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OJTHA TIAPAJIJIEJIbHAA ITPOLIEYPA ITIOCTPOEHU S
®YHKIIIN BEJIJIMAHA B OBOBIIIEHHOI 3AIAYE
KYPBEPA C BHYTPEHHIMU PABOTAMMU

A.I. Yenuos

PaccmaTrpuBaeTcst oiHa KOHCTPYKITHS TAPAJUIETLHON PeaIM3aIiid MeTO/1a, JTIHAMUIe-
CKOI'0 [IPOrPAMMUPOBAHHUSI JIJIsl PEIIEHUS 331291 TI0CI0BATEILHOIO 00X0/1a MHOXKECTB (Me-
raroJIMCOB) ¢ OIPAHUYEHUSIMU B BUJE YCJIOBUIA [IPE/IIIIECTBOBAHNUS, UMeHyeMasi 0000IIeHHOM
3a7adeil Kypbepa; MpeJIoJaraeTcs, 9T0 Ha MHOXKECTBAX JIOJIKHBI BBIIOJHATHCA PAOOTHI,
COTIPOBOZKTaeMble 3aTpaTaMmu. VccieyeTcst BEIMUCINTEIbHAS IPOIEIyPa, ITPeyCMaTPUBa-
IOIasl YaCTUYHOE IMOCTPOEHNEe MacCHUBa 3HadeHuii GpyHKIU Bejnvana u peajuzyeMas Ha
CHCTeMe CJIOEB MPOCTPAHCTBa No3unuii. B ocHOBe KOHCTPYKIHHM HAXOIUTCS MOJEIb JIAC-
KPETHOH JIMHAMUYIECKON CUCTEMBI, JIJIi KOTOPOI KOHCTPYUPYIOTCHA 00IACTH JOCTUZKUMOCTH,
peaJsin3yemble 110 PEKyPPEHTHOIT cxeMme.

Karoueswie caosa: MaApUWpym, meeanoiuc, JunamuecrKoe npoz2pammupoeaHrue.

BBenenne

Crarbst npojoszkaer ucciegoanus [1, 2, 3, 4, 5, 6] u nocesitmena paspaboTke OJHOI rUIoTe-
THUYECKO apaslIeIbHON MPOIEe Iy phl TOCTPpoeHus DYHKINEN besiiMana ¢ pacipe/ie/ieHueM maMsiT
Mex 1y tporeccopamu. B [1, 2, 3, 4, 5| nerasbHO n3iioxKeHa o/[Ha HETPAJMIMOHHAS] BEPCUST METOJIA
nuHaMudeckoro nporpamvuposanus (MJIIT) st perenust 06061eHHOl 3891 Kypbhepa ¢ BHYT-
peHHHME paboramMy U aJIMTUBHON (DyHKIMEll arpernpoBaHust 3aTpar (MMeeTcsi B BHJY 3ajada
[IOCJIEIOBATEJILHOIO 00X0/Ia MHOYXKECTB, OCJIOXKHEHHAs! YCJOBUSIMU IPEJIECTBOBAHUS W HEOOXO-
JIMMOCTBIO BBITIOJIHEHUsT PAOOT HA TUX MHOXKECTBaX). [IpuHIUIMAIBHON OCOGEHHOCTHIO BEPCUU
SIBJISIETCSl TO, YTO 3JIECh HE IIPELYCMATPUBAETC IMOCTPOEHHUE BCETO MACCHUBA 3HAUYEHUN (DYHKIUH
Benmana, 910 CyIECTBEHHO € TOYKHU 3pDEHUs] BBIMHUCJEHUN. TeM He MeHee MOCTPOEHUE J1arKe
<yceueHHoit> ¢ynkiun Bemmvana mpecrasisier cepbe3nyo mpobsemy. [loaTomy ecrecTBeHHBI
IIOTIBITKU TIOCTPOEHUST TAPAJIICBHBIX aJIOPUTMOB [IJIsi HACIYUTHIBAHUSI MACCUBA 3HAUEHUN YIIO-
MSIHYTOH (PYHKIIUU C MOCJIEYIONEH UX peajn3alueil Ha MHOTOIPOIIECCOPHBIX BBIUNCIUTEIBHBIX
cucremax (MBC). Ipeacrabisiercst moJie3HbIM 0becrieveHre He3aBUCUMOI pabOThI IIPOIECCOPOB
BILTOTD IO TTOCJIETHETO TAIa, KOTJA BBIUUCIUTE/b, TIOIYIUB JaHHBIE OT TIPOTECCOPOB, 3a,1eHCTBO-
BAHHBIX B rocTpoennu dpyukinn Bejimana, peaansyer puHaIbHOE BIYUCIEHIE 3HAUCHUS 38/ [a9H
(ry106aIbHOrO SKCTPEMYMA); TeM CaMbIM YIAJ0Ch Obl peaan30BaTh HEKOTOPBIIl AHAJIOT TIePCeTPO-
Ha. B Hacrosieil crarbe paccMaTpUBaeTCs OJHA TUIIOTETUYECKasi KOHCTPYKIIUs Takoro poja. B
OCHOBE TIPOIIEyPhl HAXOAUTCS CXEMa, HCIIOJIB3YIOAasl BCIIOMOTATEIbHbIE JTUCKPETHBIE THHAMUA-
qeckue cucTeMbl. Pa30BBIM ITPOCTPAHCTBOM YIOMSHYTBIX CUCTEM SABJISETCH MHOXKECTBO CIIMCKOB
3aJIaHUi, 00JIAJIAIOIINX CBOMCTBOM, CBSI3aHHBIM C YCJIOBUSIMU IIpeJIIecTBOBaHust. Jjist Takux ju-
HaMUYECKUX CUCTEM €CTECTBEHHBIM 00Pa30M BO3HUKAIOT O0JIACTH JOCTHKUMOCTH, KOTOPBIE TOJIb-
KO U SIBJISTFOTCSI CYIIECTBEHHBIME JIJIsI PEAJIH3aIUU [MapaJuIe/IbHON IIPOEIyPhI; JIJisi TOCTPOCHUS
YIOMSIHYTBIX 0OJIACTEH TPUMEHSIETCST PEKYPPEHTHAs TMPOTIEIypa, OnpeseseMast (DAaKTUIeCKH B
TepMUHAX TOJIYTPYIIIIOBOTO CBOWCTBA BBIMIEYIIOMSIHYTHIX CACTEM.

OrMmeTnM, 9TO MPOTOTUIIOM PACCMATPUBAEMOI HIXKE 3aJIa9l MapIIPYTU3AINN sIBJISETCST U3~
BecTHas 3a/a1a komMuBosizkepa (3K) [7, 8, 9], Tpasunnonno cunraromasicst Tpy/iHopentaeMoii (cM.
[10]). B cBsasu ¢ nocrpoernem M/IIT mist pemenns 3K ormernm opurnsasibibie padorst [11, 12].
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Bamerum, uro B |7, 8, 9] 06cykaa10TCsI pa3IMIHbIe 331891, BKIIOYAONINE JIeMEHThl MapIIPy TH-
3amuu, Ho oTyimdatoiuecs: or 3K HauaueM Tex W UHBIX JONMOJHUTEIbHBIX YCAOBUil, CBSI3AHHBIX
¢ TpWIOXKeHusIMA. TaK, B YACTHOCTH, B PA3JIMIHBIX WHKEHEPHBIX 3aJaUaX BO3HUKAIOT yKe YIIO-
MUHABIIMECs] YCJIOBUsI peecTBoBanust. Kak mokaszano B [1, 2, 3, 4, 5, 6], aru yciaosus yjpaercs
HICTIOIb30BATh IS TieJIell CHUYKEHNS BBIYUCIUTETHHON CJIOYKHOCTH, T.€. JTAHHBIE OTPAaHTIEHUT MO-
I'yT B paMKaX COOTBETCTBYIOIIEH KOHCTPYKIIUU He 3aTPYIHSTD, a, HAIIPOTHB, 00JIer4aTh peIleHne
3a1241. DTO 06CTOSTEILCTBO UCIIOJIB3YETCsl B HACTOsIIIEN paboTe (B 9aCTHOCTH, 9TO HPOSIBJISIETCSI
B KOHCTDYKIIUK paclapaJile/IMBaHus, U3JIaraeMoil jajee).

loBopst 0 BO3MOXKHBIX MPUIOXKEHUAX, OTMETUM 33J[a9l aTOMHOM SHEPreTHKU, JIjisi KOTOPHIX
B MOCJe/IHEEe BPEMsI yJaJioch TMPUMEHHUTH paspabareiBaeMmbie B |1, 2, 3, 4, 5, 6] Teoperndeckue
MeToubl. Pedb mier o cHKkeHuu obiydaemocTu mepconasia ADC mpu BBIIOJHEHNE KOMILIEKCA
paboT B yCIOBHSIX MOBBINIEHHON paauanuu. B 910l ¢Bsa3u ormernM paborst (13, 14].

1. ObGo3HadYeHUd M OIIpejieJIeHns OOMIEero xapakrepa

PaccMoTpuM KpaTKyio CBOJIKY HCIOJIB3YEMbBIX IIOHSITHII, COIVIACYIOIIUXCS B OCHOBHOM C
[1, 2, 3, 4, 5|. Vcnosb3yeM KBaHTOPBI U IIPOIO3UIMOHAIBHBIE CBSI3KU JIJisi COKPAIEHUsI CJIOBEC-

HBIX BBICKa3bIBaHUil; B najbHeiiiiem def 3amensieT ppasy <0 OIpejeeHu o>, = PaBEHCTBO
[0 OIpeJIeJIeHnIo, & — mycToe MHOXKecTBO. CeMelicTBOM Ha3biBaeM MHOXKECTBO, BCE 3JIEMEHTHI
KOTOPOT'O — MHOKeCTBa (MCHOJIb3yeMble HUXKe MHOXKECTBa, KaK MPABUJIO, KOHEUHBI).

st mpousBoJIbHBIX O0BEKTOB T 1 Y 4epe3 {x;y} obo3nadaeMm (Heynopsijiouenuyio) napy [15]
9TUX 00BEKTOB, T.€. MHOYKECTBO, COEPIKAIIee X, Y 1 He cojepKallee HUKAKUX JIPYTUX JIEMEHTOB.

A
Eciu z — obbekt, 1o {2} = {2; 2} ectb 0yHO9IEMEHTHOE MHOXKECTBO, cofeprkariee z. Ciueryst [15],

noJjiaraeM Jijisi JIIOObIX JIByX 06beKkToB o u (3, uto (av, (3) 2 {{a};{a; B}}, monyuas ynopsiiouen-
HYIO IMapy € IePBBIM 3JIEMEHTOM (v ¥ BTOPBIM 3jieMeHTOM (3. Eciim h — Kakas-1mbo ymopsijodeHHast
napa, To depes pry(h) u pry(h) obo3HATAEM COOTBETCTBEHHO MEPBbI U BTOPOii 3JIEMEHTHI yIIOPSsi-
JTOYEHHOIT Tapbl h, OHO3HAYHO onpejensemble yeaosueM h = (pry(h), pry(h)).

Ecmu H — muoxecTBO, TO uepe3 P(H) obosHauaeM cemeiicTBO Beex 1o MuoxkecTs (/M) H,

rorna P'(H) 2 P(H)\{@} — cemeiicTso Bcex memycroix /M H. Yepes R obo3nataem BerecTBeH-
HYIO IPSIMYIO ¢ HEOTPUIATETBHON 1m0J1yochio [0, oo[é {eR|0<E N 2 {1;2;...} ¢ P/(R) —
HaTypaabHbIi psig u Ny 2 {0} UN={0;1;2;... }; k1 2 {ieNy|(k<i&(i<I)} VkeNyVie
Ny (upu k € N u l € N nenpemenno k,l C N).

Ecsu S — muoxkecTBo, T0 vepe3 Fin(S) obosnauaem cemMeiicTBO BCeX HEIYCTBIX KOHEUHBIX I1/M
S; eciim K € Fin(S), To yepes |K| obo3znauaem morHocTh (KosimdecTso ssementos) K, |K| € N;

HojraraeM Takzke, ITo || 20,
[TepecranoBkoii HemycToro MmuoxecrBa 1’ HasbiBaeM [16, c. 87| Beskyio Guekruio [16, c. 86|
T Ha cebst; ecoim o« — mepecranoBka T, To o~ ectb def mepecraHoBKa, o6parTHast K o @ «
nepecranoska T, a(a™1(t)) = a ™ (a(t)) =t Vt € T. Eciu K — HemycToe KOHETHOE MHOXKECTEBO,
To uepe3 (bi)[K] obosnauaem (Hemycroe) MHOKeCTBO Beex Ouekimii MHOXKecTBa 1, | K| na K.
st kazxoro Hemycroro muoxkecrsa T yepes Ry [T] yeaoBumces: 0603Ha4aTH MHOXKECTBO BCEX

HeoTpHIaTeJbHbIX BerecTBenHo3HauHbIX dyHkuuii Ha T, 1.e. Ry [T] = {T — [0, 00[}; eciu npu

stom T = A X B, rme A nu B — memycrbie MHOXKeCTBa, TO f(a,b) 2 f((a,b)) Vf € Ry[T] Va €
A Vb € B (06b14HOE IIPABUIO SKOHOMUH CKODOK ).

