH B 33JaHHOM mOpsaKe [5].

Orpanuyenus Ha MOPsZOK 00x0/1a BepHIMH 1 pebep rpada MOXKHO KJIACCHMHUIIUPOBATL HAa, JIO-
KaJIbHBIe, KOTJa CJIeyIoIee pebpo B MapuIpyTe Olpe/iesisieTCss yCIOBUAMHE, 3aJaHHbIMK B TEKyIei
BEpIINHE WK Ha TeKymmeMm pebpe [2, 3 — 5, 7, 8] u Ha riobasbHbIe (S7I€POBBI, FAMIIBTOHOBDI ITUK-
JIbl, OMHAIIPABJICHHDBIE IBOWHBIE 0OXO/bI U T.1.). BOJBIIMHCTBO PaboT MOCBAIIEHO aJrOPUTMaM C
JIOKQJIbHBIMH OTPAHMYEHMsIMHU Ha, MOPsIOK 006xoma pebep. B mamHOil paboTe paccMOTpeHa 3ala-
Ya TOKPBLITHA Trpada MUHUMAJIBHBIM YUCJIOM Ieleil, YZOBIETBOPSIONNX 33JaHHBIM JIOKAJIbHBIM
OrPaHUYEHUSIM.
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1. AJaroputm mocTpoeHus JOMYCTUMOM Iienu

O60611eHIEe GONBITMHCTBA, YACTHBIX CIy4aeB 3a/a49y MOCTPOEHNS IPOCTON HENHU C JOKAJIbHBI-
MU OTPAaHWYECHUSIMA U aHAJIN3 BHIYMC/IATEIBHOM CI0KHOCTH AaHHO# npobsaemsl nanel C.3eigepomM
[7]. IlpuBenemM OCHOBHEBIE ONpeJeNeHNs U Pe3yIbTaThl JaHHON PabOTHI.

OrpaHnYuMCsl PAaCCMOTPEHUEM KOHEewHbT Npocmuiz IpacdoB. MHOXKeCTBO BEPIIMH ¥ MHOXKe-
crBo pebep rpacda G Gymem obosnadarh coorserctseHHo udepe3 V(G) u E(G). Hns Bepumimzbl
v € V(Q) onpenenum Eg(v), MHOXKecTBO Beex pebep rpada G, nHnugeHTHEIX BepmmHe v. CTeneHsb
BepIIuHEI v 6ygem obosHauaTh Kak d(v); ans d > 0 monoxkum Vy(G) := {v € V(G) |d(v) = d}.
Bynem mucate H < G, eciu H — BepmmHHO-UHAYIMpOBaHHbIi noarpad rpada G, T.e. noarpad,
nosydenHblil u3 rpada G orbpachiBaHMEM HEKOTOPOTO MHOYKECTBA BEPIIMH M BCeX pebep, MHIHU-
JIEHTHBIX BEPIIUHAM 3TOr0 MHOXKECTBA, U TOJIBKO HX.

Orpanwmuenus Ha MapuipyTsl B rpade G MoxKHO cOpPMYIHPOBaTh B TepMUHAX rpada paspe-
IIEHHBIX II€PEXO0/I0B.

Onpenenerne 1. Ilyemv G - 2pagp. I'padpom nepexodos Ti(v) sepwunn v € V(G) 6y-
dem HA3BIBAMD 2pag, 6EPUWUHAMU KOTNOPOZO AGAANOMCA PEOPA, UHUUOEHNMHbIE 6EPUUHE V, M.€.
V(Tg(v)) = Eg(v), a muooicecmeo pebep — donycmumvie nepexodoi.

Onpegnenenne 2. Cucmemoli pa3peuweHHbT nepexrodos (uasu Kopoue, cucmemot nepe-
z0dos) Tg 6ydem nazwseamsv mmoocecneo {Ta(v)| v € V(G)}, 2de Tg(v) — 2pag nepexodos 6
8ePULUHE V.

Omnpenenenne 3. Ilymv P = vy, e1,01,..., €5,V 6 epage G asasemca Tg-coemecmumvim,
ecau €;, €11 € E(Tg(v;)) 0aa kaocdozo i (1 <i<k-—1).

Teopema 1. [C. 3eiigep|. Ecau sce epagvi nepexodos npunadaesicam aubo xaaccy M noa-
HOIT MH02000AbHWL 2pagos, aubo xaaccy P napocouwemanud, mo 3adavwa nocmpoenus Tg-
cosmecmumoti yenu asasemca pazpewumot 3a epema O(|E(G)|). B npomusrom cayvae dannas
3adava asasemca N P-noanod.

