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Â ðàáîòå èññëåäóåòñÿ çàäà÷à î ìàãíèòîãèäðîäèíàìè÷åñêîì òå÷åíèè íåñæèìàåìîé

ïðîâîäÿùåé ïîëèìåðíîé æèäêîñòè â ïëîñêîì êàíàëå, ïîìåùåííîì â ìàãíèòíîå ïîëå.

Ïî ñòåíêàì êàíàëà ïðîïóùåí ýëåêòðè÷åñêèé òîê ïðîâîäèìîñòè, à íà ñàìèõ ñòåíêàõ

ïîääåðæèâàåòñÿ ðàçíàÿ òåìïåðàòóðà. Çà îñíîâó ìàòåìàòè÷åñêîé ìîäåëè ìàãíèòíîé

ãèäðîäèíàìèêè æèäêèõ ïîëèìåðîâ, ðàññìîòðåííîé â ðàáîòå, áåðåòñÿ îáîáùåííàÿ ðåî-

ëîãè÷åñêàÿ ìîäåëü Ïîêðîâñêîãî � Âèíîãðàäîâà ñ ïðèâëå÷åííûìè ê íåé óðàâíåíèÿìè

Ìàêñâåëëà. Äëÿ ïîëó÷åííîé êðàåâîé çàäà÷è èçó÷àþòñÿ ñòàöèîíàðíûå ðåøåíèÿ ñïåöè-

àëüíîãî âèäà, ÿâëÿþùèåñÿ àíàëîãàìè èçâåñòíûõ âÿçêèõ òå÷åíèé Ïóàçåéëÿ è Êóýòòà.

Çàäà÷à äëÿ òàêèõ ðåøåíèé ñâîäèòñÿ ê êðàåâîé çàäà÷å äëÿ ñèñòåìû íåëèíåéíûõ îáûê-

íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà. Ýòó çàäà÷ó ìû ïðåîáðàçóåì

â ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé, ðåøåíèÿ êîòîðîé íàõîäèì ìåòîäîì ïðîñòîé èòå-

ðàöèè. Ïðîâîäèòñÿ àíàëèç ðåøåíèé äëÿ ðàçëè÷íûõ ïàðàìåòðîâ çàäà÷è, è èçó÷àåòñÿ

õàðàêòåð âëèÿíèÿ ýòèõ ïàðàìåòðîâ íà ðåæèì òå÷åíèÿ. Ðåçóëüòàòû ðàáîòû äåìîíñòðè-

ðóþò âîçìîæíîñòü êîíòðîëÿ çà òå÷åíèåì æèäêîãî ïîëèìåðà â ïëîñêîì êàíàëå ïðè

ïîìîùè âíåøíåãî ìàãíèòíîãî ïîëÿ è íåðàâíîìåðíîãî íàãðåâà.

Êëþ÷åâûå ñëîâà: ìàãíèòíàÿ ãèäðîäèíàìèêà; âÿçêîóïðóãîñòü; ïîëèìåðíàÿ æèä-

êîñòü; ñòàöèîíàðíîå ðåøåíèå.

Ïîñâÿùàåòñÿ Â.Ô. ×èñòÿêîâó

â ñâÿçè ñ åãî ñåìèäåñÿòèëåòèåì.

