
ÓÄÊ 662.215.4 DOI: 10.14529/mmp180412

ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÂÎÇÌÎÆÍÛÕ
ÌÅÕÀÍÈÇÌÎÂ ÎÁÐÀÇÎÂÀÍÈß ÃÎÐß×ÈÕ ÒÎ×ÅÊ

Ô.Ã. Ìàãàçîâ1, Å.Ñ. Øåñòàêîâñêàÿ1

1Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. ×åëÿáèíñê,
Ðîññèéñêàÿ Ôåäåðàöèÿ

Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ïîñëåäñòâèé âûõîäà èíèöèèðóþùåé óäàðíîé

âîëíû, ðàñïðîñòðàíÿþùåéñÿ ïî êîíäåíñèðîâàííîìó âåùåñòâó, íà ñâîáîäíóþ ïîâåðõ-

íîñòü. Äëÿ çàìûêàíèÿ çàêîíîâ ñîõðàíåíèÿ ìàññû, èìïóëüñà è âíóòðåííåé ýíåðãèè áûëî

ïîñòðîåíî óðàâíåíèå ñîñòîÿíèÿ êîíäåíñèðîâàííîãî âåùåñòâà. Âèä äàííîãî óðàâíåíèÿ

ñîñòîÿíèÿ ñîîòâåòñòâîâàë ôîðìå óðàâíåíèÿ ñîñòîÿíèÿ Ìè � Ãðþíàéçåíà ñ ðàçäåëåíèåì

äàâëåíèÿ è âíóòðåííåé ýíåðãèè íà òåïëîâóþ è õîëîäíóþ ÷àñòè. Îòíîøåíèå òåïëîâîé

÷àñòè äàâëåíèÿ ê òåïëîâîé ÷àñòè âíóòðåííåé ýíåðãèè îïðåäåëÿëñÿ êîýôôèöèåíòîì

Ãðþíàéçåíà, êîòîðûé â äàííîé ðàáîòå ÿâëÿëñÿ ïîñòîÿííîé âåëè÷èíîé. Õîëîäíàÿ ÷àñòü

äàâëåíèÿ îïèñûâàëàñü ïîòåíöèàëîì â ôîðìå Òåòà. Àíàëèç ðåçóëüòàòîâ, ïðåäñòàâëåí-

íûõ ðàáîòå, ïîêàçûâàåò, ÷òî ïîñëå âûõîäà óäàðíîé âîëíû íà ñâîáîäíóþ ïîâåðõíîñòü â

êîíäåíñèðîâàííîå âåùåñòâî íà÷èíàåò ðàñïðîñòðàíÿòüñÿ èíòåíñèâíàÿ âîëíà ðàçðåæå-

íèÿ, êîòîðàÿ ïðèâîäèò ê òîìó, ÷òî â êîíäåíñèðîâàííîì âåùåñòâå ïàäàåò äàâëåíèå è

ñèëüíî âîçðàñòàåò íàïðÿæåíèå, êîòîðîå ìîæåò ïðèâåñòè ê íàðóøåíèþ ñïëîøíîñòè ìà-

òåðèàëà è ïîÿâëåíèþ îòäåëüíîé ìèêðî÷àñòèöû. Òåì ñàìûì áûëî ïîäòâåðæäåíî ïðåä-

ïîëîæåíèå î âîçìîæíîñòè ïîÿâëåíèÿ ãîðÿ÷èõ òî÷åê â ðåçóëüòàòå ïðîãðåâà è ñãîðàíèÿ

ìåëü÷àéøèõ êàïåëåê êîíäåíñèðîâàííîãî âçðûâ÷àòîãî âåùåñòâà çà âðåìÿ ñõëîïûâàíèÿ

ïóçûðüêà ãàçà.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü; óðàâíåíèå ñîñòîÿíèÿ; ñïëîøíîñòü; ãî-

ðÿ÷àÿ òî÷êà; óäàðíàÿ âîëíà.