Eciu cucrema nepexozos sepimunbl v € V (G) siBjisieTcsi mapoCcOYeTaHUeM, TO 331348 CBOJUTCS
K 3a1a4e 15 rpada

G': V(G) =V(@\{v}, E(G)=(B(G)\Eg(v))U {{viv;}: {viv, vv;} € BE(Ta(v))}.

Ecim gy mo6oit sBeprmast v € V(G) rpad T (v) sBiisiercs: OIHBIM MHOTOZOJIBHBIM rpadoM,
TO TIETIb MOYKHO MOCTPOUTH C MOMOIIBIO CJIEYIOIIErO aJrOPUTMA.

Asroputm Te-COBMECTUMBIN ITYTH

Bxoauble naHHbIE:

e tpad G = (V, E);
e BEpIIMHBI Z, i, MEXKJy KOTOPBIMHU TPeOyeTCst HaiiTw 1enb 06e3 3alpeIleHHBIX I€PeX00B;
e cucrema nepexonos 1g : (Vv € V(G)) Tg(v) € M.

BroixoaHbie JaHHBIE:

® II0CJIEeNOBATEILHOCTL pebep, onpenendaiomas T G-COBMECTHMBIN yTh MEXK/AY BEPITUHAMU T
u y, b0 coobIreHre 06 ero OTCYyTCTBUMU.

IMTar 1. Eciu BepiiuHa & WX BEPIIUHA Yy SBJISETCS U30JUPOBAHHOM, OCTAHOB: IIyTH HET.
IITar 2. Ynamuts u3 rpada G M30JUpOBAHHBIE BEPIITUHBI.
ITIar 3. IToctpouts BeromorarenbHblil rpad G’ cremyromum obpasom (puc. 1):
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Puc. 1. umocTpanus mocTpoenus Bernomoraresibaoro rpada G’

e Kaxuyro BepmmHy v € V(G) paciienuTs Ha BEPIIMHBI V1, v2, - -, Up(y), A€ P(v) — 4uCI0
nomneit rpada T (v). Bepumne vy, namunenTab pebpa coorBercrByiomeit nom rpada g (v)
U OJHA JOTIOJHUTENbHAS BEPIIUHA v; ()

e 106aBUTH /iBE HOBbLIE BepmuHbl wi(v) U w2 (v), pebpo wi(v)we(v), u pebpo 'U;(U)wj (v) mos
Kaxoit nosm rpada Tg(v), 1 <j < 2.

IIar 4. ITocTpouTh HepBOHAYAIBLHOE TTapocodeTanue B rpade G’

M )= U | U (o} Ufm@wm)

veV(G) \p=1,2,...p(v)

IITar 5. Hckars 4epenyroinyiocs IOC/IEeIOBATEILHOCTh MEXKJY BEPIIMHAMH T U Y, YBEJH-
YUBAOIIYI0 MOLIHOCTL Tapocoderanus B rpade G'. Eciu Takyio mOC/Ien0BaTeIbHOCTL HANTH He
ynaercss — ocranos (mapocoderanne M (G') mMeer MakCHMAaIbHYIO MOIIHOCTB, a rpad He mMeer
TG-coBMECTHMOTrO 1yTH). B mpoTuBHOM Ciiydae Bce pebpa JaHHOTO yBEJUUUBAIONIIEro Iy TH 33 UC-
KJIFoYeHneM pebep, 100aBIeHHBIX mpu noctpoenwun rpada G, 06pasyior TG-COBMECTHMYIO IElb
Mexx 1y BepimmHaMu ¢ 1 y. OcTaHoB.

BameruM, uro B pabore [7] OTKPBITEIM OCTAJICS BOIPOC PACHO3HABAHKUA MHOT'O0JBLHOCTH TPa~
dos Ti(v), a Takxke mpobiieMa IOCTPOEHH NOMYCTHMOI0 MapIIPYTa WK MHOXKECTBa MapIIPYTOB,
HMOKPBIBAIOIINX BCE pedpa mcxomHoro rpada.

ITokakem Ha npuMmepe rpada G, NpPEACTaBIEHHOTO Ha pHUC. 2, YTO ajuroput™m Ig-
COBMECTHUMBIN IIVTh He MOXKeT GbITH UCIOIb30BAH IS MOCTPOEHHS MApIIPYTOB, MO-
KpbIBaloIux Bce pebpa rpada G. Honyctum nisa rpada 3amaHa ciaelyiomas CHCTEMa IIEPeX010B
Tg: {{vav1},{vivs}}, {{vev1},{viva}}, {{vavs},{vsvr}}, {{vsvs},{vsva}}, {{vsva},{vavs}},
{{vsva}, {vav1}}, {{viva},{vave}}, {{vrva},{vavs}}, {{vavs},{vsvs}}, {{vovs},{vsvs}},
{{vavs}, {vsvr}}, {{vsvr},{vrvs}}, {{vavr} {vrve}}, {{vave},{vevr}}, {{vive},{vevs}},
{{vivs}, {vsve}}-

I'pad G', neobxomumblil misa HaxoxeHus: TG-COBMECTHMOIO IIyTH MEXKJy BepIIMHAMHU VU1 H
V7, HOCTPOEHKE KOTOPOr0 OMKMCAHO Ha IHare 3 ajaropuTMa, IpUBeIeH Ha PHUC. 3.