B janbHeiinem mupoKo nenob3yercs nHaekcHas dhopmMa 3anucu GyHKiwmil, npunsaTas B [17]:
eciu X u'Y — HemycTble MHOXKECTBa M KaxKJI0My 4 € X colocTaBiieH (eMHCTBEHHbIH) JIeMeHT
Yy €Y, 10 (Yz)rex nonumaercs kak dyuxmus f: X — Y, s koropoit f(z) =y, Vo € X.
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Jamayio ¢popMy 3aImcu UCIoJib3yeM, B dacTHocTH, pu X = 1, m, tae m € N. Koprexn
(yz)zem clm—Y (1)

SIBJISIIOTCSI, CTPOrO IOBOps, (byHKImsiMU, JeicTByromumu u3 1,m B Y; obosHauast koprex (1)
ozHoOlt OyKBoil y, nosydaem dyuxnuio (u3 1,m B YY), nas koropoit y(j) = y; Vj € 1, m. Corua-
IeHne, mMog00H0e 3TOMY, UCIOIb3yeTcs Takxke pu X = 0, m, roe m € N.

2. IlocTranoBKa 3aga4n

Berony B pasbreitmem duxcupyem N € N rakoe, uro 2 < N (cyujecTBeHHasl YacTb U3JI0-
JKenusi OyzeT Kacarbesi, ofHako, ciydas 3 < N); N ompezensier 9ucyo (I[eJeBbIX) MHOKECTB
— MEraloJIMCcoB, mojleskaIux mnocemenno. depes P obo3HauaeM MHOXKECTBO BCEX IIE€PECTAHO-
Bok MHO)kecTBa 1, N : P = (bi)[1, N]. Daementst P nasbibaem (MOTHLIMEI) MapuipyTamMu. Bei6op
MapIIpyTa 13 MHOKeCTBa P MozKeT OBITH CTECHEH YCJIOBUSMU HPE/IIECTBOBAHUS, OLPE/IeIsIeMbIMI
sasanaeiM MHOXKecTBoM K € P(1, N x 1, N) (ciyuait K = & He HCK/IIOUAETCS U OTBEYAET OTCYT-
CTBHIO YCJIOBHI IIPEJIIIECTBOBAHNSI) aPECHBIX IIap, MePBbLIE SJIEMEHTEI KOTOPBIX HMEHYEM OTIIPa-

BUTEJISIME, & BTOpble — T1oJrydaresiMu. Torga A 2 {a €P|at(pry(2)) < a™t(pry(2)) Vz € K}
ectb (cMm.[4], [6, §4.9]) MHOXKeCTBO BCeX MapIUIPyTOB, JOMYCTUMBIX 110 IIPE/IIECTBOBAHUIO, T.€. De-
AMM3YIOMINX [T KaxkKJ0il aJIpecHoil maphl IOCEIEHNe ee OTIPaBUTENsl paHee, YeM IOCEINeHne
nosydaresis. Berofy B JajbHeiiIeM 11ojaraeM BbIIOJIHeHHBIM

VYeaoBue 21. /Jas scarozo muooicecmsa Ko € P'(K) cywecmeyem makas adpechas napa z €
Ko, wmo pri(z) # pry(2) vz € Ko.

[Toxpobuoe 0bcy K /IeHre JAHHOIO eCTeCTBEHHOIO ycjoBus c¢M. B [6, pasmess 2.2,2.5]. Mo,

KaK yKe 0TMeYaJjioch, npuHuMaeM 310 yejosue. Torma [6, pasmen 2.2] A # &,
0 ) TN .

Ouxcupyem nerycroe Muoxectso X, rouxy 2 € X n koprex (M;), .75 1, N — Fin(X)
MHOYKECTB (MEraroJIicoB), OTHOCHTETLHO KOTODHIX mpesmnonaraercsa, uro (z¥ ¢ M. i Vj €
ILN) & ( My "My, = @ Yi; € 1,N Vip € 1,N \ {i1}). Touka 2° ucnonnser pomns 6asbr
(HauaIBHOIO IYHKTA), & MHOXKecTBa M1, ... My JIOJZKHBI OCEIATHCs. B TON MJIM WHON OvYepe THO-
cru. Kaxkoe Takoe MmocerieHne XapakTepu3yercsl IIyHKTOM IIPUOBITAS U IIYHKTOM OTIPaBJICHMUSI,
a BCsI CHCTeMa IlepeMelleHnil 110 MHOYKeCTBaM B ouepeaHocT « € P umeer Bu/I

Z‘O — (Zl S Ma(l) X Ma(l)) —_— ... — (ZN S Ma(N) X Ma(N)) (2)

(mpm k € 1, N pry(zx) € My ectb TyHKT npubbiTusa Ha My, a pro(2x) € My — TyHKT
OTHPAaBJIeHNs]; BO3MOXkKHOE HECOBIAJICHHE STUX IyHKTOB CBA3aHO C BBINOHeHneM pabot ua M4 ).
YesioBust IPeIecTBOBaHUST 00sI3bIBAIOT K TOMY, 4TO0bI B (2) o € A.
Yepez X ycsioBumMcest 0603HAYATH MHOYKECTBO BCEX KOPTEXKel (Zi)ieoW : 00N — X x X.
Opuenrupysice Ha (2), nojaraem, 4ro
_ (0 .0 . T
5[0[] {(Zl)zem €x ‘ (Z() = (.I , T )) & (Zj S Ma(j) X Ma(j) V_] S 1,N)} Vo € P. (3)
TeM caMbIM MapIIPYTy COHOCTABJISETCS HEIYCTOE KOHEYHOE MHOYKECTBO BCEX COIJIACYIOIIUXCS C
HIM B CMbIcJIe (2) Tpacc nocerenus Meranoyaucos M, ..., My . [Tosaraem, 9410 npu ocytecTBiIeHnn
(2) moryT BBIGUpATHCS 10001 MapmpyT « € A u Jrobast Tpacca u3 MuokecTBa (3). [locencraust
JIAHHOT'O BBIOOPA ONEHMBAIOTCSI C MMOMOIIBIO aJJINTUBHOIO KPUTEPHSI.
[Tonaraem samanubivu dyrakmun ¢ € Ry [X x X] u f € R [X], a Tak:ke Koprex dyHKImit
(¢i)iectw @ LN — R4[X x X]. TlocpescTsom ¢ Gy/yT ONEHMBATLCS 3aTpaThl Ha (BHENTHHE)
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HepeMeIeHnst MeXKy MHOXKECTBAMHE, TOCPEJICTBOM €1, ...,CN — PabOThI HA MHOMXKECTBAX, & IMO-
cpegcrBoM f — dunanbaoe cocrosinue (B ciydae (2) mocpencrsom f oneruBaercs pry(zy));

Collzern] & 5 clora(a)opr ) + 3 o) + Epra(e) "

Va € A V(ZZ)ZGO,W S 3[0[]
B kauecrBe ocHosHOM paccMaTpuBacM JaJjiee CJICIYIOIYIO 3aJa4vy:
Cal(z0);es] — min, @ € A, (22),cy € 3l 8

Yepes V obosmagaeM jasee 3nadenne (IkcrpemyM) 3agaan (5), T.e.

A
V = min min Cal(2) ;5] € [0, 00. .
a€A (z1),c5 5 €3le] [(zi)ico.w] € [0, 00 (©)

Ecm o € A n (zo)iem € 3[a’] peammzyror paBeHCTBO an[('zg)ieﬁ] =V, 1o (« ,(z?)ieo’N)

0
i
€CTh ONTHMAJILHOE perrenne 3aa9u (5), T.e. Pelllenue, JoCTaBIsAonee SKerpeMyM (6).

3. Meroa AMHAMIWYECKOTO MIPOrPaMMUPOBAHMLA:
ciaou dpyuknuu benamana

B HacTosiiieM pasjiesie KpaTko wu3jaraercst ycedenHas sepcusi MJIIT (mompobuee oM. B
[1, 2, 3, 4]). [Ipexkae Bcero HAOMHUM, 9TO TOCTpoeHne HyKHOro Bapuanta M/IIT mis permenust
sajaun (5) 66110 cBsizano (B [1, 2, 3, 4]) ¢ npeBapuTEIBLHBIM TPEOOGPA30BAHIEM CHCTEMbI OIDAHI-
YeHUH, B pe3y/IbTare 4ero JOIMYCTUMOCTD M0 IPE/IIeCTBOBAHNUIO ObLIa 3aMEeHEeHa, JIOIYyCTUMOCTHIO
1o BeruepkuBanuio. Oryckast 1anHoe paccyzxkienue |1, 2, 3, 4|, BBeJieM HyzKHbIe JJisl JIaIbHEHIIEro
KOHCTPYKIIUHU, CBsI3aHHbBIE C BbIYEPKUBAHUEM 3aJIAHUI U3 CIIMCKOB; CICKAMHU UMEHYeM HEIyCThbIe
/M 1, N. Urax, N 2 P’(ﬁ) €CTh MHOYKECTBO BCEBO3MOXKHBIX CIIMCKOB, KaXKJIBbII N3 KOTOPBIX
€CTh KOHEYHOEe MHOYKECTBO, a IIOTOMY OIPe/IeIeHa COOTBETCTBYIONIAsi MOIIHOCTD, TIPUHUMAIOIIAS
snauenne B 1, N. Ilycts 2 {K eN|s=|K|} Vsel,N;ssuieMNs, s€ 1,N, noryda-
em pasbuenne I B cucreMy HemycTbix cemeiicts Hemyctbix /M 1, N. Cuenys [1, 2, 3, 4, 5, 6],
10JIaraeM, uTo

BIK] 2 [l e K | (pry(1) € K) & (pry(l) € K)} VK € 9. (7)

B (7) BBemeHbl MHOXKECTBA AJIPECHBIX AP, <IOJHOCTBIO> YKJIAIBIBAIOIINXCA B TOT HJIH WHOIL
crimcok. [IpaBuiio Beraepkusanust onpegessieM |1, 2, 3, 4, 6] nocpecreom orobpazkenust I, neii-
creytomtero B N (r.e. I: M — N) u Taxoro, aro

I(K) 2 K\ {pry(l) : | € Z[K]} VK € 9. (8)

Ha ocuose I (8) B [1, 2, 3, 4, 6] onpeessiercst JOIyCTUMOCTh MAPIIPYTOB 110 BHIYEPKUBAHUIO.
Ecim K € N, 1o nonaraem, uro (bi)[K| ecrb def maoxkecTBO Beex Gueknuii <orpeskas> 1, | K|
Ha MHO’kecTBO K; (bi)[K] # @. Takne bueknun paccMaTpuBaeM Kak YacTUIHBIE (BOOOIIE TOBODS )

mapiipyThl. Vmeem pasencrso P = (bi)[1, N]. Jazee, caenys |6, qactb 2|, BBeJieM yKOpOUEHHbBIE
aHajoru MapmpyToB u3 A, nosaras npu K € N, aro

(I—bi)[K] £ {a € 0)[K] | als) € I({a(j) : j €5 |K]}) Vs € 1,|K]}.

Torna [6, wacts 2| (I — bi)[K] # @ VK € 9; kpome Toro, A = (I — bi)[1, N|. Urak, npu K € N
mbl B Bugie o € (I — bi)[K] umeem anajorn JolycTuMbIX MapIIpyTOB U3 MHOXKecTBa A; Ipasja,
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B 9TOji aHAJIOIMU HOHSTHE JIOIyCTHMOCTH CBSI3bIBACTCS C IPABUJIOM BblUYepKHUBaHUs Ha ocHOBe I.
Hapsiny ¢ <4acTHYIHBIMI> MapUIpyTaMu HOTPEOYIOTCS TAKXKE <YaCTHIHbIE> TPACCHI.