Ââåäåíèå

Èçâåñòíî, ÷òî äëÿ çàìûêàíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ìíîãîêîìïîíåíòíûõ ãå-
òåðîãåííûõ ñðåä [1�5] íåîáõîäèìî îïðåäåëèòü âûðàæåíèÿ äëÿ èíòåíñèâíîñòè îáìåíà
ìàññîé, èìïóëüñîì è ýíåðãèåé ìåæäó êîìïîíåíòàìè è ôàçàìè ñìåñè. Äàííûå ñîîò-
íîøåíèÿ ìîãóò áûòü ïîëó÷åíû òîëüêî â ðåçóëüòàòå äåòàëüíîãî ðàññìîòðåíèÿ ìåõà-
íèçìà âçàèìîäåéñòâèÿ ìåæäó êîìïîíåíòàìè è ôàçàìè. Äàííàÿ ðàáîòà ïîñâÿùåíà
ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ âîçìîæíûõ ìåõàíèçìîâ îáðàçîâàíèÿ ãîðÿ÷èõ òî-
÷åê ïðè èíèöèèðîâàíèè áûñòðîïðîòåêàþùèõ ïðîöåññîâ â ãåòåðîãåííûõ âçðûâ÷àòûõ
âåùåñòâàõ (ÂÂ).

Â íàñòîÿùåå âðåìÿ ïðèíÿòî ñ÷èòàòü, ÷òî ïîä äåéñòâèåì èíèöèèðóþùåé óäàðíîé
âîëíû íà ðàçðûâàõ ñïëîøíîñòè âíóòðè ãåòåðîãåííîãî ÂÂ âîçíèêàþò ãîðÿ÷èå òî÷êè,
ïðîòåêàíèå ðåàêöèè â êîòîðûõ ñïîñîáñòâóåò óñèëåíèþ óäàðíîé âîëíû. Ýòî ïðèâîäèò
ê òîìó, ÷òî â ãåòåðîãåííûõ ÂÂ äåòîíàöèÿ âîçáóæäàåòñÿ ëåã÷å, ÷åì â ãîìîãåííûõ [6,7].

Â ñîîòâåòñòâèè ñ ïðèíÿòûìè â íàñòîÿùåå âðåìÿ ïðåäñòàâëåíèÿìè ïðîöåññ èíèöè-
èðîâàíèÿ äåòîíàöèè â ãåòåðîãåííûõ ÂÂ ïðîõîäèò ñëåäóþùèå ñòàäèè [7]:

� èíèöèèðîâàíèå ðåàêöèé â íåêîòîðîé îáëàñòè ÂÂ (ãîðÿ÷åé òî÷êå);
� óñêîðåíèå ðåàêöèé ãîðåíèÿ è ïåðåõîä â äåòîíàöèþ ñ ìàëîé ñêîðîñòüþ;
� ïåðåõîä äåòîíàöèè ñ ìàëîé ñêîðîñòüþ â ðåæèì íîðìàëüíîé äåòîíàöèè.
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Â îáùåì ñëó÷àå òåîðèÿ î÷àãîâîãî èíèöèèðîâàíèÿ ÂÂ (îáðàçîâàíèÿ ãîðÿ÷èõ òî÷åê)
äîëæíà îòâåòèòü íà äâà íåçàâèñèìûõ âîïðîñà [8]:

1) êàêîâû ïðè÷èíû ïîÿâëåíèÿ î÷àãà ðàçîãðåâà ïðè ìåõàíè÷åñêîì âîçäåéñòâèè íà
ÂÂ;

2) êàêèìè êðèòè÷åñêèìè ïàðàìåòðàìè (òåìïåðàòóðà, ðàçìåð, äëèòåëüíîñòü ñó-
ùåñòâîâàíèÿ) ñëåäóåò õàðàêòåðèçîâàòü ãîðÿ÷óþ òî÷êó, êîòîðàÿ ïðèâîäèò ê âçðûâó
ÂÂ.

Ïðè îòâåòå íà ïåðâûé âîïðîñ Ê. Þõàíññîí è Ï. Ïåðñîí [9] ïîêàçàëè, ÷òî åñëè â
ñæàòîì ãàçîâîì âêëþ÷åíèè ïîÿâëÿþòñÿ ìåëü÷àéøèå êàïåëüêè èëè íàñûùåííûå ïàðû
ÂÂ, òî èõ âîñïëàìåíåíèå ìîæåò ÿâèòüñÿ ïðè÷èíîé âçðûâà, ïîñêîëüêó ìèêðî÷àñòèöû
ñïîñîáíû ïðîãðåòüñÿ çà âðåìÿ ñõëîïûâàíèÿ ïóçûðüêà ãàçà.