IleponauanbHoe mapocoderanue M(G') BblIeneHO HA PUCYHKE >KUPHBIMEU JmHUAMHA. s
AHHOTO IAapOCOYETAHHUSI YEPELyIOUIECs yBEIMYUBAIOIIEH T0CIeJ0BATENbHOCTBIO pebep fABJId-
erca {v1,1052}, {175,27)%,2}, {Ué,gwsg}, {ws2ws 1}, {ws,l’vé,l}, {U§,1U5,1}, {vs,1v6,2}, {UG,QUé,g},
{Ué,2w6’2}, {ws 2we 1}, {ws,lvé,l}, {vé,lvs,l}, {ve,1v7,2}. Pebpa sT0ii mocies0BATENIBHOCTH, HE
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Puc. 2. [Ipumep rpada u cucreMbl 1epexoioB

Puc. 3. I'pad G’, noIydeHHbIH ¢ MOMOIIBIO BCIOMOTATEJbHBIX MOCTpoeHuit u3 rpada G

BOIIe/IIIINE B IePBOHAYAILHOE TTapOCOYeTanne, N306paKeHbl MyHKTUPHOH JuHuel. DT pedpa 06-
pa3yioT MHOXKECTBO

{’01,11)5,2}, {Ufr,,z’ws,z}, {w5,1vg,1}7 {05,106,2}, {ws,lvé,1}, {ve,1v7,2} .

Bce pebpa maHHOrO MHOXeCTBa, npuHaiexanme rpady G, T.e. {vivs}, {vsve}, {vevr} obpasyror
TG-COBMECTHMBII IIyTh U3 BEPIIMHBI U1 B BEPIIUHY V7.

C nomompio asropurma Tg-COBMECTUMBIN IIYTH B03MOXHO IOCTPOEHHE TOTBKO
HPOCTO# TIeNU MEXKJly ABYMSI Da3jMYHBIMK BepIIMHAMH (T.€. LeNH, B KOTOPHIX J1100as BEPIINHA,
BCTPEYAETCA POBHO OJMH Pas).

Cepusa <MaremaTrndyeckoe MOJeJMPOBAaHNE U IPOrpaMMUpOBaHues, BbII. 5 61



MapimpyTsl € JOKAJbHBIMUA OrPAHNYEHUSIMU

Opnako B 00IIEM CJlydae HENOCPEJICTBEHHOE MPUMEHEHNE JTAHHOTO aJIFOPUTMa He II03BOJIAET
PEUInTh 33349y HaxoxXIeHus 1G-COBMECTUMOIO MAapIIPyTa, COAEPIKAINEr0 MaKCUMAIbHOE YHCIIO
pebep. JeiicTBUTEIHLHO, TAPOCOYETAHNe MAKCUMAJILHOM MomHocTH B Tpade G’ He MOXKeT Comep-
»KaTh maphbl pebep, 00pa3yIoIIuX 3aIpPEeINeHHbIH Mepexoj, T.K. OHW HMHIMMIEHTHBI OJHON obImei
Bepmmue rpada G'. B To ke BpeMs, B 00IIeM CJIydae MOXKET CyIIeCTBOBATH 1(-COBMECTUMBIi
MapILIpyT, COAEPKAIINHA TaKyio mapy pedep.

Hanpuwmep, B rpade G, mpuBeeHHOM HA PUC. 2, MAPLIPYT

{vau1}, {viva}, {vsvs}, {vsvi}, {vivs}, {vsve}

IPUHIAIAAILHO HE MOXKET OBITH IOJIYyYeH C IIOMOIIbI0 MOCTPOEHUS [TAPOCOUYETAHUS MAKCHMaJIb-
HOro Beca B rpade G'. DToT MapmIpyT HaYMHAETCH ¢ pedpa Va1, a 3aKAHIMBAETCH PEOPOM UsVs2.
S1u pebpa 06pasylOT 3ampermieHHbI Tepexof {vsve}, {vovi}, cremosarenbHo, B rpade G’ He
CYIIECTBYET YEPEAYIOIIEroCs Iy TH, COmepKaliero oba sTu pedbpa.

TaxuM 06pa30M, OTKPHITHIM OCTAJICS BOIIPOC PaCHO3HaBaHUsA MHOrO0abHOCTH rpados TG(v),
a Tak»ke IpobJieMa IIOCTPOEHUS JOIyCTHMOIO MapIIPYTa WM MHOXKECTBA MapIIPYTOB, IOKPHIBA-
I0MmUX Bce pebpa ucxomHoro rpada.