YenoBumces o coryamennn: ecan K € O, To gepe3 X obo3HaTaeM MHOXKECTBO BCEX KOPTeE-
weit (2;), coge ¢ O |K| — X x X. OupejiesisieM Teneppb 4acTUUHbIE TPACCHL B BHJIE YIIOMSIHY THIX
KOpTeXeil co crermasbubivMu cBoiictBamu: ecm ¢ € X, K € Mu o € (bi)[K], To B BHIe
3(2, K, 0) 2 {(21),ca7m € X< | (20 = (3,2)) & (2 € Mygjy % Mgy ¥j € 1,]K])} mmeent TpeGy-
eMoe HeIlyCTOe KOHETHOE MHOXKECTBO <IaCTHYHBIX> TPACC, CTAPTYIONIUX U3 T U COIVIACOBAHHBIX
¢ a; st asbHeitnero Baxken ciaydait « € (I — bi)[K]. Tlonaraem reneps, 4To

o N IN
€' ((20);comm) = ;0 c(pry(zi), pry(2it1)) + ;Ca(i)(zi) + f(pra(21k)))

VK € NVa € (bl)[K] V(ZZ) S X|K|.

i€0,|K]|

C y4geToM JaHHOI'O OIIpe/ie/IeHud I10JIydaeM Tellepb, 9TO

v(z, K) 2 min

: (@)
¢ i) =) € [0,00] Vo € X VK € M.
e K] (o0, o sy ¢ (Fihieaay) € (0,00l Ve

Torga V = v(2°,1, N). Hanomnuwm nozxox [1, 2, 3, 4, 5, 6]: mosaraem, ato
G2 {KeN|VzeK (pri(2) ¢ K) V (pryl2) € K))}. ©)
MmuozkecTBa 13 G Ha3bIBaeM CyMIECTBEHHBIMU CIIMCKAMU; PAHXKUPYEM UX 110 MOIIHOCTH:
G.2gnMm, Vse1,N. (10)
I3 (9), (10) smerko n3Biekaercs upescrasienne G B repymnaax K 2 {pri(z): ze K}:
G ={{t}: te LN\Ki}. (11)
C npyroit croponst (em. [1, 2, 3, 4, 5, 6]), umeer MecTo CBOHCTBO
K\{k} €Gs1 Vs €2,NVK € G, Vk € I(K), (12)

cesa3piBatomee cucreMy (10) ¢ omepanmeit BeraepkuBanus. Jlasee Mbl JomosHnM cBoiicTBo (11),
(12), vo ceityac, umest B Bugy joruky M/III, HAIIOMHUM KOHCTPYKIIMIO CJIOE€B IIPOCTPAHCTBA
nosuwii; mosuiusaMu Mbl uMenyeMm mapsl (z,K), = € X, K € N, rme (37ech u HuxKe)

N 2 nu {o} = P(1,N) — cemeiicrBo Bcex u/m 1, N. Bremem M 2 U M, nomyqas
iEW\Kl
Hemnycroe |6, § 4.9] koneunoe /M X, a Takke cJoi

Do 2 {(2,2): x € M} = M x {2} (13)

R A R
Kpome toro (cm. [1, 2, 3, 4, 6]), I, N € Gy u Dy = {(2°,1, N)}. Urak, onpesie/ens Kpaitaue
cion Dy u Dy . B nensx nocrpoeHust HpoMesKyTOYHbBIX CJIOEB BBEJIEM CHAada/Ia MHOMKECTBA

J(K) 2 e LN\K | {j}UK €Goy1} Vs € ,N—1VK €G.. (14)

B TepmuHAxX 9THX MHOXKECTB KOHCTPYHPYEM Clienuasbable /M X, mosaras 9To

MJK]2 |) My Vse LN-1VK g, (15)
JjEJS(K)
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B cBoto ouepesip, Ha ocHOBe (15) ompenessiioTest coiey onye KJIeTKN IPOCTPAHCTBA O3UITHIA:

D,[K] 2 {(2,K): z € M,[K]} Vs € T, N — 1 VK € G,. (16)

Kaxnast kierka (16) ompemessieTcst COOTBETCTBYOIMIUM CYIIIECTBEHHBIM CIIMCKOM U IOJIYYaeTCst
HaBeIINBAHUEM <CJIeBa> Ha CaM CIUCOK Tovyek MHOX)ecTB (15). Ilycrh

D, 2 |J DyK] Vs e LN — L. (17)
Kegs

MuoxecrBa Dy, ..., Dy_1 — npomexyTounbie cjaou. Ilpu arom (cm. [6, npepyoxenue 4.9.3|)
D, € P'(X xN) Vs€0,N. (18)

B (17), (18) umeem cucremy cjoeB, Ha KOTOPBIX cieiyer |1, 2, 3, 4] HacYUTBHIBATH 3HAYEHUSI
dbyukun Bemvana. Kaxaprit n3 cj10eB — HelrycToe MHOXKECTBO B IIPOCTPAHCTBe rmo3uliuii. Temepnb
MbI peKypCUBHO onpeensiem dyukuun Vo € R4[Dol, Vi € R4[D1], ..., VN € R4+[Dy]. lonaraem
pu 3ToM, 9T0 PYHKIUs Vy TAKOBA, 9TO

4

Vo(z, o) = f(z) Vo € M. (19)

B cBssu ¢ npeobpasoBanuem Vs_1 — Vs npu s € 1, N HamoMHHM cJjiejyomiee cBoiictso |6,
upeioxkenue 4.9.4]: V(z, K) € Dy Vk € I(K) Yy € M;,

(y, K\ {k}) € Ds_1. (20)

CroiicTeo (20) 1103BOJISIET B YCJIOBUAX, €0 OIPEJIEAIONINX, UCIOJIb30BATh 3HAUeHUs (DYHKIUN
Vs—1. C yaerom sroro nosaraem (mpu s € 1, N), aro V,_1 upeobpasyercst B Vs O IPaBUILY:

AN

Vs(z, K) = mi i c(x, +ci(z) + Vs— , K ] V(z,K) € Dq. 21
s(z, K) jin, zeJ\%ISM]-[ (z,pry(2)) + ¢(2) + Vsor(pra(2), K\ {j})] V(z,K) € Ds.  (21)
[Mocpencreom (19) u (21) ompenenena pekypcuBHas nporeiaypa. B [1, 2, 3, 4] nokazano, 4ro
Vo, V1, ..., VN ABISIOTCS Cy>KCHUSMH <eInHoit> (pyHKnun Bemvana, cOOTBETCTBYIOMIEH pacim-
penuio 3anauan (5). B ool ¢Bs3u Hanmomuum, 9TO panee ObLIn onpeenensl 3uadenus v(x, K) €
[0,00[ tpu z € X u K € 9. C yuerom sroro BeejgeM dyuximo U : X x N — [0, oo[ mocpes-
crBoM ciegyiomux npasuit: (U (z, K) 2 v(z,K) Ve € X VK € M) & (V(x, 2) = f(z) Vo € X).

Torna, kax Jjierko Bujierb, Vs = (U(z)).ep, Vs € 0, N. CymecrBenHo, 910

V =Vn(z",1,N). (22)

B nanbHeiimnem mccieyIoTcsT BOIIPOCHI KAYECTBEHHOTO XapaKTepa, CBI3aHHbIE C IOCTPOEHNEM BbI-
YUCUTEIBHBIX TIPOLEYD JJIsl HAXOXKIAECHUs V1, ..., Vy 1 3HadeHus (22). DTu BOIPOCHl KACAIOTCSI
pacliipejieJieHusd CyIIeCTBEeHHBIX CIIMCKOB MEKJIy I'MIIOTeTUYECKUMU IIPOIECCOPaMU.

4. CymecTBeHHbIE CIIMCKM 33aJIaHUIi: 00IIe CBOCTBA

U3 (17) u (21) BeITEKAET, UTO IIPH PACIIPE/IEJEHUN HAMSITH MOYXKHO OPHEHTHPOBATHCS BCSKHI
pa3 Ha CIHUCKU COOTBETCTBYIOMNIEH MOITHOCTH, (POPMUPYIOIIHE KJIETKU; 3TH KJIETKH 00pa3yIoT pas-
OueHme CJI0eB MPOCTpaHCTBa mo3unuil. Takum 06pa3oM, B KOHCTPYKIUSX, CBA3AHHBIX C paciapaJ-
JIeJIMBAHUEM, MOYKHO HCIOJIb30BATH PAcIpejiesienne (CyIecTBEeHHbIX) CIIUCKOB, UMes B BUJY TO,
9TO KazK/blil TAKON CIMCOK OJIHO3HAUHO OIIpEJIeJIsieT KJIeTKy IpocTpaHcTsa nosunuii (em. (16)).
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B 37001 B3 MMeET CMBIC]T OTMETHUTD PsifI, CBOMCTB CYINIECTBEHHBIX CIUCKOB C HEJbIO TOCIeI0Ba-
TEJILHOT'O UX MCIOJIb30BAHUs IIPU IOCTPOCHUH [IAPAJLICJbHOIO aarOpUTMa (POPMUPOBAHUS CJIOCE
dbyuknun Besmvana (stu citon onpenensiem B Buge Vo, Vi, ..., V).

Ipennoxenne 1. VK € P'(K) 3z € K : pry(3) # pry(z) Vi e K.

Jlokasamenvcmeo. Yreepxienue odesujno npu K = &, t.k. B arom ciyuae P/(K) = . Ilyers

K # 2, n 2 K| u 9 2 { K e PI(K) | s = |K|} Vs € I,n. ObbeauneHne Bcex ceMeiicTs
Ms, s € 1,n, cosnanaer ¢ P'(K). U3 yciosus 2.1 BbITeKaer, 90

VK € My 32 € K@ pry(2) #pry(z) V2 €K (23)

(cencreue omposaemenTHocTH MuOKecTB u3 9 ). Ilycrs m € 1,m — 1 makoso, uto VK €
M, 2 € K : pri(2) # pry(z) VzZ € K. Ilycre K € My,41. C yuerom ycoosus 2.1 nonbe-
peMm z, € K Tak, aro

pry () # pra(3) V2 € K. (24)

A
[Tockosbky @ = K\ {z:} € M,,,, To ju1s1 HEKOTOPOTO 2* € () CUpaBe/IMBO CBONCTBO

pry(2) # pry(z*) VZ € Q. (25)

C yuerom (24) mmeeM, oHAKO, ITO Pry(24) 7# Pry(z*), a Torma, ucnonssys (25), morydaeM, ITO
pri(2) # pry(z*) Vz € K. IockosbKy BbiGop K ObLT IPOU3BOIBHBIM, YCTAHOBJIEHO, UTO

VK € M, 3z € K& pry(2) # pro(z) Vz e K. (26)
[TockobKy BBIOOP M OBLIT MTPOU3BOJIBHBIM, YCTAHOBJIEHO CBOCTBO: Vs € 1,n — 1

(VK € M, 3z € K : pry(3) # pry(z) Yz € K) = (VK € M1 Iz e K-
pri(2) # pra(z) vz € K);

¢ yaerom (23) mosydaem Tpebyemoe CBOHCTEO. O
IIpennoxenne 2. Vs € I, N —1VK € Gs3j € J4(K): jeI({j}UK).

Joxasameavemeo. @ukcupyem s € I, N —1u K € Gs. Torna 1, N \ K € 9.

1) IMycrs cnagana Z[1, N \ K| = @. Ucnonssys HemycrorTy MuOMkecTBa 1, N \ K, Beibepem u
sacdukcupyem p € 1, N \ K. Torma {p} U K € M. Boibepem npoussosbho z, € K.

Homycrum, aro pry(z«) € {p} U K. Ilo cpoiicrBam K nmeem (cM. (9),(10)), uro

(pri(z.) € K) = (pra(z) € K). (27)

[o BLIGOPY P UMeeM B ciiydae pry(z,) = p ummmkanmio (pry(2z) € 1, N\ K) = (2. € E[1, N \
K]), a moromy B paccMarpuBaeMoM cefidac ciaydae mycroro Muoxecrsa =[1, N \ K| HenpemeHHO
pro(z«) € K. Crenmosarennno, (pri(zs) = p) = (pry(z«) € K). C yuerom (27) mosydaem
BO BCEX BO3MOXKHBIX (Ipu yciaoBuu pry(z.) € {p} U K) ciyuasx, 4ro pry(z.) € K. Tem cambim
YCTaHOBJIEHA, B YACTHOCTH, nMILIKamust (pry(zy) € {p}UK) = (pry(z«) € {p}UK). Ilockosbky
BBIOOD 2, ObLI mpom3BosibHBIM, MeeM u3 (9), (10) Bkiouenne {p} U K € Ggy1, 9TO 0O3HAUAET
1o BBIOOPY P crmpaseymBocTh cBoiictBa p € Jg(K); em. (14). Ocranoch ycTraHOBUTD, 9TO P €
I{p} U K). Lns sroro 3amerum, 4To coriacHo (8)

(p#pra(l) Vi€ E{p} UK]) = (p € I({p} U K)). (28)
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[TokazkeM, 4TO NOCHLIKA UMIUIHKaK (28) ucrunna. B camoM jesie, IOIMyCTUM HPOTUBHOE: P =
pry(20) mutst HekoToporo zg € Z[{p} U K]. Torga zo € K, pri(z0) € {p} UK u pry(z0) € {p} UK.
IIpu sTom, nockosbky =Z[1, N \ K| = &, 1o cornacuo (7) ( pri(z0) ¢ 1, N\ K) V ( pry(z0) ¢
1,N \ K). Oxnaxo 1o BeIGOpy P MMeeM BKJouenme pry(zg) € 1, N \ K. ITostomy pry(zg) € K.
B srom ciryaae nmeem o Beibopy K BKIIodeHue pry(2g) € K, a Torga p € K, 9T0 HEBO3MOXKHO.
[Mostyuennoe MpoOTUBOpEYNE JOKA3BIBAET UCTUHHOCTD MOCHUIKM MMIUMKauu (28); a Torga p €
I({p} U K). C yuaerom panee ycraHosjaeHHOro cBoiictBa p € J4(K) momydaem B ciaydae 1), 9ro
Jj € J(K): jeI{j}UK). Urak,