Äëÿ ïîäòâåðæäåíèÿ ýòîãî ïðåäïîëîæåíèÿ â íàñòîÿùåé ðàáîòå áûëà ðåøåíà çàäà-
÷à î âûõîäå óäàðíîé âîëíû íà ñâîáîäíóþ ïîâåðõíîñòü è ïðîâåäåí àíàëèç âîçìîæíîñòè
íàðóøåíèÿ ñïëîøíîñòè êîíäåíñèðîâàííîãî ÂÂ âáëèçè äàííîé ïîâåðõíîñòè.

1. Î íàðóøåíèè ñïëîøíîñòè

Ïîêàæåì, ÷òî ïðè ðàñïðîñòðàíåíèè óäàðíîé âîëíû (ÓÂ) â ïóçûðüêîâîé æèäêî-
ñòè, â îáëàñòÿõ îêîëî ïîâåðõíîñòè ïóçûðüêà ìîæåò íàáëþäàòüñÿ íàðóøåíèå ñïëîø-
íîñòè â æèäêîé ôàçå. Ýòî ñâÿçàíî ñ áîëüøèì ãðàäèåíòîì äàâëåíèÿ íà ãðàíèöå
≪æèäêîñòü-ãàç≫, ÷òî ïðèâîäèò ê óâåëè÷åíèþ ñêîðîñòè æèäêîé ôàçû â ïðèïîâåðõ-
íîñòíîì ñëîå, è êàê ñëåäñòâèå îòðûâ è îáðàçîâàíèå îòäåëüíûõ êàïåëü ÂÂ îêîëî ïî-
âåðõíîñòè.

Äëÿ îöåíêè äàííîãî ÿâëåíèÿ ðàññìîòðèì çàäà÷ó, ìîäåëèðóþùóþ âûõîä ÓÂ íà
ñâîáîäíóþ ïîâåðõíîñòü (ðèñ. 1) ñî ñëåäóþùèìè íà÷àëüíûìè óñëîâèÿìè:

P10 = 4, 66 · 109 Ïà, ρ10 = 1662, 1 êã/ì3, u10 = 944 ì/ñ,

P20 = 1, 045 · 105 Ïà, ρ20 = 1, 2249 êã/ì3, u20 = 0 ì/ñ,

èíäåêñîì ≪1≫ îáîçíà÷åíû âåëè÷èíû îòíîñÿùèåñÿ ê æèäêîé ôàçå, èíäåêñîì ≪2≫ � ê
ãàçîâîé.

Ðèñ. 1. Ñõåìà ðàñ÷åòíîé îáëàñòè

Äëÿ îïèñàíèÿ äâèæåíèÿ ñïëîøíîé ñðåäû çàïèøåì çàêîíû ñîõðàíåíèÿ ìàññû, èì-
ïóëüñà è ýíåðãèè äëÿ ïëîñêîãî îäíîìåðíîãî ñëó÷àÿ â ëàãðàíæåâûõ êîîðäèíàòàõ:

∂V1

∂t
− V10

∂u1

∂m
= 0,

∂u1

∂t
+ V10

∂Π

∂m
= 0,

∂E1

∂t
+

∂V1

∂m
= 0, P1 = P1 (V1, E1) ,

(1)
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ãäå V1, u1, E1, P1,m � óäåëüíûé îáúåì, ñêîðîñòü, óäåëüíàÿ âíóòðåííÿÿ ýíåðãèÿ, äàâëå-
íèå è ëàãðàíæåâà ìàññîâàÿ êîîðäèíàòà ñîîòâåòñòâåííî, P1 = P1 (V1, E1) � óðàâíåíèå
ñîñòîÿíèÿ æèäêîãî ÂÂ, Π = P1 − σ, σ = 2µ∂u1

∂m
, σ � òåíçîð íàïðÿæåíèé.

Êîíêðåòíûé âèä óðàâíåíèÿ ñîñòîÿíèÿ îïðåäåëÿåòñÿ ëèáî èç îïûòà, ëèáî íàõîäèò-
ñÿ, â íåêîòîðûõ ÷àñòíûõ ñëó÷àÿõ, ìåòîäàìè ñòàòèñòè÷åñêîé ôèçèêè. Äëÿ êîíäåíñè-
ðîâàííûõ âåùåñòâ â íàñòîÿùåå âðåìÿ íàèáîëåå øèðîêî ðàçðàáîòàíû ïîëóýìïèðè÷å-
ñêèå ìåòîäû ïîñòðîåíèÿ óðàâíåíèé ñîñòîÿíèÿ [10�13], îñíîâàííûå íà ïðåäñòàâëåíèè
äàâëåíèÿ è âíóòðåííåé ýíåðãèè â âèäå ñóììû óïðóãèõ (õîëîäíûõ) è òåïëîâûõ ñîñòàâ-
ëÿþùèõ {