IIpu pa3paboTKe aJropuTMa IIOCTPOEHMs JOIyCTUMOM €Ny BO3HUK BOIPOC, MOYKHO JII
3aMeHHTh rpadbl IIEPEXOJ0B HEKOTOpOW opueHTarueil wucxomsoro rpada. B kadecrse mpu-
Mepa paccmorpuM rpad, mpezacrasiaennbiii Ha puc. 4(a). Ilycrs mus sroro rpada 3amaHbI
caemytomuye aomycTuMble mepexoanbl {{ve,v1}, {vi,vs}}, {{vs,v1}, {vi,va}}, {{v1,vsa},{v4,v2}},
{{v1,v4},{va,v3}}, {{va,vs}, {vs,v1}}, {{vs,v2},{v2,v1}}. IlonbiTaemcs npencrapuTh UX B BUAE
nayr oprpada, Kak mokasaso Ha puc. 4(6).

Vi Vi

Puc. 4. [Ipumep rpacda

3ameTumM, 94TO B MOCTPOEHHOM Oprpade MPUCYTCTBYIOT M IE€PEXOMbl, KOTOpPble He ObLIN 3a-
JIaHbl CHCTEMO#i IOTyCTUMBIX TepexonoB (Hampumep, {{va,v1}, {v1,v4}}). s unmocrparyu pa-
GOTHI TIPEJJIOKEHHOTO aJTOPATMA, TOCTPOUM BCIIOMOTATENbHBIA rpad B COOTBETCTBUY C IIArOM 3
(puc. 5(a)).

B wacTHOCTH, BepmIMHY v; HaM HOTPeGOBAJOCh PACHIECNHTH Ha JiBe, YTOOBI MOKa3aTh BO3-
MOXKHbIE TIEPEXO[bl B Hell, Kak mokazano Ha puc. 5(6). Takum obpa3oM, mpejcTaBieHHe B BHJE
oprpada He TapaHTUPYET CyIIEeCTBOBAHUS BO3MOXKHOIO TIEPEXO/IA.

OTOT mpuUMep MOKA3BIBAET, YTO JJif HAXOXKJEHWsS aJrOPUTMa MOCTPOEHHUsI JIOIYCTUMOII Ieru
HEBO3MOKHO IIPEJICTABUTh CHCTEMY IepexoJoB B BHje Ayr oprpada, T.e. jJis KaXKJ[0f BEePIIUHBI
HeobX0JUMO CTPOUTH COOTBETCTBYyIommil rpad nepexonos [9].
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(0)
Puc. 5. Pacmennennsiii rpad gjis npumepa ¢ puc. 4 U BO3MOXKHBIC IEPEXOMbl
JIJisi BEPIIUHBI Uy

2. AaropurM 1mocTpoeHUd OO0MYyCTUMON Lienu

B npeapitymeM paszene 6pum chOpMYIMPOBAHbl OTPAHMYEHNs] Ha JOIYCTUMOCTh MapIIpy-
TOB B TEPMHMHAX CHCTEMBI Pa3pEIIeHHbIX IIEPeX0A0B [7] U IMOKa3aHO, YTO 33/a4a MOCTPOEHHUS JI0-
myctumoro myTu B rpade G paspemmma 3a MOJMHOMUAILHOE BpeMsl, eC/Ii cucTeMa nepexonos Tg
COZIEP’KUT TOJIBKO MAPOCOYETAHUS U MOJIHBIE MHOIO/I0/IbHBIE rpadbl. Pacnosnasanme mpuHa/iiex-
HOCTH Tpacba PaspeNIeHHbIX IEPEX0/I0B KJIACCy apocodeTaHnit TpuBHAIbHO. I paco3HaBaHust
IPUHAIEKHOCTH Tpada Iepexo0B KIacCy HOJHBIX MHOTOZOIBHBEIX IPpadoB 1erecoobpasHo uc-
MOJIb30BATH TIOHATHE CHCTeMbl pasbuenust [3]-[5], [8].

[TonsATHE crcTeMbl Pa3OUeHust UCIIOIB3YeTCst ISt OLPEIEe/IeHHsT IOy CTHMO# el B TepMHUHAX
3aIIPEIIEHHbIX IEPEXOIOB.

Onpenenenne 4. Ilyemv dan ezpap G = (V,E). Iyemv Pg(v) — nexomopoe pasbuerue
muooicecmea Eg(v). Cucmemoti paszbuenus epaga G bydem Ha3vi6aMb CUCTEMY MHONCECTNE
Pg :={Pg(v)|veV(G)}.