Ââåäåíèå

Ðàñòâîðû è ðàñïëàâû ïîëèìåðîâ ÿâëÿþòñÿ ñëîæíûìè òåêó÷èìè ñèñòåìàìè, ñî-
ñòîÿùèìè èç äëèííûõ ïåðåïóòàííûõ ìàêðîìîëåêóë. Òàêàÿ ìîëåêóëÿðíàÿ ñòðóêòóðà
ÿâëÿåòñÿ ïðè÷èíîé îïðåäåëåííûõ òðóäíîñòåé â ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìîäåëåé
æèäêèõ ïîëèìåðîâ. Ñòðåìëåíèå îòðàçèòü ìîëåêóëÿðíûé õàðàêòåð æèäêîñòè ïðèâåëî
ê ñåðèè ìîäåëåé, ïîëó÷åííûõ ìåòîäàìè ñòàòèñòè÷åñêîé ôèçèêè, òî åñòü ïóòåì óñðåä-
íåíèÿ âåðîÿòíîñòíûõ çàêîíîâ âçàèìíîãî äâèæåíèÿ ìîëåêóë ðàçëè÷íîé ôîðìû. Ñðåäè
íèõ ñòîèò îòìåòèòü ìîäåëè ðåïòàöèé [1,2], îïèñûâàþùèå äèíàìèêó ìàêðîìîëåêóëû,
êàê âîçâðàòíî-ïîñòóïàòåëüíîå åå äâèæåíèå âíóòðè òðóáêè ñëó÷àéíîé ôîðìû, îáðàçî-
âàííîé ñîñåäíèìè ìîëåêóëàìè; ìîäåëü Êåðòèññà � Áåðäà [3], íå èñïîëüçóþùóþ ïîíÿ-
òèå òðóáêè, íî ïðåäïîëàãàþùóþ ñîõðàíåíèå îáùåé îðèåíòàöèè ìîëåêóë ïî âðåìåíè
â óñðåäíåííîì ñìûñëå; ìîäåëü Pom-Pom [4, 5], ñôîêóñèðîâàííóþ íà ìîäåëèðîâàíèè
ïîëèìåðíûõ æèäêîñòåé, ìàêîðîìîëåêóëû êîòîðûõ èìåþò ðàçâåòâëåííóþ ôîðìó, è
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äðóãèå. Ïî ïîíÿòíûì ïðè÷èíàì, òàêèå ìîäåëè ìàòåìàòè÷åñêè äîâîëüíî ñëîæíû, ÷òî
çàòðóäíÿåò èõ ïðèìåíåíèå ê ðåàëüíûì çàäà÷àì ãèäðîäèíàìèêè æèäêèõ ïîëèìåðîâ.
Ïîìèìî òàêîãî ìèêðîñòðóêòóðíîãî ïîäõîäà, øèðîêî ïðèìåíÿåòñÿ ôåíîìåíîëîãè÷å-
ñêèé ïîäõîä ê ïîñòðîåíèþ ìîäåëåé ïîëèìåðîâ, â çíà÷èòåëüíîé ìåðå èãíîðèðóþùèé
ðåàëüíóþ ìîëåêóëÿðíóþ ñòðóêòóðó âåùåñòâà è çàìåíÿþùèé åå îïðåäåëåííûìè ìàê-
ðîñêîïè÷åñêèìè ñîîòíîøåíèÿìè, ñôîðìóëèðîâàííûìè íà îñíîâå ýìïèðè÷åñêèõ äàí-
íûõ [6,7]. Òàêîé ïîäõîä ïîçâîëÿåò ïîëó÷èòü áîëåå ïðîñòûå ìîäåëè, íî ïðè íåì òðóäíî
îòðàçèòü ìèêðîõàðàêòåðèñòèêè êîíêðåòíûõ ïîëèìåðîâ, à çíà÷èò è ïðàâèëüíî ñôîð-
ìóëèðîâàòü çàäà÷è î òå÷åíèÿõ ðåàëüíûõ ïîëèìåðíûõ æèäêîñòåé. Î÷åâèäíî, ÷òî íè
îäèí èç ýòèõ ïîäõîäîâ íåëüçÿ ñ÷èòàòü åäèíñòâåííî âåðíûì, è ÷òî äëÿ êîíêðåòíûõ
çàäà÷ ëó÷øå áóäóò ñåáÿ ïðîÿâëÿòü ðàçíûå ìîäåëè.