P1 = P1X (V1) + P1T (V1, T1),
E1 = E1X (V1) + 3NkT1,

(2)

ãäå N � ÷èñëî àòîìîâ â ãðàììå, k � ïîñòîÿííàÿ Áîëüöìàíà, T1 � òåìïåðàòóðà ÂÂ.
Òåïëîâûå ñîñòàâëÿþùèå äàâëåíèÿ è âíóòðåííåé ýíåðãèè êîíäåíñèðîâàííîãî âå-

ùåñòâà ñâÿçàíû ìåæäó ñîáîé ñëåäóþùèì îáðàçîì:{
P1T = Γ (V1)

CV T1

V1
= Γ (V1)

E1T

V1
,

E1T = CV T1,
(3)

ãäå Γ � êîýôôèöèåíò Ãðþíàéçåíà, õàðàêòåðèçóþùèé îòíîøåíèå äàâëåíèÿ ê òåïëîâîé
ýíåðãèè ðåøåòêè.

Äëÿ àíàëèòè÷åñêîãî îïèñàíèÿ êðèâîé õîëîäíîãî ñæàòèÿ P1X (V1) ÷àñòî ïîëüçóþò-
ñÿ èíòåðïîëÿöèîííûìè ôîðìóëàìè ðàçëè÷íîãî òèïà. Â äàííîé ðàáîòå áûëà èñïîëü-
çîâàíà øèðîêî ðàñïðîñòðàíåííàÿ ôîðìóëà Òåòà [6]

P1X = B1

[(
V10

V1

)n

− 1

]
.

Âíóòðåííÿÿ ýíåðãèÿ õîëîäíîãî ñæàòèÿ òîãäà îïðåäåëÿåòñÿ óðàâíåíèåì

E1X = −
V1∫

V10

P1XdV1 = B1V10

{
1

n− 1

[(
V10

V1

)n−1

− 1

]
− 1 +

V1

V10

}
.

Èñïîëüçóÿ ñîîòíîøåíèÿ (2) è (3), ïîëó÷èì óðàâíåíèå ñîñòîÿíèÿ â ôîðìå Ìè �
Ãðþíàéçåíà

E1 = E1X +
V1

Γ1

(P−PX) = B1V0

{
1

n− 1

[(
V0

V1

)n−1

− 1

]
− 1 +

V1

V0

}
−

− B1V1

Γ1

[(
V0

V1

)n

− 1

]
+

PV1

Γ1

.

Íåèçâåñòíûå B1, n îïðåäåëÿþòñÿ èç óñëîâèÿ ñîâïàäåíèÿ òåîðåòè÷åñêîé óäàðíîé àäèà-
áàòû êîíäåíñèðîâàííîãî âåùåñòâà ñ ýêñïåðèìåíòàëüíîé àäèàáàòîé [14].

Äëÿ ÷èñëåííîãî ðåøåíèÿ ñèñòåìû (1) èñïîëüçîâàí ìåòîä Íåéìàíà � Ðèõòìàéåðà
[15], â êîòîðîì èñïîëüçîâàëàñü èñêóññòâåííàÿ äèññèïàöèÿ (âÿçêîñòü) èç ðàáîòû [16]. Ñ
ó÷åòîì ýòîãî â èñõîäíîé ñèñòåìå óðàâíåíèé Π çàìåíÿåòñÿ íà Π = Π+ q, ãäå âåëè÷èíà
q ÿâëÿåòñÿ èñêóññòâåííîé âÿçêîñòüþ

qm = −δρ10
(
un
1 m+1 − un

1 m

) (
σ1a0 + σ2

∣∣un
1 m+1 − un

1 m

∣∣) ,
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δ =

{
0, un

1 m+1 − un
1 m ≥ 0,

2, un
1 m+1 − un

1 m < 0.

Íà ãðàíèöå ≪æèäêîñòü-ãàç≫ èñïîëüçóåòñÿ óñëîâèå â âèäå

un+1
1 = un

1 −
dt

0, 5 · h
· (P20 − P n

1 ) .

