KPATKHUE COOBILIEHU A

VK 517.9

YN CJIEHHOE PEIIIEHUE 3AJIAYN OIITUMAJIBHOTI'O
VIIPABJIEHU Y JIJ1d OJHON JINMHEVHOW MOJIEJIN
XODPDA HA TPAOE

A.T. /Tvtavkos

B pabore paccmarpuBaercd 3ajada ONTUMAJIBHOTO YIIPABJIEHUS] PEIIEHUsIMUA OJHOM
HEKJIACCUYIECKON 3a/aum s ypaBHennit Xodda, 3aJaHHbIX HA KOHEIHOM CBSI3HOM OpH-
eHTupoBaHHOM rpade. Jlannyio 3a7ady MBI peLylupyeM K HadaIbHO-KOHEYHOI 3a/1a4de JJIst
abCTPaKTHOTO ypaBHEHUsI COOOJIEBCKOIO TUIIA, TIOA00PaB COOTBETCTBYOMUM 00pa3oM (pyHK-
[IMOHAJIbHBIE TTPOCTPAHCTBa. HaMmu yCcTaHOBJIEHO CYIIECTBOBAHME U €IMHCTBEHHOCTH CHJIb-
HOTO PEIeHNs HAYAJIHHO-KOHETHON 3a[aYn JIJIs TUHEITHOr0 ypaBHEeHUsT COOOIEBCKOTO THUIIA.
ITokazano cyriecTBOBaHUE U €IUHCTBEHHOCTDH OIITHMAJIBHOIO YIIPABJIEHUS PEIIEHUSIMU JIaH-
Hoit 3amadu. [lomyduenubie abcTpakTHBIE Pe3yAbTaThl IPUMEHEHBI K OJIHON JTUHEHHON Mojie-
s Xodbda Ha rpade, ¥ yCTAHOBJIEHBI CYIIECTBOBAHNE U €IMHCTBEHHOCTD PEIIECHUs 33/ Ia40
ONTUMAJILHOTO YIIPABJIEHUs. B cTaThe mpeICcTaB/IeHHBI PE3YIbTAThl BRIYUCIATETHHOTO IKC-
[IEPUMEHTA, OCHOBAHHOI'O Ha IOJIYIE€HHBIX TEOPETUIECKUX MAHHBIX. [ OCTpOeHUs Ipu-
O/IMKEHHDBIX pelreHnit ucnosibdyercs meroll Lamepkuna. B pabore mcnonb3yiorcs wuuen u
MeToJ1bl, pazpaboranubie . A. CBUPHIIOKOM U €r0 yICHUKAMMA.

Karouesvie crosa: ypasHerus cob0Ae8CK020 MUNA, HAYAAOHO-KOHEWHAA 3a0a4a, ONMU-
MaAbHOE Ynpasaerue, aunetinoe ypasrenue Xogdga.

BBenenue

Ha koneunom cesizHoMm opuenTupoannoM rpade G = G(U; €), tue U = {V;} — MHO)KECTBO
BepumH, a € = {E;} — MHOKecTBO pebep, IpudeM Kazkoe ero pebpo E; umeer muny [; € Ry u
IUIOIIA/Ib TIOIepedHoro cedenus d; € Ry, paccMorpuM ypaBHEHHs

)\jl‘jt + Zjtss = ;T + Uy, )‘j e R, a; € R (1)
C yCJIOBUAMMA

2j(0,1) = 25(0,1) = T (bins ) = 2 (In, 1), Y dims(0,t) = Y dpzis(le ) =0, (2)
E;€E*(V;) EreEv (Vi)

Pin(2(0) = zo(s)) =0, Prin(x(7) — 27(s)) =0, 3)

vae Py, Ptin — HEKOTODBIE CIIEIHATBHBIM 00Pa30M HOCTPOEHHBIE IIPOEKTOPSI [1], E@)(V;) — muO-
JKeCcTBO pebep ¢ HadajgoM (KOHIOM) B BeprmHe V;, zo,z, € X, X — HeKoropoe TmabbEpTOBO
npocrpalcTso, T € Ry . Ypapuenus (1) Ha rpade MOAEJIUPYIOT JUHAMUKY BBIIYy YUBAHUS J[BY TAB-
POBOIt GaKN B KOHCTPYKITAH.