Onpenenenne 5. ITycmv p € Pg(v), e, f € p. Ilenw, ne codeporcauyyro nepexodos e — v — f
u f — v — e, 6ydem nazwsamv Pg-coemecmumoti, a nepexodvi e =+ v — f u f = v = e -
3anpew,eHHbLMU.

BameTruM, uTo rpad paspemenHbIX nepexonoB TG (v) OIHO3HAYHO OmpenensieT rpad 3ampe-
LEHHBIX TepexofioB 1 (v), KOTOpHIA ABJsSeTcs JoTojHeHueM rpada PaspelleHHBIX MEPEXO0B
1o nonHoro rpada. Takum oOpa3oM, ¢ TOMOIIBIO ompeaeseHnii 1-3 MOXKHO IIOCTABUThL 3a7ady C
JII06BIM TpadOM Pa3peIIeHHbIX (3AMPEIEHHBIX) IEPEXOIO0B.

Hanporus, rpad pa3pelieHHbIX MePexOf0B, ONPeIessaeMbli ¢ ITOMOIIBI0 CUCTEMBI Pa30MeHMs
Pg, e MoxeT 6bITb TPOU3BOILHBIM, 4 IPUHAJJIEKAT KIacCy M IMOIHBIX MHOTOZOJILHEIX TpadoB:
ssteMeHTH pasbuenns Pg(v) onpenensitor mosu rpada Tg(v) € M, a MHOXKeCTBO ero pebep

E(Tg(v)) = {e, f € Eg(v) : (Vp € Pa(v)){e, f} £ p}.

I'padom 3ampermenHbX mepexonos 1g(v) B JaHHOM ciiydae Gyner sBiarbca Habop u3 |Pg(v)|
KJIEK, 9T0T QaKT MOXKeT OBITh MCIIOIb30BaH [l pacrno3HaBanus npuHajiexuocra T'(v) € M ¢
HOMOIIBIO CJIEAYIONIEr0 AJTOPUTMA.

Anropurm PASMETKA

Bxoanbie mauabie: rpad nepexonos 1g(v).

ITar 1. O6basuTh Bee Bepmmtbl rpada Tg(v) nenomedenubivu. Ilogoxuts [ = 1.
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IITar 2. IToxa CIMCOK HENOMEYEHHBIX BEPIIWH HE IMyCT, BHINOJHATH maru 3, 4 u 5. B mpo-
TUBHOM cjIydae — octaHoB: rpad Tg(v) siBasieTCss MHOTOJOIBHBIM U BEPIIVHBI, IPUHA/IIEXKAIINe
OIHOMY 3JIEMEHTY pa30MeHMs MHOYKECTBA, BEPIIUH, MMEIOT OANHAKOBLIE IIOMETKH.

ITlar 3. Haiitn HEKOTOPYIO HEMOMEUYEHHYO BepiuHy v. [IpucBouTs eit moMeTKy I.

IIlar 4. I[IpuMeHUTH BOJTHOBOM AJTOPUTM JiJIsl IPUCBAWBaHUS IIOMETKH | BCeM BepIIMHaM,
ZOCTHXKHUMBIM 13 BepimHsl v B rpade 1g(v). OueBuaHo, 9T0 BCe TOMEYEHHBIE HA JJAHHOM IIare
BepIIMHBI Gy/IyT IPUHAIEXKATH OHOK KOMIIOHEHTe cBazHocTH rpada T (v).

Ilar 5. Eciu B BbIjIeJIEHHOMW KOMIIOHEHTE CBSI3HOCTH Jl00asi Iapa BEPUINH fABJIAETCS CMeX-
HO#i, TO HajileHHAs KOMIIOHEHTa CBA3HOCTH siBJsieTcs Kjukoi. [lomoxkuts | = [ 4+ 1 n mepefiTu K
BBITIOJTHEHHIO mara 3. B mporueHOM ciiydae — octanos: rpad Tg(v) He ABIsS€TCS MHOTOJOIBHEIM.

O1neHuM CI0XKHOCTH MPUBEJEHHOIO aJaropuT™a. PaccTraHOBKa ITOMETOK B KOHKDETHOH KOM-
nonenTe cassnoctu Ty cocrasnsier sesmunny O(|E(Ty)|). IIpoBepka, sBiiserca m JaHHAS KOM-
HOHEeHTa CBA3HOCTU KJIMKOH, Takxke Tpebyer me Gonee O(|E(T)|) omepanuit. Takum obpasom,
cnoxnocts anropurma PABMETKA pasra

O | D_IE(Tk)| | = O(E))).
Vk

Kak 6p110 ormeueno, anropurM C. 3eiigepa B o0meM ciiydae He HO3BOJISET CTPOHTH JOIYCTH-
MbIe T[enu MakcuMasbHO# aymabl. OcoObIi HHTEPEC IPEe/CTABISIOT JOMYCTUMbIE JiL/IePOBHI TIeTIH.
HeobxomuMoe 1 JOCTATOYHOE YCIOBUE CyImeCTBOBaHUs PG-COBMECTHMBIX Iiemeli JaeT cemyomasn
Teopema [8].