Ðàñ÷åòû ïðîâîäèëèñü äëÿ æèäêîãî ÂÂ, áëèçêîãî ïî õàðàêòåðèñòèêàì ê ãëèöåðèíó
ñ ρ10 = 1261 êã/ì3, B1 = 0, 18, n = 5, 45 , Γ1 = 1, 4, µ = 1, 48 Ïà · ñ â îáëàñòè L = 1 ìì.
Íà ðèñ. 2 (a � d) ïðåäñòàâëåíû çàâèñèìîñòè äàâëåíèÿ, ñêîðîñòè, ïëîòíîñòè è òåíçîðà
íàïðÿæåíèé îò êîîðäèíàòû íà ìîìåíò âðåìåíè t = 0, 1 ìêñ.

Àíàëèç ðåçóëüòàòîâ, ïðåäñòàâëåííûõ íà ðèñ. 2, ïîêàçûâàåò, ÷òî ïîñëå âûõîäà ÓÂ
íà ñâîáîäíóþ ïîâåðõíîñòü â êîíäåíñèðîâàííîå âåùåñòâî íà÷èíàåò ðàñïðîñòðàíÿòü-
ñÿ èíòåíñèâíàÿ âîëíà ðàçðåæåíèÿ. Ýòî ïðèâîäèò ê òîìó, ÷òî â êîíäåíñèðîâàííîì
âåùåñòâå ïàäàåò äàâëåíèå è ñèëüíî âîçðàñòàåò íàïðÿæåíèå. Â ñèëó òîãî, ÷òî âñÿ-
êîå êîíäåíñèðîâàííîå âåùåñòâî îáëàäàåò ïðåäåëîì ïðî÷íîñòè, òî â âåùåñòâå âáëèçè
ñâîáîäíîé ïîâåðõíîñòè ìîæåò ïîÿâèòüñÿ íàðóøåíèå ñïëîøíîñòè ìàòåðèàëà, êîòîðîå
ïðèâåäåò ê ïîÿâëåíèþ îòäåëüíîé ìèêðî÷àñòèöû.

(a) (b)

(c) (d)

Ðèñ. 2. Çàâèñèìîñòè äàâëåíèÿ (a), ñêîðîñòè (b), ïëîòíîñòè (c) è òåíçîðà íàïðÿæåíèé
(d) îò êîîðäèíàòû
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Ðåçóëüòàòû, ïðèâåäåííûå â ðàáîòå, ïîäòâåðæäàþò ïðåäïîëîæåíèå Ê. Þõàíññî-
íà è Ï. Ïåðñîíà [9] î âîçìîæíîñòè ïîÿâëåíèÿ ìåëü÷àéøèõ êàïåëåê ÂÂ, ñïîñîáíûõ
ïðîãðåòüñÿ è âîñïëàìåíèòüñÿ çà âðåìÿ ñõëîïûâàíèÿ ïóçûðüêà ãàçà.

Ñòàòüÿ âûïîëíåíà ïðè ïîääåðæêå Ïðàâèòåëüñòâà ÐÔ (Ïîñòàíîâëåíèå � 211
îò 16.03.2013 ã.), ñîãëàøåíèå � 02.À03.21.0011.
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MATHEMATICAL MODELLING OF POSSIBLE MECHANISMS
FOR THE FORMATION OF HOT SPOTS
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This paper is devoted to the study of the consequences of an initiating shock

propagating through a condensed substance on a free surface. To close the laws of

conservation of mass, momentum and internal energy, the equation of state of a condensed

substance was constructed. The form of this equation of state corresponded to the form of

the equation of state of Mie�Gruneisen with the separation of pressure and internal energy

into thermal and cold parts. The ratio of the thermal part of the pressure to the thermal

part of the internal energy is determine by the Gruneisen coe�cient, which in this work is

a constant. The cold part of the pressure was described by potential in Theta form. The

analysis of the results presented in the work shows that after the shock reaches the free

surface, a strong rarefaction wave begins to propagate into the condensed matter, which

causes the pressure to drop in the condensed matter and the stress greatly increases, which

can lead to a discontinuity of the material and appearance of a separate microparticle. This

con�rmed the assumption that hot spots could appear as a result of the warming up and

burning of the smallest droplets of condensed explosive during the collapse of a gas bubble.

Keywords: mathematical model; equation of state; continuity; hot spot; shock.
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