Ïîïûòêà â îïðåäåëåííîì ñìûñëå îáúåäèíèòü îáà ïîäõîäà ïðåäïðèíèìàåòñÿ â ìå-
çîñêîïè÷åñêèõ ìîäåëÿõ. Òàê, â äàííîé ðàáîòå áóäóò ïðèâåäåíû óðàâíåíèÿ, ïîëó÷åí-
íûå íà îñíîâå îáîáùåííîé ðåîëîãè÷åñêîé ìîäåëè Ïîêðîâñêîãî � Âèíîãðàäîâà [8, 9].
Èäåÿ ýòîé ìîäåëè çàêëþ÷àåòñÿ â òîì, ÷òî äèíàìèêà ïîëèìåðíîé æèäêîñòè ñâîäèò-
ñÿ ê çàêîíó äâèæåíèÿ îäíîé ìàêðîìîëåêóëû â íåêîòîðîé àíèçîòðîïíîé æèäêîñòè,
ÿâëÿþùåéñÿ óñðåäíåííûì àíàëîãîì ñîñåäíèõ ìîëåêóë ïîëèìåðà. Òàêèì îáðàçîì, ñ
îäíîé ñòîðîíû èñïîëüçóåòñÿ ñòîõàñòè÷åñêîå óðàâíåíèå òèïà óðàâíåíèÿ Ëàíæåâåíà
äëÿ äèíàìèêè ìîëåêóëû, ïîäîáíî èçâåñòíîé ñòàòèñòè÷åñêîé ìîäåëè Ðàóçà [2], íî ñ
äðóãîé èñïîëüçóþòñÿ ôåíîìåíîëîãè÷åñêèå ïðèåìû äëÿ ìîäåëèðîâàíèÿ àíèçîòðîïíî-
ãî âçàèìîäåéñòâèÿ ýòîé ìîëåêóëû ñ ñîñåäíèìè, äëÿ ÷åãî â ìîäåëü ââîäèòñÿ ìàêðîñêî-
ïè÷åñêèé òåíçîð àíèçîòðîïèè. Òåîðåòè÷åñêè òàêîé ïîäõîä ïîçâîëÿåò ïîëó÷èòü áîëåå
òî÷íûå ðåçóëüòàòû, ÷åì ôåíîìåíîëîãè÷åñêèé ïîäõîä, íî ïðè ýòîì óäàåòñÿ ñîõðàíèòü
îòíîñèòåëüíóþ ïðîñòîòó èñïîëüçóåìûõ ìàòåìàòè÷åñêèõ ñîîòíîøåíèé. Îäíàêî äàííàÿ
ìîäåëü ÿâëÿåòñÿ ñðàâíèòåëüíî íîâîé, è ïîêà îíà íåäîñòàòî÷íî èçó÷åíà ñ ìàòåìàòè÷å-
ñêîé òî÷êè çðåíèÿ. Äëÿ áîëåå ãëóáîêîãî èçó÷åíèÿ åå ñâîéñòâ íåîáõîäèìî ðàññìîòðåòü
ïîâåäåíèå ìîäåëè äëÿ ðàçëè÷íûõ òèïîâ òå÷åíèé ïîëèìåðíûõ æèäêîñòåé.