Bagauay (1) — (3), Kak 1 MHOIHE Jpyrue HadaaIbHO-KpaeBble 3a/a4u Jjisi yPABHEHUil U CuCTeM
ypaBHEHUil, Hepa3peIeHHbIX OTHOCUTEILHO TPOU3BOIHOMN 110 BpEMEHH, yI00HO paccMaTpUBATh B
paMKax abCTPaKTHOIO ypaBHEHUs CODOJIEBCKOTO THUIIA

Li =Mz +y+ Bu, kerL # {0}, (4)

rjae GyHKIUYM T,y ¥ U JeKaT B MMIb0epTOBLIX npocTpancTBax X,9) m U cOOTBETCTBEHHO, OIle-
paropbl L, M € L(X;9), a oneparop B € L(;Q), dyHKImu u,y mno11exkar JajbHeinemy
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onpeaenennio. [Toaxoaamum MaTeMaTHIeCKUM alllapaToM JJId H3yYeHHs TaKUX 3a7a9 SBJIACTC
TeopHsl BLIPOZKJIEHHBIX (110JIy)rpyIin onepaTtopos [2]. B ganHoii paGore Mbl 6y/eM paccMaTpu-
BATh HAYAALHO-KOHEWHYI0 3adavy, T.e. JTUHeiHOe ypaBHeHune coboJieBCKoro Tumna (4) ¢ ycjoBusiMu
(3). HauasbHO-KOHEUHBIE 334U BIEpPBbIe ObLIM HccsenoBanbl B paborax ILA. Ceupumoka u
C.A. Barpe6unoii [1], oqHako nosyYeHHbIe UMU KJIACCUYECKUE PEIIeHUsT MAJIO IPUTOIHBI JIJIs TeX-
HUKH I'MJILOEPTOBLIX IIPOCTPAHCTB, IO3TOMY B JIaHHOI pabore GyJaeM UCKATh JApyTHue PerIeHusl U
HCIIOJIB30BAaTh UX JId pean3alliil BBIIYUCINTEIBbHOI'O SKCIIEpUMEHTAa.
Bynem uckars napy (2, 4) € X X Uyq, 11 KOTOPOU BBIIIOIHSIETCS COOTHOIIEHNE
J(z,0) = inf  J(z,u), (5)
(zu)EXXUgq

rJie Bce napbl (2, u) yaosiaerBopsitor 3ajade (3), (4), Uy — HEKOTOPOE 3aMKHYTOE H BBIIYKJIOE MOJI-
MHOKECTBO JIOIYCTUMBIX yIIPaBJIeHUil B MujibOEpTOBOM HpocTpaHcTBe yupassiennit U, a J(z,u) —
HEKOTOPBIil CllelaIbHBIM 00pa30oM HOCTPOeHHbIH (byHKIMOoHA KadecTBa. ONTUMAIbHOE yIIPaB-
JIeHHe pelleHusiMU 3aiaun Ko jyist uHeliHbIX ypaBHenuii (4) Buepeble usydasoch B [2]. B
HACTOSIIEee BPeMs MeTOJAMU ONTUMAJILHOIO yIIPABICHUSI aKTUBHO HCCICLYIOTCS 3aJad9l O BOC-
CTAHOBJIEHUU JIMHAMUYIECKH MCKA’KEHHOI'O CUTHAJA — 381891 ONTUMAJILHOTO u3MepeHus [3].

1. AGcTpakTHag cxema

[ycrs X,9), 3 u 4 — ruibbeproBel npocrpascTsa, oneparopbl L, M € L(X;9)), a oneparopsl
B e L(;9), C € L(X;3), byskmuu w : (0,7) C Ry — U, y: (0,7) C Ry — P(1 < o0)
HoJIexkar JajbHeiemMy onpejeneHnto. BeegeM B paccMoTpenne L-pe30JibBEHTHOE MHOMKECTBO
pl(M) = {p € C: (uL — M)~ € L(;X)}, L-cuextp o2 (M) = C\ p~(M) oneparopa M,
COOTBETCTBEHHO IIPABYIO Rﬁ (M) = (uL—M) "L u nesyto Lﬁ(M) = L(pL—M)~! L-pezombBenTn
oneparopa M, u nycrs oneparop M (L, p)-orpanuuen [2].