EMLN\K]=2) = (3j € Ju(K) : j e I({j} UK)). (29)

2) Ilycrs Z[1, N \ K] # @. Torga Z[1, N \ K] € P/(K), a 1oromy COIIACHO HPeIOZKeHIo 1

JIJISE HEKOTOPOIi yropsiiouernoit napsl p € Z[1, N \ K| umeem cBoiicTBO

pry(2) # pry(p) V= € ELN\ K], (30)

Paccmorpum MuOXKecTBO K 2 {pra(p)} UK € Ngy1 (yuursiBaem (7)). Mokaxkem, uro K € Ggyq.
HeticrBuresibro, nycrs A € K. lonycrum, uro pry(A) € K. Eciu pri(\) = pry(p), To B ciyuae
pry(A) € 1, N \ K nmeem no Beibopy p, uro A € E[I,N \ K| n, xak creacrsue (cm. (30)),
uporusopetre. Crasno 66T, pn pri(A) = pry(p) Henpemenno pry(A) € K. B wacraocTH,

(pri(A) = pra(p)) = (pra(A) € K). (31)
ITycrs Teneps prq(A) € K. Torga no Beibopy K umeem u3 (9), (10) aro pry(N) € K. Urak,
(pri(A) € K) = (pra(}) € K). (32)

Nz (31), (32) umeeMm BO Bcex BO3MOXKHBIX nipu ycioBun pri(A) € K ciayuasx Bkiouenue
pro(A) € K. Crenosaresnnno, (pri(A) € K) = (pry(A) € K). ITockonbky BBIOOP A 6BLI IIPO-
n3BOJIBHBIM, ycTaHoBiieHO (cM. (9)), uro K € Gqyy. IIpu stom (em. (30)) pry(p) # pra(p) u o
BeIGOPY p pri(p) ¢ K. B urore pri(p) ¢ K u, B wacrunocru, p ¢ E[K] (cm. (7)). IIpu srom
prao(p) # pry(l) Vi € ZE[K]. eiicrBurenbHO, JOMYCTUM POTUBHOE: Pry(p) = pro(ly) mjist HEKO-
Topoii ynopsimouennoii napet I, € E[K|. B cumy ycnosust 2.1 pry(li) # pro(l), orkyna ciemyer,
aro pry(lx) € K\ {pry(p)}, re. pri(ls) € K u (no Beibopy K) mveem Briodenue pro(l) € K u,
KaK CJIejicTBHe, pry(p) € K, uro nporusopeunt (cMm. (7)) Bbibopy p. IIporusopedne jokasbiBaer
Tpebyemoe cBoiicTBo, a Torga (cM. (8)) pry(p) € I(K). Iockombky K € Ggy1, TO (cM. onpesienenne
K) pry(p) € Js(K) : pra(p) € I({pra(p)} U K). Urax, u B ciyuae 2) nenpemenno 35 € J4(K) :
j € I{j}UK). Crenosaremnsno, (E[1, N\ K| # @) = (Fj € Jo(K): j € I({j}UK)). C yaerom
(29), umeem TpebyeMoe yTBEPXK/IEHHE BO BCEX BO3BMOXKHBIX CJIyUasiX. |

Ipeamoxenne 3. G, 1 ={K €N, |IK € G, Fje(K): K=K\ {j}} Vs€2,N.

Joxazameavcmso. Ilycrs s € 2, N u R 2 (KeMe |IK €G,Fj € I(K): K =K\ {j}}.
U3z (12) caenyer, uro K C Gs—1. lycrs T € Gs—1. Torga B cuity npejjioKeHust 2 UMeeM Jiist
uekoroporo v € Js_1(T) csoiicrBo v € I({v} UT), rae cormacuo (14) {v} UT € G;. Ilpu stom
T={v}uT)\{v}, rk. v ¢ T. Caenosaressno, T € R. Urak, Gs_1 C K. O

U3 npeyioxkenns 3 u (9),(10) BoITeKaer, 4To

Gy ={LN}) & (Gemr ={K\{j}: K€Gs, jEI(K)} Vs€2N). (33)

IIpennoxenune 4. Ecau s € 1,N —1, K € Gs un € Js(K), mon € I({n} UK).
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Aokasamenvcmeo. Ilo Boibopy n momydaem n3 (14), auro n € 1, N \ K, npuuem {n} U K € Gqy;.
Oro osnauaer, uro (cm. (9),(10)) Vz € K ( pri(z) ¢ {n} UK) V ( pry(z) € {n} UK).
AHaJOrHIHBIM CBOMCTBOM 0bJiagaer u MHOXKecTBO K, T.e. Vz € K

(pri(2) ¢ K) v (pra(z) € K). (34)
ITpu sTtom n € {n} U K, a Torjja HEIPEMEHHO CIIPABEJIJINBO CJIE/IYIONIee CBOHCTBO:

n # pry(l) VI € Z[{n} U K]. (35)

B camom merne, momycrum mporuBHoe: n = pry(A), rae A € E[{n} U K]. Cornacuo yciosuio 2.1
pr; (A) # n. o BeiGopy A umeem, uro pry(A) € K u B cuity (34) n = pry(A) € K, 4T0 HEBO3MOXKHO
no Beibopy n. [TporusBopeune mokasbiBaer (35), a Torma n € I({n} U K). 0

B KauecTBe OUeBHIHOTO CJICJACTBUSA MPEJIOKEHUS 2 OTMETHM 376Ch 2Ke TOT (PaKT, ITo
Js(K)# @ Vs €1,N —1VK € G,. (36)
U3 (15) u (36) noydaeM, B 9aCTHOCTH, CJIEJLyOIIee CBOHCTBO
M[K] e P'(X) Vse€1,N —1VK € G. (37)

Pasymeercs, kaxast kiaerka (16) siiasiercss B cuiry (37) HEIMyCTBIM MHOXKECTBOM B IIPOCTPAH-
cree nosunuii. C (37) MOXKHO CBsi3aTh CyKeHusi cjaoeB GyHKIuM BejiMaHa, yduTbBas, 9TO

cormacuo(16) (z, K) € D4[K] Vs € 1,N — 1 VK € G, Vo € M,[K]. Cormacuo (17)
(x,K) € Ds Vse€1,N —1VK € G, Vo € M,[K]. (38)
C yuerom (38) u oupenenennii paszuesna 4 nonaraem, uro upu s € 1, N — 1 u K € G, dbyukuus

VS[K] € R-i— [MS[KH (39)
onpezensiercs ycaosued: Vs[K](z) 2
KJIeTOK yHkiuu bBesivana.
B saksrouenun pasjiesia pacCMOTDHM 3Tall, CBA3aHHBI ¢ onpejeinenueM V' (22) u siBisito-
IIUFICs [0 CMBICILY 3aKJIIOYUTEIbHBIM [IPU IIOCTPOeHHN c1oeB GyHKunu Besuimana; 3uadenue (22)
ompeJiesisiercss B repMuHax Vy—1 € R4[Dy—1] :

V= min  min le(e’pri(z) + () + V- (n() LN (7)) (40)

Vi(z, K) Vx € M[K]; (39) paccmarpuBaeM B KadecTBe

HanomanM, aro Dy _1 ecth o6beaunenue seex knerok Dy_1[K|, K € Gy_1. Ilpu sTtom
Dy K] ={(z,K): x € My_1[K]} VK € Gn_1. (41)

Ecmm K € Gn_1, To Mpy_1[K] € P/(X) ecrb obbeaunenne Beex muoxects M;, i € Jy_1(K), a
byukmus-kierka Vy_1[K] taxosa, uto Vy_1[K](z) = Vy_1(z, K) Yz € My_1[K]. Yaurssas
(41), nosydaem, 4TO CHCTEMA f/N_l[K |, K € Gn_1, ucuepubIBaromumM 06pa3oM OIpeiesisieT CJIoi
Vn_1 u (cM. (40)) nossosster Beraucaats V. Coryacno npejyroxkenuio 3 u (33)

Ov-1 ={LN\{j}: jeI(l,N)}. (42)
[TosroMy BbIIIEyTIOMSIHYTasl CUCTEMA KJIeTOK cBoauTcst (cM. (42)) k Habopy

B cBsi3u ¢ (42), (43) ymMecTHO BepHYThCsI K npejcrasienuto Maoxkects My _1[K], K € Gny_1.

ITpengoxxenne 5. Ecaun € I(1,N), mo Mn_1[1, N \ {n}] = M,.
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Jloxasameavemeo. Hanomuum, uro 1, N \ {n} € Gn_1 (cm. (42)). TlockosbKy coracto (8) n €
LN, 10 1, N\(1, N\{n}) = {n} u Jy 1 (1, N\{n}) = {j € {n} [ {j}U(1, N\{n}) € Gn} = {n},
nockosbky {n}U(1, N\{n}) =1, N € Gy (cm. (33)). Ho Torga cornacuo (15) momy4aaem Tpebyemoe
paBeHcrBo My _1[1, N \ {n}] = M,. O

U3z (41), (42) u upemioxkenus 5 Beirekaer, uro Dy _1[1, N \ {j}] = {(z, I, N\ {j}) : z €
M;} Vi € I(1,N). IIpu srom l}N_l[l,iN\ {7} € R¢[M;] Vj € I(1,N). YuomsinyTble QyHKINN-
KJIETKI Pean3yioT Bech HaOop (43) u mosBoststior BeraucasTsb V' (40), mockorbKy coryacuo (42)
Dy _1 ectb obbeunenne seex muoxkeets Dy _1[1, N \ {j}], 7 € I(1, N).

5. Cxema mapaJljieJIbHbIX BBIYMCJIEHUIA C 3JIeMEeHTaMU
<JINCKPETHON JIMHAMUKW>: IMPEeABAPAIONIne KOHCTPYKIUN

Koncrpykimsi, ceszannas ¢ (40) u u3jiokeHHas B 3aKJIIOYEHUN TPEIBIAYIIETO pasjiesa, Jo-
CTABJISIET CJIEIYIONIYIO CXEMY TOCTPOEHUsI yCeYEeHHOIO MacCuBa 3HadeHni pyHKImn Bemmmana.

Nwmes B Buay <ymepennyios> Beqnauny N u addekT npumenenns omeparopa I, MoxXHO mpeI-
HoJIaraTh BO3MOYKHOCTh MCHOMb30Banus Ais Beraucaennit |I(1, N)| mpomeccopos, Kaxablii u3 Ko-
TOpbIX Gy/IeT oTBeTcTBeHHbIM 3a crucok 1, N \ {4} msa coorsercrByiomero nomepa j € I(1, N), a
TaKxKe 3a pelleHne 3a1a4, IPUBOALIINX K PeaIu3alil Hy>KHOH KJIeTKN IIPOCTPAHCTBA HO3ULNNA 1
oTBevaroIeil eit kyieTku 3Havennit pyukiun beanvmana. Huke mpesaraercs mporeaypa peaim3a-
[UY HE3aBUCUMbIX BBIUUCACHUN YIIOMAHYTHIX (DYHKIUA-KIETOK, IPUBOILINAS K IIOCTPOEHUIO CJIOS
VN_1, HOCJIE 9€ro CJIe/lyeT oCyIecTBUTE Beraucaenue V' B coorsercrsun ¢ (40). Urak (cm. (42)),
[PE/IIOJIAraeTCsl PACIIPEIETINTh MEXKJLy Tpolieccopamu Bee (cymiectBennble) cnmucku K € Gy_q,
BbIJICJIfdd KaxKI0OMY IIPOIEeCCOPY POBHO OJIUH TaKoi CIHUCOK. TOF,Z[a, OKa3bIBa€TCd BO3MO2KHBIM Dea-
JIN30BATH IIOCJIEAYIONLYI0 paboTy MPOIECCOPOB 6€3 KAKOro-Iub0 B3auMOIEHCTBHUSI APYT C APYIOM
BILIOTH 710 (puHAJILHOTO BhIuucaenus V (40). Jljist 3roro norpebyoTest HEKOTOPbIe BCIIOMOTATE Ib-
HBIE IIOCTPOEHUsI, IPUBOIUMBbIE HIKE; B YACTHOCTH, BO3HUKAET HEOOXOIUMOCTH B PACCMOTPEHUH
IMHAMAYECKUX CUCTEM C JUCKPETHBLIM BPEMEHEM.