Teopema 2. [A. Kouwur|. Ceasnwiii stinepos epadp G umeem Pg-coemecmumyro sliaeposy uensv
mozda u MoAvKo Mo20da, Ko20a

(¥ € V) (¥p € Po(w)) (I < 5da(0) ).

OueBugHO, 9TO CJIOXKHOCTH MIPOBEPKHU YCJIOBHUS CyInecTBOBaHus Pg-coBMecTuMoil 3iinepoBoi
nenu He npesocxonut Besmuuabl O (| E(G)|). Huxe npuseer ajropuTM IOCTPOEHKS COBMECTHMOM
Teru.

Asropurm Pg-COBMECTUMA 9 SMJIEPOBA IIEND

Bxoaubie naHHBbIE:

e sitiepos rpad G = (V, E),

e cucrema nepexonos Pg(v) Vv € V(G).
Brixonubie JaHHbBIE:

® JIOIyCTUMBIi 2i1epoB UK G y1.

IITar 1. Ioaoxuts k =0, G, = G.

IMTar 2. Haiitu Bepmuny v, y KoTopoii dg, (v) > 2.

ITar 3. Haittu kaacc Cy € Pg, (v) : |C1]| = {max|C||C € Pg,(v) }.

IlTar 4. Haiitm moGeie peGpa ej(v) € C; u ex(v) € Eg,(v) — Ci. Ecim mHOXeECTBO
Eg,(v) — C1 = 0, ocranos: Pg-coBmecTuMOii 3iiaepoBoii nemu He cymecTsyer. B nporusHOM
caydae TepeiTy Ha Iar .

IIar 5. ITocrpouts rpad G.1, OTIIENUB OT BEPIIMHBI ¥ BEPILIMHY U, KOTOPO! MHIIUIEHTHEI
TOILKO pebpa e1 u eg. OcTanbHbIE pedpa OCTABUTH MHIMIEHTHBIMU BEPIIUHE V.

ITar 6. Ilycrs xnacc Cy € Pg, (v) conepxut peGpo ep(v). Haiitu

Pé (v) == FPg, (v) — {01, Cg},

k
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Pg, () U{C1 — {e1(v)}, C2 — {e2(v)}}, ecm |Ca| > 1,
Pg,.,(v) == Pg (v) U{C1 —{e1(v)}}, ecmm |C1] > |Cof = 1,
Pg, (v),ecm |Cr| = |Ca| =1,

Pgy,, = U Pév'k+1 (z).
z€V(G1,2)

Ilar 7. Onpexpennts 3uavenue o(Gii1) = 2(|E(Gr+1)| — |V (Gr+1)])-

IIar 8. Eciu 0(Gg41) > 0, monoxurs k = k + 1, nepeittu Ha mar 2, n1a rpada Giy1. B
IPOTUBHOM CJIydae — OCTAHOB: IOCTPOeHHBIN rpad G4 fABJSETCH MI€POBOi LENbI0, He COmep-
JKaleil 3aIpPeIIeHHbIX I€PEXO00B.

Teopema 3. Auszopumm Pg-COBMECTUMASA SUJTEPOBA IEIIb xoppexmuo pewaem 3a-
dauy nocmpoenus P(G)-cosmecmumots atineposoti yenu.

Jlokasameavcmeo. Ecmu ana mekoroporo k, Takoro uaro C” € P(';k+1 (v), BBIIIOJIHEHO HEPABEHCTBO
C"] > C1 — {e1()}], 0 C" € Pay,,(v) 1 [Col < 1C"] = |G| < ddg,(v) — 1 = bday,, (v).
Ha ocmoBanum 3Toro ¢akTa MOXKHO 3akai049nTh, uto |C| < %d(;k +1(v) s xaxol BEpIIUHbL
v € V(Gg41) u xaxgoro knacca C € Pg,,,(v) C Pg,,,. Ipu srom semmumna o(Gry1) =
|E(Grs1)|— |V (Gk+1)| < 0(Gy). Ecin rpad G4 gBJIsETCS ITUKJIOM, TO 9MCIO pebep B HeM U Iuc-
JIO BEPIIMH COBIAJAET, T.€. B JaHHoM ciaydae 0(Ggy1) = 0. Eciu xe rpad Gy ABIAETCA HEblo,
TO YHCJIO BEPIIHH IPEBBIIAeT YrC/I0 pebep Ha 2, ciefoBaTe bHo, B JaHHoM ciaydae 0 (Ggy1) = —2.
Ecnu e Ha HekoTopoM 3Tare ais e1(v) € C He ynanocs Haiitu ex(v) € Eg, (v) — Ci, 910 3Ha-
aut, uro |Cy| > d(v)/2, T.e. He BBINONHEHB! HEOOXONUMbIE U JOCTATOYHEIE YCIOBHA CyIECTBOBA-
Hud 3itneposa nukia (teopema Komwra). VI3 srux ¢dhakToB cirenyeT KOPPEKTHOCTD BBIIOJIHEHUS
aJIropUTMa. O