[ycts L-criexTp onepatopa M mpeacrasum B suje ol (M) = Ujém(M) Uok (M), O’J%m(M) N
ol (M) = 0. locrpoum npoexropsr [1]

wm
1 L 1 L
3nech kouTYp v C C orpanmamBaer 06/1acTh, COEPAKAIITYTO Ufm (M), a xouryp I' — o&(M).

Onpegnenenue 1. Bexmop-gynruyuro v € HY(X) = {x € Ly(0,7;X) : & € L2(0,7;X)} nasosem
cunvHoM pewernuem ypasnenus (4), ecau ona n. 6. na (0,7) obpawaem ezo 6 moscdecmeso. Cunv-
noe pewenue v = x(t) ypasruerus (4) HA306eM CUNBHOLM PEUWEHUEM HAUAALHO-KOHEWHOT 3a0a4U
(3), (4), ecau ono ydosaemsopaem (3).

[ocrpoum mpocrpancTeo HPH(Y) = {v € Ly(0,7;9) : vt € Ly(0,7;9),p € {0} UN},
KOTOPOE fABJISACTCHA FI/I.}Ib6epTOBbIM B CUJIy FHﬂb6epTOBOCTI/I @ CO CKaJIAPHBIM ITPOU3BEJICHUEM

S / (o0, 00) .

Teopema 1. [4] ITycmwv onepamop M (L, p)-oepanuven, p € {0}UN. Tozda das aobvix xo, xr € X
uy € HPTH(Y) cywecmeyem eduncmeennoe cuavnoe pewenue sadawu (3), (4).

[TocTporm yHKIIMOHA KadecTBa

17 ko7
J(x,u) = “Z/ 202 — z((f)H%dt + VZ/<Nqu(q),u(q)>udt, z=Cu, (6)
q=0 0 q=0 0
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e p,v >0, p+v=1,0<k<p+1, N, € LIM), ¢ =0,1,...,p+ 1 — camoconpsizkeHHbIE 1
HOJIOKUTENILHO OIPEIETIEHHBIE OLEPATOPDI, zg = z4(t, §) — IIaHOBOE HAGJIIOIEHNE U3 HEKOTOPOTO
ruIb6epTOBa MPOCTPAHCTBA HAGIONEHUH 3, M PACCMOTPHM 3aJady ONTHMAJILHOTO YIIPABJICHUS
(3) — (5), tme Uyg = Hg“(il) C HP(Y), a npocrpancrso HPH!(4) nmocrpoeno amamormano
HPHH(D).

Onpenenenue 2. Bexmop-gyHkuyuro o € Hg“(il) HA306EM ONMUMAALHBIM YNPABAEHUEM DE-
wenuamy 3adawu (3), (4), ecau

J(z,0) = min J(z,u),
(zu)€Xx HE T (10)

2de napot (x,u) € X X Hg“(ﬂ) ydosaemeopsrom (3), (4).

Teopema 2. [4] ITycmov onepamop M (L,p)-oeparuuen, p € {0} UN. Tozda dan mobwix y €
HPTYY), 20, 2, € X cywecmeyem eduncmeennoe OnmuMaIbHOE YNPAGAEHUE PEUEHUAMU 30004

(3), (4).