Berony B mambueitmem nonaraem, uto 3 < N. Ecmr € 2, N — 1 u K € Gn_p41, TO Uepe3
7,[K] obosnavyaeM jiajiee MHOXKECTBO BCEX KOPTEXKei

(Ki)jecon—: ON—1r—G, (44)
JUIST KazKJIOTO U3 KOTOPBIX CIIPABEJIUBLI CJICLYIONIIE CBOWCTBA
(KQ = K) & (V] el,N—-rise I(Kjfl) : Kj = Kj,1 \ {8}) (45)

Mpr urTepnperupyem koprexu (44), (45) Kak TpaeKTOpPUU HEKOTOPOTO mporiecca (hOpMUPOBAHUST
CYIIECTBEHHBIX CIIMCKOB; JJIsl HAIIMX IeJiell 0COOEHHO BakeH ciiydail, Korja B (44), (45) r = 2,
MOCKOJIBKY B 9TOM CJIydae Mbl UMEEM TPAEKTOPUH, CTAPTYIONIME U3 HAYAJbHBIX cocTosHui K €
Gn-1 (cm. (42)), uTo OTBEYAET BBINEYHOMSHYTOl HJlee paciapaJlie/MBaHus.

IMpenyoxenne 6. Ecaur € 2,N —1, K € Gy 11, (Ki);cgn— € Tr[K] uj € 0,N —r, mo
Kj € GN_(r4j)+1-

HokazaresnbcTBo cBourest (M. (45)) K IPUMEHEHUI0 MaTeMaTHIeCKON MH/YKIIUH.
IIpengoxenne 7. 7, [K| # @ Vr € 2,N —1VK € Gn_ry1-

Hoxaszameavcmeo. Ilycts r € 2N —1u K € Gy_py1. [lonaraem, uro

A t R
m; = {(Kl)ze(ﬁ € 1:[0 gN,(T+Z')+1 | (K() = K) & (Vj el,tds e I(Kj_l) :

- (46)
Kj = Kj—l \ {8})} Vte O,N —r.
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[Tockosbky 1,0 = &, u3 (46) BeITeKaer, uro My # . Kpome toro, uz (44)-(46) n npeyoxenus 6
caenyer, aro My_, = T.[K]. ITokaxkem, aro

M #2 Ve, N—r. (47)

— A

B camom pene, momycrum nporuBHoe, T.e. It € O, N —r @ 9M; = . Do ozHadaer, yro T =
A JE—

{t € O,N—r | M = @} ecrb menycroe 1/m 0, N —r; npu srom 7 = inf(T) € 0,N —r ecrpb

nanmensimii snement T, 7 € T\ {0}. Torna7 —-1€ 0,N — (r+ 1)\ T; M,_; # @. C yuerom

storo soibepem u saduxcupyem (K;);co7—1 € Mr—1. Torna (K}),c57—: 0,7 —1—G;

K]* S gN—(r+j)+1 V] € 077- - 17 (48)

K§ = K. U3 (48) crenyer, B qactrOCTH, 9T0 K* | € MN_(pyrypo, T 2 < N — (1 +7) + 2 1,
ciaegosarensio, 2 < |K*_,|. IIpu stom I(K*_;) # @ no csoiicram I. C yuerom sroro Beibepem
6 € I(K*_,), nomydast MHOKECTBO

K\ {0} €GN (r4r)11 (49)

(em. (33),(48)). C yuerom sroro nosaraem (cm. (48),(49)), 4ro KOpTeK (ff*)ieo? : 0,1 — @G

(2
~ . A . — . -
onpezensterca yeaopuamu (K7 = K7 Vj € 0,7 —1) & (K} = K;_; \ {0}). Jlerko Buzers, 1o
(cv. (46), (48), (49)) (K} )icor € My, aro meposmozxmo, T.K. 7 € T. Homy1ennoe mpoTnsope e
JokasbiBaetr (47), a rorna, B wacraocry, 7, [K| # . O

Ecmur e 2 N—-1, t € r,N—1mn K € GN—i+1, To t € 2,N — 1 u ompeze/ieHO MHOKe-
ctBo T;[K], cocrosimee u3 orobparenuii <mpomexyTtka> 0, N —t B G. B kauectBe K Mox-
HO, B YaCTHOCTH, MHCIIOJb30BaTh 3HadeHue Tpaekropun (cMm. (44),(45)). Tounee, mmeem upwm
r€2,N -1, K €Gnr1, (Ki)jcogn—r € T[K]uj€0,N —r,uro N— (r—i—j)—l—lem
u pu 31oM (en. npeoxkenue 6) Kj € Gy_(pyjy41- BEcmmxer € 2N —1uje O,N — (r+1), v
r+j €2, N — 1, a torna onpeenensl MaozkecTsa 7,4 ;[ K ] upu K € Gy _ (r45)+1- CJ’IG,ZLOB&TGIILHO
¢ yueroM mnpejioxkennss 6 umeem, uro upu r € 2. N — 1, K € Gy_,11, (K; )zGO,N—T € T, [K]u

j €0,N — (r + 1) onpenesneno muoskectso T, ;[K;] u, BMecte ¢ e,
jH+s€N—r Vsc0,N— (r+j); (50)
nosromy umeem Ky € G npu ¢t € 0, N — (r + j). OTMeTnM aHajior HoJTyrpynmoBoro CBOHCTBA.
Hpepnoxenne 8. MTpur € 2,N —1, K € Gn_ry1, (Ki);con—r € Tr[K] uj € 0O,N —(r+1)
(Kj+s)scon—gap € Tr+ilHil- (51)
Jlokasamenvcmeo. Yunreiast (50), KOHCTpYUpyeM KopTex B JieBoii gactu (51):

(KjJrS)SGW . O,N - (7" —|—]) — g

[Mpu stom gsip € I, N — (r+j) umeem j+p € j+1,N —r,auanekcp—1 € O, N — (r+j) —1
peasuzyet Brmodenue j+(p—1) € j, N — (r + 1); cormacno (45) aya nexoroporo | € I(Kjy,-1))

umeeM paseHcTBO Ky = Ky (p—1) \ {{}. Taxum obpaszom, Vs € 1, N — (r +j) Fv € I(Kj(5_1)) :

Kjys = Kj(s—1) \ {v}. Cpoiicro (51) ycranosmeno (cum. (44),(45)). O

Hpeanoxerne 9. Myems 1 € 2N 1, K € Gy-ron, (Ki) oy € TIK), j € 0N = (r+ 1),
(Ki)iem € T,1;[Kj], a wopmeorc

(Kz)zem : O,N - r — g (52)
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ONPEJENACTCA CACOYIOUUMY YCAOBUAMU:
A - — A~ —
(Kt:Kt VtEO,j)&(Kt:Kt_J vt€j+1,N—T) (53)
Tozda xopmesic (52) obradaem caedyrowum csotiemeom: (K;), o= € Tr[K].

Jlokasamenavemeo. U3 onpenenennit cienyer, aro Ko = Ky = K. BoibepeM mpousBosbho t €
1,N —r. Torma miss t — 1 € 0, N — (r + 1) umeem, uro

(t=1<j) Vv (j<t—1). (54)

O6a caygas B (54) paccmorpum otenbho. [lycTh cHavama mMeer MeCTo Ciydaii
1)t—1<j. Tormat—1€0,jucornacuo (53) Ky_1 = Ky 1 € G; rak kKak t € 1,§ + 1, TO

(tel,j) vV (t=j+1). (55)

Coyuan, ormedentble B (55), Tak:Ke pacCMOTPUM OTJeJbHO. [lycTh cHavasa

a) t € 1,7. Torma cornacno (53) Ky = K; n no seibopy (K;);.g =, M0/IydaeM, TOCKOIbKY
t—1€0,N —(r+1),aro Ky = K; = Ky_1 \ {8’} aast mexoroporo s € I(Ky_1) (cem. (45)); 3mech
yuareno, uro Ky = K;_1. Paccmorpenue ciryuast a) 3aBepiieno; moJrydujim UMILTHKATIUIO

(tel,j)= 3scl(Ki1): Ky =K1\ {s}). (56)

b) Ilyers ¢t = j + 1. Torna t € j+1,N—r u K¢ = K cormacro (53). Ilo BBIGOPY

(Ki)iem umeenm 3 (45), uro must nekoroporo s” € I(K;) K, = K; \ {s"}. Oanako s

paccmarpusaeMoM cirydae Ky = K cormacuo (53); B urore Ky = K1 \ {s”}, rae s” € I(Ky—1).
Paccmorpenue cityuast b) 3aBepiieHo; yeTaHOBJIEHA UMILIUKAIUST

(t=j+1) = 3s e I(Ki_1): K =Ky 1\ {s}). (57)

U3 (56) u (57) momyqaem, uro B caydae 1) nenpemenno Js € I(K;_1) : K; = Ki—; \ {s}. Urak,
(t-1<j) = (Fs € 1K) : Ky =Kor \ {s)). )

2) Ilyers j < t — 1. Torma Ky = Kt—(j+1) u, kpome toro, Ky = K; ;. Ilo BbIGO-
py (KZ)ZGW mveem, aro Ky = Ky j = f(t,(jﬂ) \ {so} = Ki—1 \ {so} mns mekoroporo
so € I(K¢—q). Urak, (j <t —1) = (s € I(Ks—1) : Ky =Ks—1 \ {s}).

ITockosibKy BbIOOD ¢ 6bLI pou3BOJILHBIM, uMeeM (cM. (54)), uro Vi € 1, N —r Js € I(K;_1) :
Ki =Ki—1 \ {s}. Urak (cm. (44), (45), (52)), (Ki);con— € Tr[K]. O

Ipennoxenne 10. Ecaur € 2,N =1, K € Gnorp1 u s € I(K), mo I(K,), v € Tr[K] :
K\ {s} = K.

Jlokazamenavemeo. Pukcupyem r € 2N — 1, K € Gy_py1 u s € I(K). Ilycts

- k - -
My = {(Ki),7 € 11 Gx— i | (Fo = K) & (R = K\ {s}) &

(58)
&(VjelkIBel(Kj1): K;j=K;—1\{8})} Vke1,N —r.
Torna (cm. (10), (44), (45), (58)) uMeeM OUEBUIHOE BIIOYKEHUE
My C T [K]. (59)
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[Tokazkem, uro My # @ Vk € 1,N —r. B camom pesie, AOIMyCTUM IPOTUBHOE: IycThb dk €
- A - _ A
ILN—r: M=0. TornaT={kel,N—r|M, =2} P (1,N—r); upu srom 7 = inf(T) €
T. Jlerko Bugers, uro My # & (ueiicrBuTEIbHO, J1JIst

1
yAN yAN
(K91 € [[9n—(rriye1s Ko = K, K] = K\ {s},
1=0

nMeeM: (Kih)ieﬁ € M), a rorma 1 ¢ T. ITostomy 7 # 1 u, ciaegoBarensuo, 7 € 2, N —r, a

notomy 7 — 1 € 1, N — (r+ 1)\ T. Torma M,_; # @. C yuerom 310ro BbIOEPEM HPOU3BOJILHO
N R T—1

u sadurcupyem koprex (K;);c57=1 € Mr—1. Torna (Ki),c57=1 € [ Gn—(r4i)+1; 1pu sTOM

=0
Ko=K,K, = K \ {s} u, HakoHeI, crpase/InBbl CBOHCTBA
Viel,r—13ds€ I(Kj_l) : Kj = f(j—l \ {§} (60)

Bamerum, uto N — (r+7)+2€ 2N —ru K,_; € GN—(r4r)+2- Cornacno (12) nmeewm, a0

Ky \ {k} € On_(rpmy41 Vh € (K- ). (61)

Bamerny, uto K, 1 € M, a noromy I(K 1) € M; B wacTHOCTH, I( r—1) # @. Boibepem mpo-
u3BosbHO 1 3adukcnpyem v € I(K;_1), momywas cormacro (61) Kr—1 \ {v} € Gy_(ryry41- C
y9IeTOM 5TOro omupegessieM koprex (Kf) 0,7 — G HOCPEICTBOM CJIEIYIOMMX YCJIOBHIA:

i€0,7 :

(K7 2 K; VjeO,7—1) & (K: 2 K,_1\ {v}). Jlerko Buzers, uro (K] )icor € M7 (cm. (58)).