Íóæíî îòìåòèòü, ÷òî çàäà÷è î òå÷åíèÿõ æèäêèõ ïîëèìåðîâ â êàíàëàõ ðàçëè÷-
íîé ôîðìû âûçûâàþò çíà÷èòåëüíûé èíòåðåñ â íàñòîÿùåå âðåìÿ â ñâÿçè ñ øèðîêèì
ïðèìåíåíèåì ïîëèìåðíûõ ìàòåðèàëîâ â ñàìûõ ðàçíûõ îáëàñòÿõ ïðîìûøëåííîñòè.
Â ÷àñòíîñòè, òî÷íûé êîíòðîëü çà ïîòîêîì ïîëèìåðà íåîáõîäèì äëÿ ïðîèçâîäñòâà
ïîëèìåðîâ è äëÿ áûñòðî íàáèðàþùåé ïîïóëÿðíîñòü òåõíîëîãèè 3D ïå÷àòè. Òàêîé
êîíòðîëü ìîæåò îñóùåñòâëÿòüñÿ ïðè ïîìîùè ôîðìû êàíàëà ñ íåïîäâèæíûìè è ïî-
äâèæíûìè ñòåíêàìè, íåðàâíîìåðíîãî íàãðåâà ïîëèìåðà, ýëåêòðîìàãíèòíûõ ïîëåé,
âîçäåéñòâóþùèõ íà ïðîâîäÿùóþ æèäêîñòü, è ìíîãèìè äðóãèìè. Ìàãíèòíàÿ ãèäðî-
äèíàìèêà ïîëèìåðíîé æèäêîñòè òàêæå èíòåðåñíà, êàê âîçìîæíàÿ îñíîâà äëÿ ìàã-
íèòîãèäðîäèíàìè÷åñêèõ ãåíåðàòîðîâ. Ñóùåñòâóåò ðÿä ìîäåëåé, ïîñâÿùåííûõ ìàãíè-
òîãèäðîäèíàìè÷åñêîìó äâèæåíèþ æèäêèõ ïîëèìåðîâ (íàïðèìåð, [10, 11]), îäíàêî â
ìîäåëè Ïîêðîâñêîãî � Âèíîãðàäîâà ìàãíèòíàÿ ãèäðîäèíàìèêà ïîêà ïîäðîáíî íå èñ-
ñëåäîâàëàñü.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èçó÷åíèÿ äâóìåðíîãî íåèçîòåðìè÷åñêîãî äâè-
æåíèÿ ïðîâîäÿùåé ïîëèìåðíîé æèäêîñòè â ïëîñêîì êàíàëå, îãðàíè÷åííîì ýëåêòðî-
äàìè ñ ïðîïóùåííûìè ïî íèì òîêàìè ïðîâîäèìîñòè. Äëÿ ýòîãî ïðèâîäèòñÿ ìàãíèòî-
ãèäðîäèíàìè÷åñêàÿ ìîäåëü æèäêèõ ïîëèìåðîâ, ôîðìóëèðóåòñÿ êðàåâàÿ çàäà÷à äëÿ
ñòàöèîíàðíûõ òå÷åíèé. Ïðèâîäÿòñÿ ïðèìåðû ñòàöèîíàðíûõ òå÷åíèé, íàéäåííûå ÷èñ-
ëåííî äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðîâ çàäà÷è.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ. Ìîäåëü ìàãíèòîãèäðîäèíàìèêè

ïîëèìåðíîé æèäêîñòè

Ñëåäóÿ ìîíîãðàôèÿì [9,12�15] è ðàáîòå [16], ñôîðìóëèðóåì ìàòåìàòè÷åñêóþ ìî-
äåëü, êîòîðàÿ îïèñûâàåò ìàãíèòîãèäðîäèíàìè÷åñêèå òå÷åíèÿ íåñæèìàåìîé ïîëèìåð-
íîé æèäêîñòè. Íèæå ìû ðàññìîòðèì âàðèàíò âûøåóïîìÿíóòîé ìàòåìàòè÷åñêîé ìîäå-
ëè, â êîòîðîì â óðàâíåíèè, îïèñûâàþùåì èçìåíåíèå âíóòðåííåé ýíòðîïèè (óðàâíåíèå
ïðèòîêà òåïëà) íåñæèìàåìîé ïîëèìåðíîé æèäêîñòè, äèññèïàòèâíûå ñëàãàåìûå ââå-
äåíû ïî àíàëîãèè ñ ðàáîòîé [17]. Â îáåçðàçìåðåííîì âèäå ýòîò âàðèàíò çàïèøåòñÿ
òàê (äàëåå ìû áóäåì ïðèäåðæèâàòüñÿ îáîçíà÷åíèé, ïðèíÿòûõ â [16]):

divu = ux + vy = 0, (1)

divH = Lx +My = 0, (2)

du

dt
+∇P = div(ZΠ) + σm(H ,∇)H +Ga(Z − 1)