2. JImneitnag monmenpb Xodda Ha rpade

Hns peayknun 3azaan (1) — (3) x 3azade (3), (4) BBejeM B paccMOTpeHHE THIIbOEPTOBO

upocrpanctso Lo(G) = {g = (91,92, ---,9j,---) : g5 € L2(0,1;)} co ckanspHbIM IpOU3BeIeHIEM
L

(g,h) = > d; [ gjh;ds n 6anaxoso npocrpancrso X = {x = (21, %2, ..., xj,...) : xj € W3(0,1;)
EJ‘EQE 0

L

U BBIIOJIHEHO NepBoe yeiosue u3 (2)} ¢ nopmoit ||z = > d; [ (x?s + wjz)ds. O6o3HaunM uepes
Ejee 0

) conpsizkerHoe K X OTHOCHTEJILHO JBoiicTBeHHOCTH (-, ) mpocTpancTBo. [TocTpouM onepaTopbl

lj

(Az,y) = > d; [(zjsyjs + bjzjy;)ds, x,y € X, bj € Ry — npousBosbHBIe KOHCTAHTBL;, (L, y) =
J 0

Ly L

Sodj(Nj+b;) [zy;ds— (Az,y); (Mz,y) = ajd; [ zjyjds; A,L, M € L(%X;9)), uputiem cuexkTp
J 0 J 0
o(A) oneparopa A MosOKHUTEIEH, UCKPETEH, KOHEYHOKPATEH U CIYIINAETCsl TOJIBKO K +00.

JIemma 1. Onepamop M (L,0)-oepanusen, ecau 6uinoarero 00Ho u3 08yT Ycaoeull
(1) ker L = {0};

(ii) ker L # {0}, o;j # 0 u umerom odunaxosviti 3nar npu a1060m j.

HavasibHo-KoHEUHAs 3a/1a49a (3) HpUMeT BHJ

> {@O0) —mo) o) ek =0, > {(@(r) —z), 1) @ =0, (7)

pi€aly, (M) p€0 %y, (M)

rJie () — OPTOHOPMHUPOBaHHbBIE COOCTBeHHBIE (DYHKIME KpaeBoii 3ajaun (2) jisa oneparopa L.
Beesem B pacemorpenme mpocrpancto H'(U) = {u = (ui,ug,..uj,...) @ 4; €
o0
L5(0,7;(0,1;))}. Toctpomy omeparopsr {Nyu@, w@) = 3 $° ijq(u§?€)(t))2, Vjkq — TIO-

E;eE~ (Vi) k=1
JIOZKUTEJIbHBIC YUCJIa.

Teopema 3. Ilpu mobwx \j € Ry, a; € R odnozo snaxa, xo,x, € X, u € HSH(LL) cywecmesyem
eduncmeennoe cuavnoe peuenue 3adawu (1), (2), (5), (7).
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3. BpruucanTebHbI 3KCIIEPUMEHT

Paccmorpum Jsinneiinbie ypasaenust Xobda (1) Ha opueHTHpoBaHHOM Ipade, cOCTosIEM U3
JIByX COEJIMHEHHBIX pebep W Tpex BepIInH, ¢ HAavYabHO-KOHeUHbIMU ycsoBusimu (7). Permenust
zj(t,s), j = 1,2 nannoii 3ama4n OyJeM UCKATh B BHJE AJEPKUHCKIX CYyMM

N N
2 (t5) = aiOeils), 2 (ts) = 3 ait)ils),
i=1 i=1
rie p;(s) u 1;(s) — coberpennnie dyuknuu 3ajgaqau [rypma — JInysuis wa rpade. [lpu N = 3
p1 =1, g =coss, 3= cosﬁ,
2 (8)

Y1 =1, 19 = —coss, 1/13:—Sin§.

Onrumasbhoe yipasienue u;(t, s), a Takzke KOMIOHEHTBI ONTHMAJ/ILHOTO ylipasJienus U;(t) Oymem
HWCKATh, COOTBETCTBEHHO, B BUJIE

N N M '
ul (t,s) = > W(t)pi(s), up (t,s) =Y Wt)i(s), W(t)=> citf, i=1,...,N.
=1 =1 k=0

Bce BhIunciennst mpoBOAMINCH B BhIUUCIUTEIbHON cpeme Maple 15.0. s onpemesieHHOCTH
S
BospMeM, Hampumep, N = 3, M = 3, d; = 0,1, do = 0,2, 7 = 1, x}(s) = 1, 23(s) = cos -,