(2

[Tocnennee HeBo3MOXKHO, T.K. T € T. IIporuBopeune nokassiBaer, uro My # & Vk € I, N —r. B
wactHocTH, My, # &, a Torga (em. (58),(59)) I(K;),cow—r € Tr[K] : K\ {s} = K1. 0

YenoBumcs o caepyioreMm obozuadenun: eciu r € 2. N —1, K € Gy, ut €0, N —r, T0o
~ A
T, [K;t] ={ Ki: (Ki);conv— € T[K]} (62)

ITo cmbicity MHOXKecTBO (62) coorBercrByer obiactu gocrmxkumoct (O/]) B Teopun yupasieHust
[17, 18, 19]; B camoMm Jesie, pedb UIET O MHOXKECTBE COCTOSIHHUIl JOCTUKUMBIX HA TPACKTOPHUSIX
<CHCTEMBI > B MOMEHT t n3 HadajbHOro cocrostaus K. [lpur € 2 N —1u K € Gy_r41

(T,[K;0] = {K}) & (T,[K; N —r] C G1). (63)
Ipennoxenne 11. Ecaur € 2N —1, K € Gy_py1 ut €0, N —r, mo
T, [K;t] C ON—(r+t)+1- (64)

/lokasameavcmeo. B cuny (63) cpoiterso (64) mveer mecto npu t = 0. lasee, us npeyioxenus 6
umeeM B obmeM caydae t € 0, N — 7 cpoiictBo Ky € Gy r++1 V(Ki);cow— € Tr[K]. Us (62)
nostydaem Tpebyemoe Biioxkenue (64). O

Culesiyroriee TOJIOXKEHNE XapaKTepPU3yeT eCTECTBEHHOE CBOMCTBO UCYEPIIBIBAHUSI MHOYXKECTB
(10) obusactsimu ocrukumoctu (62) npu Beex oTIMUHBIX 0T N 3HAYCHHUSX I1apamMeTpa, XapakTe-
PU3BYIONIEr0 MOIIHOCTH CITHCKOB.

IIpennoxkenue 12. Ecaur € 2, N —1 ut € 0, N — r, mo cnpasediuso paseHcmeo

ON—(r+t)+1 = U T, (K t]. (65)
KeGN_r41
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Jlokazameavcmeo. C ydaerom (63) u mpeyiozkeHus 7 UMeeM OYeBUIHOE PABEHCTBO

ON—rt1 = U T, [K;0]. (66)
KeGn_rt1

[Tokazkem, aro (65) Bepro upnu Bcex t € 0, N — r. B camom Jeste, 10mycTuM IPOTHBHOE, T.€.

3JEON =71 GN_(ryj)41 # U T, [K; j]. (67)
KeGn_r41

DT0 03HAYAET, YTO CIPABEIJINBO CJIEIYyIOINee CBOMCTBO:

NP — . . —
Z={j€O,N—71|GN_(r4jy11 # U T,[K;j]} € P'(0,N — 7). (68)
KGgN—'r+1

U3 (67), (68) crenyer, uro 0 ¢ Z u z 2 inf(Z) e Z. Torma z € 1, N —r u

gN*(T+Z)+1 # U T, [K;2]. (69)

Kegn _ri1

Torna z—1€ 0, N — (r+ 1)\ Z, a noroMy uMeeM cJiejlyoliee PaBeHCTBO:

gN—(r+z)+2 - U ’]Tr [K§ z = 1]' (7())
KeGn_rq1

Hamee, ¢ yaeroM mpejioxkeHust 11 mmeeM OYeBUIHOE BJIOXKEHUE

U Tr [K, Z] - gN—(r—l—z)—l—l' (71)
KEgN7r+l

Ucnonbsyst kombunanuio (69) u (71), Boibepem u 3aduKcupyeM MpOU3BOJIBHOE MHOXKECTBO

M €GN _(riz41\( U T, [K; 2]). (72)
KeGnN_rt1

Hanomuum, uto N — (r +z) +2 € 2, N —r + 1. Torna, B wacrnocru, N — (r+z) +2 € 2, N — 1,
a noromy u3 (33) u (72) cremyer, uro 3K € Gn_(p4z)42 37 € I(K) : M = K\ {j}. Ilycrp
© € GN_(r42)42 1 0 € I(O) peanmusyioT paBeHCTBO

M=0\{6}. (73)

VAN
ITo cBoiictBaM z mMeeM BKiodenue p = (r + z) —1 € 2, N —1; mostomy © € Gn_pi1, a TO-
ria us (73) u npenyoxennus 10 Berrexaer, uro ayist Hekoropoit Tpaekropunt (K;),c5x—5 € 7p(0)
cpasemnBo paserctBo M = K;. Ormernm, auto N —p = N — (7 + z) + 1; mosromy

ITpu sTom (Ki)iem: ON—(r+z2)+1—G Kog=0OuVjel,N—(r+2)+13s€
I(Kj-1): Kj =K;_1\{s}. Cyuerom (70) umeem 1o sei6opy ©, uro ny1s nekoroporo G € Gn 41
nenpemento © € T,[G; z — 1]. Cormnacuo (62)

0=G,_, (75)

nst nekoropoit Tpaexropun (G ),cgn— € 7r[G]. Ocymectsum ckensanme TpaeKTOPHIf, Hc-

TONIb3Ysl TIpeIovKenne 9 mpu ycaosuax, Koraa (B atom npemioxkennn) K = G, (K;),cgn— =

(G?)Z€m7 j =z -1, (KI)ZGW = (Kz)lem (y‘II/ITbIBaeM7 YTO COIVIaCHO
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(74), (75) (Ki)iem € T4 (-—1)[G%_1]). Onpenensenm (cemys mpeaTokeHmio 9) KOPTeX

(MNi);cowv=: 0,N —r — G (cm. (44),(45)) nmocpecTBoM ycioBwit

(MEG Vel z—T) & (M EK_(oy) VEEz N —7); (76)

COTJIACHO TIPEJIOKEHUIO 9 MMeeM CJIeIyIolee MoJIoXKeHne

(Mi);cow—r € T-[G]. (77)

IMockombky B cuy (62) T,[G; 2] = {K, : (Ki);cow— € 7r[Gl}, mmeem uz (77), uro A, € T, [G; z].
Cornacuo (76) A, = K; u ¢ yuerom (74) nomyuaem pasenctso A, = M, a rorma M € T,[G; 2] u,
TeM OoJlee,
M e U T, [K; ],
KeGN_rt1
9TO HEeBO3MOXKHO (cM. (72)). IlpormBopeune moxasbisaet, uTo (67) HEBOBMOKHO, Gn_(ryi)+1 =

U T,[K;t] Vt €0, N —r. B uactHOCTH, ClIpaBEJIUBO PaBEHCTBO (65). 0
Kegn _ri1

Ipemnosxkenue 13. Ecaur € 2N —1, K € Gy_pi1, t € O,N —(r+1), M € T.[K;t] u
seI(M), mo

M\ {s} € T,[K;t+1]. (78)
Jlokazamenvemeso. Samernm npexe Beero, uto r+t € 2, N — 1. C yuerom (62) MOXKHO yKa3aThb
TPaEKTOPUIO (ki)iem € 7,|K], nyst Koropoii peanusyercsi cjejyioniee papeHcTso: M = K.
Cornacuo mpenyozkenuio 6 nmeem, ciegoparenbno, srmodenne M € Gy_ (4 4)41- Torna ns npes-

Jgoxenns 10 ciemayer, 9TO JJIA HEKOTOPOU TpPaeKTOPUU (Kz) € Tr+[M] cupasenm-

i€0,N—(r+t)
Bo pasencrBo M \ {s} = K;. Temepnr Bocmosb3yemcst mpemyiokerneM 9, mmest B BHIY, 9TO

re2,N—1, K€Gn 1, (Ki)egn=r € LK), t €0,N — (r + 1) u (K;) € T [M].

Torna koprex (K;) icon=r: 0, N —r — G, onpejiefiieMblil ycl10BUAMU

1€0,N—(r+t)

K, 2K, ¥je0,0) & (K; 2K,y Vjet+ LN —r), (79)
cam sByisiercst Tpaexkropueii (cm. mpepokenne 9): (K;),.gn—= € Z[K]. Hpm atom ¢t + 1 €

t+1,N —r, amoromy Ky41 = K1 u 1o sbiGopy ((KZ) j IMEEM DaBEHCTBO

1€0,N—(r+t
Koo = M\ {s}. (80)

C npyroit croponst, u3 (62) ciaenyer, uro T,[K;t+1] = {K;y1 : (Ki);con=r € Tr[K]}. TTosTomy,
B wacrrocrn, Kyyy € T,[K;t+ 1] u (cm. (80)) crpasemmuso (78). O
U3 npeyiozkenns 13 cieuyer, uro VK € Gy_1 Vt € 0, N — 3 VM € Ty[K; 1] Vs € I(M)

M\ {s} € To[K;t + 1]. (81)
CaoiicrBo (81) cymecrBenno B cBsizu ¢ (21) (nmpeobpazosanue cioes dyukimn beuimana):

Ve(x, M) = jgll%&[) zeJ\r/I[;iQMj [c(z,pry(2)) + ¢j(2) + Vs—1(pra(2), M\ {j})] Vs € 1,N V(z,M) € D;.
(82)

Jlns nac ceifac CymiecTBeHHO ciiejiyionnee obCTOATeNbCTBO, ceaszannoe ¢ (81), (82): ecim K €
Gn-1, s€2,N —1u (x,M) € Dg, npuaem M € Ty[K; N — (s + 1)], To

M\ {j} € To[K; N — 5] Vj € I(M). (83)
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C yduerom (83) Bbrunmcienust Ha ocHoBe (82) MoxkHO IpoBoauTh B mpenpenax O/, orBewarormux
OJIHOMY U TOMY K€ HaJaJIbHOMY MHOKecTBY K (CM. CJie/lyronuii passen).

IIpeanoxenne 14. Ecaur € 2,N — 1, K € Gny_ryq ut € 0,N —r, mo
T, [K;t] € P(GN—(rtt)+1)-

Jlokazameavcmeo. Cormacuo npegyioxkennto 7 7,.[K| # &, npudem

Hycrs (K;);cow—r € 7r[K]. Cornacro (62) K; € T,[K;t]. Temeps yurenm (84). O

OTI\/IeTI/IM B Ka4deCTB€ O4Y€eBUIHOI'O CJIeJCTBUA, 9TO, B 4aCTHOCTH,

To[K;t] € P'(Gn—(141)) VK € Gy_1 Yt €0, N — 2. (85)

6. IlocTpoenme moTokKoB 3HavYeHWT pyHkInn Beanvana

PaccmoTpum nocTpoeHne YacTHIHBIX MACCUBOB 3HadYeHUi dynknnu Besuivana, numest B BUILY
IocJIeIyIoniee IpuMenenne rnpemjoxkenust 12. B nannom pazzaesne pedb moiizer o0 ofHO# BeTBU
HIPOIIEY Pbl, KOTOPas UMEET CMBICJI CBOEOOPA3HOI0 MOTOKA ¢ (GDUKCUPOBAHHBIM HAYAJIBHBIM COCTO-
stuueM. Mbl pacemarpuBaem cucremy MHOXKecTB (62), T.e. cucremy O/l <mporeccas ¢ 3aJJaHHBIM
HavaJbHBIM yCJIOBUEM: (DUKCUPYEM B IIPEJIEaX HACTOSIIErO Pa3/iesia MHOXKECTBO

K € gN,1. (86)
Hasee B aToM pazzesne paboraem ¢ mHOKectBamu (62) mpu dukcammn K (86). I[Tpusenem kon-
KpeTu3anuu obIIuX MOJI0KEH!H, cooTBeTCTBYoMmue ciaydaio (86). 13 npemioxenust 6 numeem
Kj S QN,(jJrl) V(Kl)zem € B[K] Vj€0,N—2. (87)
Cornacho upemnoxkennto 7 To[K]| # @. U3 npemioxkenus: 10 BbITeKaeT, B 9acTHOCTH, 4TO Vs €
I(K) 3(Ki);conv— € T2[K] : K1 = K\ {s}. Kpome Toro (cm. (62), (86)),
To[K;t] = {K; : (Ki);egn—s € R2IK]} Vt€0,N —2. (88)

15 (88) ciemyer, Konewno, 1To npnu BessikoM Boibope Tpaexropun (K;), g3 € T2[K] n <momen-
tax> t € 0, N — 2 HenpemMeHHO

Ky € To[K; ). (89)
Cewmeiicra Bujia (88) <cocrapieHbl> u3 MHOXKeCTB (89). 3/ech ke OTMETHM OYeBUIHBIE KOHKDe-
ruzaiu (81) u (85), yunreiBatomnye (86):

(M\ {s} € To[K;t+1] Vt € 0,N —3VM € To[K;t] Vs € I(M)) &

~ — 90
& (TalIC: 1] € P'(Gy_is1y) ¥t € O, N —3). (90)

Ormernm, nakorer, 4o u3 (63) u (86) BbITeKaroT CBOWCTBA
(Tl 0] = {K)) & (Bl N —2) € Gy). (91)

U3 (89) u (91) momyuaewm, cieosarensio, skmodenna Ky o € G Y(K;),con— € T2[K]. Us
(90) u (91) momyuaenm, B acrrocTH, uro To[K; N — 2] € P'(Gy).
Cormacuo (15)—(17) u (37) umeem, oHAKO, CJIEMYIOIIEE TIOJIOKEHHE:

D,[K] € P'(D,) Vs € I, N —1VK € G,. (92)
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Bosspamasics k (90), 3amernm, aro (cm. (92))

Dy_4)[K]) € P'(Dy_(t41)) Vt €0, N —2VK € To[K; 1. (93)
Kaxk craeacrsue u3 (90) u (93) ciremyer, 1To
U Dn_n)P] € P/(Dy_ts1)) V€0, N —2. (94)
PeT,[K;t]