OneHrM BBIYMCJIUTEIBHYIO CJO0XKHOCTD MPEIJIOKEHHOTO aJrOpUTMa. BBINOJHeHNd maros 2,
5, 6 1 7 MOXKHO OPraHU30BaTh C UCHoab3oBanueM He Gosee O(1) omepanuit (3a cyeT crenuaIbHBIX
CTPYKTYp JaHHbLIX). BbimosHeHust e maros 3 u 4 MOXXHO OPraHM30BaTh C HCIIOJIb30BAHUEM He
6omee O(dg, (v)) onepanmit. Iluxs anropurma 6yzner nosropen He Goiee, yem o(G) pas. B utore
UMeeM, YTO aJI'OPUTM MoTpedyer Ymcyio omepanmii He Hosiee

O Y da(w) | =0(E@G) V(G-

k=0,1...0(G)

TaxuM 06pa3oM, IPUBEIEHHBIE AJTOPUTMbI PA3PEIINMbI 33 II0JIMHOMUATIBHOE BpeMs I MOTYT OBIThH
JIETKO PEeaju30BAHbI C TIOMOIIBIO CTAHIAPTHHIX BBIYHC/IUTEIBHBIX CPEJCTB.

PaccMorpuM 3a/1a49y MOKPBITHs rpada JOMyCTUMBIMY HeNsIMH. ByneM cuntarh, 9TO0 CHCTeMa
nepexos0B TG COIEPKUT TOJHKO MAPOCOYETAHUS U MOJIHBIE MHOTOIOJIbHBIE TPadBbI.

Agropurm IIOKPBITUE T5-AO0OIIYCTUMBIMU IEITAMMNT

Bxoanbie nanHbIe:

e rpad G = (V, E),
e rpadmnl nepexonos Tg(v) Vv € V(G).
Brixoatble gaHHBIE:

e Habop mapmpyToB 1%, 1 = 1,2,..., k, nokpsiBatomux rpad G, rae m = 2k — 91UCI0 BEpIIUH
HEYETHOH CTEIIeHU.
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MapipyThl € JJOKAJbHBIMUA OT'PAHUYEHUSIMU

Ilar 1. yctes U = {v € V(G) : Tg(v) — napocoueranue}. Crenars peaykmnuio rpacda G
1o rpada G':
V(G") = V(G)\U,

E(G") = (E(G)\ U EG(U)> U { U {vivi} : {viv, vus} € Tg(v)}},
vel vel

rpadel Tg(v) penymmposars mo rpados Tgr(v) 3amenoit Bcex BxoxieHuil BepmmH u € U:

vu,wu € Er,(u) BepimHO® w.

IIlar 2. [docrpouts rpad G’ mo G* BBemeHmeM JOMOJIHUTEJHHON BEPUIMHBI v*, CMEXKHON
BCEeM BepIIMHaM HedeTHo# crenenu rpada G'. Cucremy nepexonos T (v) Moaudunmuposars 10
cucreMbl mepexonos T+ BBeieHueM s Beex v € V/(G) @ d(v) =1 (mod 2) B rpad nepexomos
T+ (v) BepmmHbL VV*, cMexHOU BceM BepummHaMm B rpade Tg+(v).

ITlar 3. JIns Bcex Takux sepmmn v € V(G), uro Ip € P(v): |p| > d(v)/2, BBecTH 2|p| —
d(v) mononmuTensHBIX pedep (vv*);, i =1,2,...,2|p| — d(v) B rpad G*. Momudunuposats rpad
nepexonoB T+ (v) BBeerreM BepuuH (vv*);, CMEXKHBIX BCeM BeplinHaM ucxoxHoro rpada T« (v)
U TOJIBKO WM.

IITar 4. Haittu B G* T+-coBMeCTUMBIH 9iiaepos muka T*.

IIIar 5. Ilocrpouts nokpeitue T” rpada G’ nenamu, ynanus u3 T pebpa (vv*).

IITar 6. Mogudunuposars MapmpyThl u3 1’ mo mapmpyToB u3 T nobaBieHueM BepIIMH
u € U, ynajenHbix Ha miare 1.

IITar 7. Ocranos.