2
rl(s) = —coss, 2(s) = coss. Jyia Toro, 9TOGB OBLIM BBHITIOMHEHBI YCJIOBHS TEODEMbI 3,
BO3bMeM, HampuMmep, A2 = 1, a; = —0,5, ap = —0,6. Torma ycnosust (7) mpumyT Bux
a1(0) = 5,142,a2(0) = —0,667,a3(1) = 0. Barem, ymuoxkus ckauspuo (1) ma cobcrBenible

dbyukun (8), mosyuaem cucreMmy ypaBHEeHUit

—0,067a3(t) — 3,142ckt — 3,142c3t% + 1, 728as(t) — 3, 142¢3 — 3,142c3t% = 0,
—0,200a3(t) — 6,283ct? — 6,283ckt® + 6,283a1 (1) + 3,456a1 (t) — 6,283c) — 6,283cit = 0,
—0,200a; (t) — 0,067az(t) — 3, 142c3t — 3, 142c5t% — 3,142¢3t3 — 3, 1423+

42, 356a3(t) + 1,728a3(t) = 0.

[Mocrpoum dyuKnoHaN cronmocTu (6) U 3a1aUM, HAIPUMED, (L = V = %, C=1Ivj =1,
a IJIaHOBBbIE HAOMIONEHUs Zq1 (t, $) = 1, z42(t, s) = cos s. [Ipu yKasaHHBIX 3HAYCHUSX 1APAMETPOB
OJIy4eHbl (DYHKIUU ONTUMAJILHOTO YITPABJICHUS

ui(t,s) = —0,029 + 0,047t + 0, 191¢2 — 0,134¢3 + (-0, 120 + 0,004¢ — 0,027t + 0, 013t) cos s+
+(—0,221 4 0,055t — 0,517t + 0, 328t3) cos ;
ug(t, s) = —0,029 + 0,047t 4 0,191£2 — 0, 1343 + (0,120 — 0,004t + 0,027t — —0,013t>) cos s+
+(0,221 — 0,055t + 0,517t> — 0, 328t3) sin g

penieHne CuCTeMbl

ay(t) = 6,975 — 4,209t + 1,311t% — 0,210t3 + 0, 776e05361+0,746 _ () 117¢—0,7461+0,209 _
—1,688e~ 95361 _ 0, 7760746140746

as(t) = —0,636 + 0,324t — 0, 1702 + 0,045¢t3 + 0,013~ 0:536+0,746 1.

40,028~ 0:74664+0,209 _ ) 028 =0:5361 4 () 184~ 0-T461+0,746

as(t) = —10, 813 + 8,200¢ — 3, 141¢2 + 0, 57363 + 0, 332 ~05361+0.746 | () 79 ~0.7461+0,209_
—0.721e0536t 4 4 779¢—0,746t+0,746

N
1 MUHUMaJIbHOE 3HaueHne dbyHKImonana Jyn = 8,827 upu yeaosun Y. (4;(t))? < 0,1.
i=1
B 3axamouenue asmop cuumaem ceoum npUAMHLM 00A20M 6bpa3ums 6Aa200aPHOCTD CE0EMY
nayuromy pykosodumento douenmy H.A. Manaxosoti 3a KOHCMPYKMUSHDBIE 3AMEMAHUA U NOMOULL

8 pabome.
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Numerical Solution of an Optimal Control Problem for One
Linear Hoff Model Defined on Graph

A.G. Dylkov, Magnitogorsk State University (Magnitogorsk, Russian Federation)

In this paper an optimal control over solutions of a one no classical mathematical
physics problem for linear Hoff equations defined on a finite oriented connected graph has
been investigated. This one we reduced to the initial-finish value problem for an abstract
Sobolev type equation by special selected functional spaces. Existence and uniqueness for
strong solution of the initial-finish value problem for a linear Sobolev type equation was
established. It is shown that in this case exist a unique optimal control over solutions of
considered problem. The obtained abstract results are applied to the one linear Hoff model
defined on graph and existence and uniqueness for solution of this problem was established.
This work contains a numerical experiment based on obtained theoretical results. For
constructing of the approximate solution we used Galerkin’s method. Also in this paper
we used ideas and methods developed by G.A. Sviridyuk and his pupils.

Keywords: sobolev type equations, the initial-finish value problem, optimal control, the

linear Hoff equation.
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