[Tocpeacrom (94) omnpesienensl K-cjon IpOCTpaHCTBA MO3UIMIA, T.€. CJIOU, BblJEJIsIeMble [IPOIIEeC-
copy, 3a KOTOPBIM <3akKpeluiers> ciucok (86). Ormernm, uro u3 (94) cieayer cBoiicTBO

U miPleP(D. (95)
PeTo[K;N—-2]

BaMeTHM Terephb, U9To CIpaBeinBa cieyomiast ciucrema Briaodenuiit N — (s+1) € 0, N —2 Vs €
1, N — 1. Dro cBoiicTBo nmo3BoJsieT paccMarpuaTh (cM. (90)) MHOXKecTBa
To[K; N — (s +1)] € P'(Gs) Vs € T, N — 1. (96)

C yuerom (17) u (96) MbI, B 4aCTHOCTH, TOJIy9IaeM, UTO

D,[K] 2 U D,[P] € P(D,) Vs € T,N — 1. (97)
PeTo[K;N—(s+1)]

B uacrrocru (cm. (95)), u3 (96) u (97) mosydaem, aro

To[K;N -2 € P(G): Di[K]= ) Du[PleP'(Dy). (98)
PeTo[K;N—-2]

ITpengioxxenue 15. Ecaut € 1, N — 2, (z,K) € Dy1[K], s € I(K) uy € Mg, mo

(4, K\ {s}) € Dy[K]. (99)

Jokxazamenvemso. Iockompky N — (t+ 1) € 1, N — 2, umeem ¢ yaerom (97)

Dy[K] = U Dy[P] € P'(Dy). (100)
PeTy[K;N—(t+1)]

ol K5 N — (t+1)] € P'(Gy). llpu srom t + 1 € 2, N — 1 u, kpome roro, N — ((t +

Cornacuo (96) To[K;
—(t+2) € 0,N — 3. . Cormacuo (97)

1)+1)=N

DinlKl= | DenlP] € P/(De). (101)
PeTy[K;N—(t42)]

U3 (20) Beirekaer, uro cupasemuso Britodenne (y, K\ {s}) € D; (mockosnbky cormacuo (101)
umeeM 110 Boibopy (7, K) Brmovenne (z,K) € Dyyq). Kpome Toro, uz (90) ciemyer, 1aro

M\ {h} € To[K; N — (t+1)] YM € To[K; N — (¢t + 2)] Vh € I(M). (102)
ITpu srom 1o BeiGopy (x, K) nmeem u3 (101), 9To Jyist HEKOTOPOro MHOYKECTBA,
Q € To[K; N — (t +2)] (103)
CIIpaBe/YINBO CJlelytomee oueBnHoe BKiodenne (cm. (17))

(z,K) € Di1[Q]- (104)
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Kpowme Toro, nmeem cormacuo (90), 9T0 HEpeMeHnHo
To[K; N — (t+2)] € P'(Gera), (105)
a oromy n3 (103) u (105) BeITEKaeT BKIIIOUEHNE

Q € Gri1.- (106)

Kaxk cnencrsne u3 (16) n (106) mosywaem paBeHCTBO

De[Q] ={(2,Q) : ¥ € Mya[Q]}, (107)
rae cormacuo (15) My1[@Q) = U Mj. Uz (104) u (107) caexyer pasencrso K = Q. Torna
j€Jit1(Q)

u3 (103) BBITEKAET OUEBH/IHOE BKIIOUEHIE
K € To[K; N — (t + 2)] (108)

(m3 (106) nmeem Taxxke, aro K € Gyq). C yuerom (101) u (108) mmeem, aro Dy [K] C Dy [K].
13 (102) u (108) umeem 110 BBIOODY S CJIEJIYIONIEE BKIIIOUEHUE

K\ {s} € To[K; N — (t +1)]. (109)

Torga u3 (100) u (109) nomywaem, aro DK\ {s}] C D;[K]. Hanomuum, uro K € G4 u s € K,
a moromy (cm. (12))

K\ {s} € G¢ (110)
(mamomumM, uto t + 1 € 2, N — 1). ITostromy corsacuo (15) nmeeMm paBeHCTBO
MEN{s} = (M (111)
JET(K\{s})

(yaursiBaeM to, uro t € 1, N — 2). Kpome Toro, ormerum, 4ro

J(K\{s}) = {5 € LN\ K\ {s}) | {i} UK\ {s}) € Grsa}. (112)

Cornacho (8) mmeem 1o BEIGOPY 8, uTo s € K. Hanee, (s ¢ K\ {s}, a rorma s € 1, N \ (K \ {s}).
IMockombky K = {s} U (K \ {s}) u K € Gi41, 10 {s} U (K \ {s}) € Gi11 u, kak ciencrsue,
s € JJ(K\ {s}). Torga (cm. (111)) My C MK\ {s}]. B urore no Buibopy y nmeem BKIIOYEHHE
y € MK\ {s}]. Ilpu srom cornacuo (16) u (110) nmeem cieyroriee paBeHCTBO

Di[KA\{s}] = {(#, K\ {s}) : & € MK\ {s}]}. (113)

U3 (113) BeITekaer, B wactHOCTH, oueBuanoe Bkiaodenue (y, K\ {s}) € Dy[K\ {s}]. Ognaxo us
(100) u (109) umeem Broxkenue Dy [K \ {s}] C D [K], a noromy cupasemso (99). O

C yuerom (97) u (98) BBeseM (cM. paszen 3) ciesyromue QyHKIUL:

A -
WS[K] = (VS(xaP))(z,P)EDS[K} S RJF[DS{KH Vsel,N — 1. (114)

PaccmarpuBaeM COBOKYIHOCTH MHOKeCTB (97) Kak IOTOK MO3UINIA, BBIJIEJIEHHBIX MPOIECCO-
Py, <3aKpEIJICHHOMY>> 3a CIUCKOM K; aHAJIOTMIHBIM 06pa3oM, COBOKYIHOCTH (byHkimii (114)
paccMaTpuBaeM KakK IIOTOK 3Hadenwil dpyHKImu Benvana, peaqm3yeMblX YHOMSHYTBIM ITPO-
neccopom. IToctpoenne 3tux (byHKIUI OCYHNIECTBIsAEM B BUJIE MOCJIEIOBATEILHON TIPOIEILYPHI:
Wi[K] — ... — Wn_1[K]. Ilpocreiiinii BapuaHT COOTBETCTBYET HOCTPOEHHIO (DYHKIUH

70 Bectuuk IOYpI'Y, Ne18 (277), 2012



MATEMATUYECKOE MOJIEJIMPOBAHUE

WiK] : Di[K] — [0,00], tae D;i[K| — memycroe n/m Dy, omnpenenennoe B (98). B stom
nocrpoenun cieayer yanrssarh (95). Cormacuo (11)

VP e To[K;N —2]3tc1,N\K;: P={t}. (115)
Nrak, BCe ciucku n3 cemeiicTsa ']TQ [K; N — 2] omnosnementabl. dasee, uz (114) caexyer, aro
Wi[K]|(x, P) = Vi(x, P) Y(z, P) € D1[K]. (116)
B cBs3u ¢ (115), (116) ormerum tor dakt, aro (em. (20),(98))
(y, P\ {k}) € Dy Y(z,P) € D1|K]| Vk € I(P) Vy € Mj. (117)

Kaxk ciencrsue umeem cormacuo (13) n (117) wpu (z, P) € Di[K]|, k € I(P) u y € My, aro
y€Mu P\ {k} =g, anoromy (cm. (19)) oupeneneno suagenue f(y) = Vo(y, D) € [0, oo[. Torga
corytacto (21) u (97) nmosmyuaem (cm. (116)), aro

WiIK](r, P) = Vi(x, P) = min, _min [e(r,pri(2)) + ¢(2) + £(pra()] Vi@, P) € Di[K]
(118)

(em. rakxke (117)). Tem cambiv (cm. (114),(118)) onpenenena dyuxius Wi [K]. BameruM, 9To
BHEIIHsIs onepaiis Munumyma B (118) pukTUBHA, TOCKOJIBKY, KAK y2KE OTMEYAIOCh Pedb HJIET 00
obpaborke nocpeacreom I opnossiemenThbix cinckos (I-06pa3 KaxK10ro 0JJHO3JIEMEHTHOIO CIIUCKA,
ecTb TOT 2Ke CaMblil cucok; cM. ycsosue 2.1, (7) u (8)).

[TycTs mporeccop, orBeTcTBeHHBIH 3a crincok (86), yxke pacnosaraer dyukimeit W[K], rue
[ € 1,N —2. Torma nocrpoenne (¢ UCHOJB30BAHHEM TOJIBKO JIAHHOIO IIPOIECCOpa) (DyHKIUU
W1 [K] ocyiecTBiasiercs 1o IPpUBOAUMOl HUXKE CXeMe.

[pexe Beero 3amerum, uro N — (I + 1) € 1, N — 2. JTanee, u3 (97) BbITeKaer, 4ro

Di[K] = U Dy[P] € P'(Dy), (119)
PeTy[K;N—(1+1)]
e corytacto (96) mmeeM 110 BBIGOPY | CBOHCTBO

To[K; N — (14 1)] € P'(Gy). (120)

Oyuknusa W[K] (nam mssectnag) rtakosa, uro (cM. (114)) WIK] = (Vi(w, P))(q,piep, k] €
R4 [D[K]]. Nabimu caosamu, Wi[K| : Dj[K]| — [0, 00[ u npu 31oM

WiK](z, P) = Wiz, P) ¥(x, P) € Di[]. (121)
B cBsizu ¢ nocrpoernem Wiy 1[K]| ormerum, uro [+ 1 € 2, N — 1 u upu sTom
N—-(Il+2)=N—-((I+1)+1)€0,N—3. (122)

B srom ciyuae corsacuo (90) onpejiesieHo ceMeincTBo

To[K; N — (I +2)] € P'(Gii1) (123)

u, Kak ciegacreue (cM. (97)), olpesiesieHo Tak¥kKe CIIEYIONIee MHOKECTBO

Dya[K] = U DalPl e P (D). (124)
PeTo[K;N—(1+2)]
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Bamernm Tereps, uTo cortacHo (20) u (124) peanusyercs cucTeMa BKIIOYEHHI
(y, P\ {s}) € D; ¥Y(x,P) € Di41[K] Vs € I(P) Yy € M. (125)
Bumecre ¢ rem u3 (90) u (122) BeITeKaer, 4TO
P\ {s} € To[K;N — (14 1)] VP € To[K; N — (I +2)] Vs € I(P). (126)
Ho B sTom cayuae uz (17), (97), (124)-(126) noaygaem, 9To
(y, P\ {s}) € D||K] V(z,P) € D;41[K] Vs € I(P) Vy € M. (127)

Bameuyanme 1. Ilposepum (127), bukcupys (z, P) € Dij1[K], s € I(P) ny € My (nanomuum,
aro | € 1, N — 2). I3 (124) umeem jyist nekoroporo K € To[K; N — (1 + 2)]

~

(2, P) € Dy [K]. (128)

U3 (16) nomygaem, aro P = KNI/I npu stoM & € M1 [K], re. & € My [P]. Y3 (126) crenyer,
qro it MEHOKecTBa P = K € TH[K; N — (I + 2)] peausyercsi BKIIOUCHIE

P\ {s} e TH[K;N — (1+1)]. (129)
Hamomuanm 3€Chb 2Ke, 9TO COIVIaCHO (15) CIIpaBEIJINBO PaBEHCTBO
MP\{s = | M (130)
FE(P\{s})

(yamrbiBaeM, 4ro cornacuo (120) u (129) P\ {s} € G;), rue

J(P\{s}) ={j e LN\ (P\{s}) [ {7} U (P\{s}) € Gr1}. (131)

ITo BBIGOPY s mMmeeM (cM. (8)), uro s € P, npuuem {s} U (P \ {s}) = P € Gi41 (cM. B 970ii cBsA3H
(123)), e s € 1, N\ (P \ {s}), tx. s ¢ P\ {s}. B urore cornacuo (131) s € J;(P\ {s}), a Torya
corstacto (130)

M; C My[P\ {s}]. (132)

U3 (16) Berrekaer (nockosbky P\ {s} € G;), 4ro cupaBeyinBo paBEeHCTBO

Dy[P\{s}] = {(u, P\ {s}) : w e Mi[P\{s}]}. (133)
U3 (132) umeem no BbiGOPY ¥y, uro y € M;[P \ {s}]; rorna u3 (133) momyuaem, uro (y, P\ {s}) €
Dy[P \ {s}], rme (em. (119),(129)) Dy[P \ {s}] C D;[K]. Uraxk, (y, P\ {s}) € D[ K]. 0

s (121),(127) cnenyer, aro upu (x, P) € Di11[K], s € I(P) ny € M,
WK (y, P\ {s}) = Vi(y, P\ {s}) € [0,00[. (134)
[Tosromy npu (z, P) € D41 [K] oupenenena (cm. (121),(134)) Bemumaunna

i min (e(r.pry(2)) + cx(2) + WIK](ra(2). P\ {5))] =

= mi in_[c(z, V P € (0,00,
i min fe(e,pri(2)) + es(2) + Vilpra(z), P\ {s))] € [0, o0
a u3 (21) nosyuaeM, ciies0BaTeIbHO, OUYEBUIHOE PABEHCTBO

Ve (@, P) = min _min le(a,pri(2)) +cx(2) + WIK](ra(2). P L)) (135)
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Bwmecte ¢ tem cormacuo (114) Wi [K|(x, P) = Viyi(x, P) V(z, P) € Diy1[K]. B urore u3 (135)
nMeeM ciieyonee npejacrasieHue Gyuxuun Wi [K] :

Wi [K|(z, P) = jg%r}l) zeJ\I/IIEiQMj [c(z,pri(2)) +¢j(2)+ (136)
WK (pra(2), P\ {j})] V(z, P) € Di1[K].