Teopema 4. Auszopumm ITOKPBITHUE Tg-0IIYCTUMBIMUA I[EIISAMMHA xoppexmho
pewaem 3a0a4y MUHUMAALHO20 nokpuimusa epada Ta-donycmumvimu yenamu. Ezo croocnocmo
ne npesocrodum eesusunv, O(|E(G)| - |V (G)]).

Ioxazameavcmeo. B pesysibrare BINOJIHEHHW IMara 1 IPUXOAMM K 33Jade s IOJHOIO MHO-
ronosibHOrO rpada G'. damnoe mpeobpa3oBaHme BO3MOXHO BBIOJHATH, HCIOJB3yd He Oosee
O(|E(G)|) onepamumuii.

B pesynbrare BBINOJHEHUs IIara 2 mojiydaeM 3afady [ diieposa rpada, B KaxJoi Bep-
m7He v KOTOporo rpad nepexonos TG+ (v) ABIgeTCs OIHBIM U MHOTO0JBHBIM. BBesiennas B rpad
T+ (v) momomEUTEbHAS BepiiuHa vu* ABJIAETCA OTHEIbHBIM 3JIeMeHTOM pasbuenus B Pg« (v).

Ha mare 3 npoBepsieTcsi BHITIOJHEHNE HEOOXOIUMBIX W TOCTATOYHBIX YC/IOBUl CyIIeCTBOBAHNS
JIOTTyCTHMOTO 3itneposa mukia (Teopema Korura). Bo Bcex BepmmHax, rze ycioBus Teopembl Ko-
Ura He BBIIOJHEHBI, B rpad G* mobasngiorca myastupebpa (vv*);, i = 1,2,...,2[p(v)| — d(v).
Taxxke MoguduIupyercs u cucrema pasbuenusi P« (v) nobaBieHueM dj1eMeHTa pa3bueHus, co-
nepxxamero sce pebpa (vv*);. Takue momudukanuy Tak»Ke BBHIIOJIHAIOTCA 3a BpPeMsl, HE IIPEBOC-
xonamee O(|V(G)| - |E(G)]).

B pesysbrare npoBeneHHbIX Monudukamnuit rpad G* Oyner sityiepoBBIM, & €ro CHCTeMa pas-
Ouenus OyneT yIOBIETBOPATH TeopeMe Konura.

JIns mOCTpOeHMs JOIyCTUMOTO 3H/IepOBa IMKJIA, CONEPKAINEro ¥ JONOJIHUTeIbHbIE pebpa,
cMexkuBle v*, Ha mare 4 Tpebyerca ne 6osee O(|V(G)| - |E(G)|) oneparmii.

Ha mare 5 nonyunm | = d(v*) mpocteix memnet ynaneHuneM pebep, MHIUJCHTHBIX BEPIIAHE
v*, KoTopble ObuTh MoGaBjeHbl Ha marax 2 u 3. Bce mosydeHnble TakuM o6pasoM Iemu OyayT
Pgr-nonycrumbivz B rpade G'. Croxuocts 3Toro stana cocrasnser seanauny O(|E(G)|).

Ha mare 6 mpoucxofuT m00aB/eHuE yAAJEHHBIX Ha Iiare 1 BepINNH, YTO TakxKe Tpebyer He
6osnee yem O(|E(G)|) onepanuit BCTaBKH.

B pesynbTare BBINOJHEHHBIX ONMEPAIUil MOIy4YuM HOKphITHE rpada | + 1 menaMu 3a Bpems
O(|V(G)| - |E(G)|). Ilpenmonoxenue CyieCTBOBAHUS HOKPHITHA C MEHBIINM YHCJIOM Teneil npu-
BeJeT K IIpOTUBOpeYnio ¢ Teopemoit Korura. O
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3akJIroueHue

Bo3M0kHO pacro3HaBaHUE CUCTEMBI IIEPEXOA0B, KOTOPas MO3BOJIAET PELIUTh 3349y IIOCTPO-

eHMs JOIyCTHMOrO IIyTH 3a JinHelHoe BpeMsi. B siisiepoBoM rpade G BO3MOXKHO OTBHICKaHWE Pg-
JOIYCTUMOTO 3iiJIepOBa [UKJIa MM yCTaHOBJIeHue ero orcyrcrsus 3a Bpemst O(|V(G)| - |E(G)]) c
noMompio pazpaboramuoro anroputma Po-COBMECTUMA A SMJIEPOBA IIEIIb. Ilo-
kphbiTre rpada G IOMyCTEMBIME TIensiME Takke Bo3MoxkHO 3a BpeMs O(|V(G)| - |E(G)|) ¢ momo-
mpio anropurma IIOKPBITUE T-A0IIYCTUMBIMU NEITAMMN.
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