Urak, noiydeno npasuso upeobpazosarust Wi[K| — W11 [K], tne |l € 1, N — 2 — upousBoJib-
ublit naexc. Paconaras (eum. (118)) dyuxmmeit Wi [K| u ucnonssyst gantoe npasmio (cM. (136)),
MBI peKypcuBHO omnpejiesisieM 3areM Wa[K], ..., Wx_1[K]|. Takum obpaszom, npasuio (136), upu-
MeHsIEMOE TTPH BCEBO3MOXKHBIX [ € 1, N — 2, 03BOJISIET TTOCTPOUTH BCe (DYHKITIH

WiK]: Dy[K] — [0,00][,.... WN[K] : Dy_1[K] — [0, c0]. (137)
Ipennoxkenue 16. Ecaut € 0, N — 3, mo To[K;t +1] = {M\ {h} : M € Ty[K;t], h € I(M)}.

Jlokasamenvemeo. Ilycrs H 2 {M\ {h}: M € Ty[K;t], h € I(M)}. Torga cornacuo (90) umeen
srozxerne H C Ty[K;t 4 1]. OcTanoch yeTaHOBUTH IPOTHBOIIOIOKHOE BIOYKCHHE.

Beibepem mpousBosibHO A € T, [K;t + 1]. Torna cormacuo (88) jyist HEKOTOPON TPAEKTOPUH
(L;) icoN 3 € To[K] umeem pasercto A = Lyyq. C yuerom (45) moxuo ykazars 6 € I(L;), mis
koroporo L, y1 = Ly \ {0}. Uabivu coiosavu, A = Ly \ {0}. Bamerun, uro ¢ € 0, N — 2. ITosromy
cormmacro (89) Ly € To[K;t]. Taxum obpasom, Ly € To[K;t] : 0 € I(Ly). Ilo onpenenenmio H
mveem, aro Ly \ {#} € H. Tostomy A € H. Urax, ycranosieno snoxkenne To[K;t 4+ 1] C H. O

7. IlocTtpoenune cioeB dbyHkuu beaimvmana

Bamernm, 9TO B HPEJIBIIYINEM pasJiese MHOXKeCTBO (86) BBIOMPAIOCH Ipon3BosIbHO. [TosTomy
KOHCTpyKIMst Ha ocHOBe (136) peasmzyercst npu sirobom K € Gn_1; B 9T0ii CBS3U HCIOJIb3yeM
Hizke obosuadenus (97), (114) npumenuresbHo K Jiobomy MuoKecTBY (86). Iloctpoenne Vi, ..., Vi
OCYIIECTBIIsIETCs IIyTeM cKjenBanus dyHkuuii suga (114).

Ilpennoxkenue 17. Ecau s € 1, N — 1, mo cnpasedaiuso caedyrouiee pasercmaeo:

D,= |J DK (138)
KeGn_1

Jlokasamenvemeo. VI3 (97) BbITeKaeT 0Y€BUJIHOE BIIOYKEHUE

J DilK]cD.. (139)
KeGn_1

[Tycrs (24, Ki) € Ds (em. (18)). Cormacuo (17) mmeeM Jjisi HEKOTOPOI'O MHOYKECTBA

0 €g, (140)

cJIeTyIolee BKIIIOUEHNE!

(2, K,) € D,[O). (141)

Cormacuo (10) ©® € G u © € N, npuvem T 2N - (s+1) € 0, N —2; umeeM paBeHCTBO
N —(7+41) = s. Bocuiosb3yemcst nipejiiozkeHreM 12 npu yejaoBud, 9To B ero (pOPMYJINPOBKe 7 = 2
nut=r7 Torma (cm. (65)) N—(2+7)+1=smu

g,- | Bk (142)

KeGn_1
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s (140) u (142) BBITEKAET, 9TO /ISt HEKOTOPOTO MHOXKECTBA (CIIICKA)

Q€GN (143)

0 € TQ[Q;T]. Hanomuum, uro s € 1,N —1, a rorma corsacuo (97) ciejmyer cosnajeHue
D,[Q] u obbemumenust Beex muokects Dy[P], P € Ty[Q;7]. Hosromy D,[O] € Dy[Q]. Uz
(141) BbiTekaer ciemyiomee Bkiodenne: (., K,) € Dg[Q]. C yuerom (143) mosmywaem, dTo
(x4, Ki) € U DsK]. Urak, Ds C |J Ds[K]. Ucnomssys (139) moiyduaem paBeHCTBO
Kegn-1 KegGn-_1

(138). O

IIpu s € 1,N—1 Vs nonuocreio omnpejensiercss (cM. npeyoxkenune 17, (114)) dbysk-
muavun Wy[K], K € Gny_1 : ecm (z9,Ko) € Ds, 10 st mmoboro muoxkectBa Ko € Gy_1
co cpoiictBoM (x0, Kp) € Ds[Kp] (rakoe MHOXKeCTBO CylecTByeT B CHJly HpeJioxKeHust 17)

Ve(x0, Ko) = Ws[Ko)(z0, Ko).

Paboma swvinoanena npu noddepocke PODPU (npoexmu 09-01-00436, 10-01-96020) u npo-
epamm Pyrdamernmanrvhnx uccaedosaruds Ipesuduyma PAH (npoexmw, 09-11-1-1007, 09-11-1-
1014).
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A Parallel Procedure of Constructing Bellman Function in the
Generalized Courier Problem with Interior Works

A.G. Chentsov, Institute of Mathematics and Mechanics,
Ural Branch of the Russian Academy of Sciences (Yekaterinburg, Russian Federation)

A construction of the parallel realization of dynamic programming method for solving
the problem of sequential visiting for sets (megalopolises) with constraints in the form of
preceding conditions; this problem is called generalized courier problem. It is supposed
that, on these sets, the works with inputs are fulfilled. The computing procedure used
partial constructing of the Bellman function array and realized by layers of the position
space is investigated. In the foundation of construction the idea of a discrete dynamic
system is situated; for this system, attainability domains realized by recurrence scheme are
constructed.

Keywords: route, megalopolis, dynamic programming.

References

1.

Chentsov A.A., Chentsov A.G., Chentsov P.A. Extreme Routing Problem with Internal
Losses |Ekstremal’naya zadacha marshrutizatsii s vnutrennimi poteryami|. Trudy Instituta
Matematiki i Mekhaniki UrO RAN, Yekaterinburg, 2008, vol. 14, no. 3, pp. 183-201.
Chentsov A.G. About the Optimal Routing with the Conditions of Constraints [Ob
optimal’noi marshrutizatsii v usloviyakh ogranichenii|. Doklady Akademii nauk, 2008, vol. 423,
no. 3, pp- 303-307.

Chentsov A.A., Chentsov A.G., Chentsov P.A. Extreme Movements of Routing Problem with
Constraints and Internal Losses [Ekstremal’naya zadacha marshrutizatsii peremeshchenii s
ogranicheniyami i vnutrennimi poteryami|. lzv. vysshikh uchebnykh zavedenii. Matematika,
Kazan’, 2010, no. 6, pp. 64-81.

Cepuss «MaTremaTndeckoe MOAEJUPOBAHUE U IIPOrPaAaMMUPOBAHUE>, BBIII. 12 75



A.T. Yenmos

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.

Chentsov A.G. Dynamic Programming Method in Extremal Problems with Constraints
Routing [Metod dinamicheskogo programmirovaniya v ekstremal’nikh zadachakh
marshrutizatsii s ogranicheniyami|. Izv. RAN. Teoriya i sistemy upravleniya, 2010,
no. 3, pp. 61-73.

Chentsov A.A., Chentsov A.G., Chentsov P.A. The Conditions of Precedence in a Problem
of Extreme Route with the Inner Workings [Usloviya predshestvovaniya v odnoi zadache
ekstremal’noi marshrutizatsii s vnutrennimi rabotami|. Algoritmy i programmnye sredstva

parallel’nikh vichislenii, 2010, no. 10, pp. 60-76.
Chentsov A.G. Ekstremal’nye zadachi marshrutizatsii i raspredeleniya zadanii: voprosy teorii

|[Extremal Problems of Routing and Assignment of Tasks: Questions of Theory|, Izhevsk:
NITS «Regular and Chaotic Dynamics», Izhevsk Institute of Computer Research, 2008, 240 p.
Melamed L.I., Sergeev S.I., Sigal .LKh. Traveling Salesman Problem. Questions of Theory
|[Zadacha kommivoyazhera. Voprosy teorii|. Avtomatika i telemekhanika, 1989, no. 9, pp. 3-34.

Melamed L.I., Sergeev S.I., Sigal I.LKh. Traveling Salesman Problem. Precise Algorithms
|Zadacha kommivoyazhera.Tochnye algoritmy|. Avtomatika i telemekhanika, 1989, no. 10,

pp- 3-29.
Melamed L.I., Sergeev S.I., Sigal I.Kh. Traveling Salesman Problem. Approximate Algorithms

|Zadacha kommivoyazhera. Priblizhennye algoritmy|. Avtomatika i telemekhanika, 1989,

no. 11, pp. 3-26.
Geri M., Jonson D. Vychislitel'nye mashiny i trudnoreshaemye zadachi [Calculating Machines

and Difficult Problems|, Moscow: Mir, 1982. 416 p.
Bellman R. Use Dynamic Programming to the Problem of a Salesman [Primenenie

dinamicheskogo programmirovaniya k zadache o kommivoyazhere|. Kiberneticheskii sbornik,

Moscow, Mir, 1964, vol. 9, pp. 219-228.
Held M. Use Dynamic Programming to the Problems of Ordering [Primenenie dinamicheskogo

programmirovaniya k zadacham uporyadocheniyal|. Kiberneticheskii sbornik, Moscow, Mir,

1964, vol. 9, pp. 202-218.
Sesekin A.N., Tashlykov O.L., Shcheklein S.E., Kuklin M.Yu., Chentsov A.G., Kadnikov A.A.

Use of Dynamic Programming Method to Optimize the Trajectory of Movement of
Workers in Radioactive Areas to Minimize Exposure [Ispol’zovanie metoda dinamicheskogo
programmirovaniya dlya optimizatsii traektorii peremeshcheniya rabotnikov v radiatsionno
opasnykh zonakh s tsel’yu minimizatsii oblucheniyal|. Izv. vysshikh uchebnykh zavedenii.

Yadernaya energetika, 2006, no. 2, pp. 41-48.
Sesekin A.N., Tashlykov O.L., Shcheklein S.E., Chentsov A.G. Development of Optimal

Algorithms for Decommissioning of NPP by the Methods of Mathematical Modeling
[Razrabotka optimal’nykh algoritmov vyvoda AES iz ekspluatatsii s ispol’zovaniem metodov
matematicheskogo modelirovaniyal. Izv. vysshikh uchebnykh zavedenii. Yadernaya energetika,
2009, no. 2, pp. 115-120.

Kuratovskii K., Mostovskii A. Teoriya mnozhestv. [Set Theory|. Moscow, Mir, 1970. 416 p.
Kormen A., Leizerson Ch., Rivest R. Algoritmy. Postroenie i analiz [The Algorithms.
Construction and Analysis|. Moscow, MTSNMO, 1990. 960 p.

Warga Dj. Optimal’noe upravlenie differentsial’nymi i functsional’nymi uravneniyami
[Optimal Control of Differential and Functional Equations|. Moscow, Nauka, 1977. 624 p.

Krasovskii N.N. Teoriya upravleniya dvizheniem |Theory of traffic control]. Moscow, Nauka,
1968. 475 p.
Panasyuk A.I., Panasyuk V.I. Asimptoticheskaya magistral’naya optimizatsiya upravlyaemykh
sistem [Asymptotic Optimization Trunk of Control Systems|. Minsk, Nauka i tekhnika, 1986.
296 p.

Hocmynuaa 6 pedaxyuro 1 despans 2012 e.

76

Bectauk FOYpI'Y, Ne18 (277), 2012