(
0
1

)
, (3)

da11
dt

− 2A1ux − 2a12uy + L11 = 0, (4)

da22
dt

− 2A2vy − 2a12vx + L22 = 0, (5)

da12
dt

− A1vx − A2uy +
K̃Ia12
τ 0(Z)

= 0, (6)

dZ

dt
=

1

Pr
∆x,yZ +

Ar

Pr
ZD +

Am

Pr
σmDm, (7)

dH

dt
− (H ,∇)u− bm∆x,yH = 0. (8)

Çäåñü t � âðåìÿ, u, v, L, (1 + M) � êîìïîíåíòû âåêòîðà ñêîðîñòè u è âåêòîðà
íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ H â äåêàðòîâîé ñèñòåìå êîîðäèíàò x, y; P =
p + σm(L

2 + (1 + M)2)/2, p � äàâëåíèå, a11, a22, a12 � êîìïîíåíòû ñèììåòðè÷åñêî-
ãî òåíçîðà àíèçîòðîïèè âòîðîãî ðàíãà; Π = {aij}/Re, i, j = 1, 2;

Lii =
KIaii + β(a2ii + a212)

τ 0(Z)
, i = 1, 2;

KI = W−1 + k̄I/3, k = k − β, I = a11 + a22 � ïåðâûé èíâàðèàíò òåíçîðà àíèçîòðîïèè,
k, β (0 < β < 1) � ôåíîìåíîëîãè÷åñêèå ïàðàìåòðû ðåîëîãè÷åñêîé ìîäåëè [9], Ai =
W−1 + aii, i = 1, 2; Z = T/T0, T � òåìïåðàòóðà, T0 � êîìíàòíàÿ òåìïåðàòóðà (äàëåå
áóäåì ïîëàãàòü T0 = 3000K), K̃I = KI + βI, τ 0(Z) = 1/(ZJ(Z)), J(Z) = exp(EA(Z −
1)/Z), EA = EA/T0, EA� ýíåðãèÿ àêòèâàöèè, Re = (ρuH l)/η

∗
0 � ÷èñëî Ðåéíîëüäñà,

W = (τ ∗0uH)/l � ÷èñëî Âàéñåíáåðãà, Ga = Ra/Pr � ÷èñëî Ãðàñãîôà, Pr = luHρcv/κ =
cvη

∗
0Re/κ � ÷èñëî Ïðàíäòëÿ, Ra = lbgT0Pr/u

2
H � ÷èñëî Ðýëåÿ,

Ar =
αu2

HPr

ReT0cv
=

αu2
Hη

∗
0

T0κ
, Am =

αmu
2
HPr

T0cv
,

D = a11ux+(vx+uy)a12+a22vy, Dm = L2ux+L(1+M)(vx+uy)+ (1+M)2vy, ρ = const
� ïëîòíîñòü ñðåäû, κ � êîýôôèöèåíò òåïëîïðîâîäíîñòè ïîëèìåðíîé æèäêîñòè, b �
êîýôôèöèåíò òåïëîâîãî ðàñøèðåíèÿ ïîëèìåðíîé æèäêîñòè, g � âåëè÷èíà óñêîðåíèÿ
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ñâîáîäíîãî ïàäåíèÿ, η∗0, τ
∗
0 � íà÷àëüíûå çíà÷åíèÿ ñäâèãîâîé âÿçêîñòè è âðåìåíè ðåëàê-

ñàöèè ïðè êîìíàòíîé òåìïåðàòóðå T0 [9,16]; l � õàðàêòåðíàÿ äëèíà, uH � õàðàêòåðíàÿ
ñêîðîñòü, σm = (µµ0H

2
0 )/(ρu

2
H) � êîýôôèöèåíò ìàãíèòíîãî äàâëåíèÿ, bm = 1/Rem,

Rem = σµµ0uH l � ìàãíèòíîå ÷èñëî Ðåéíîëüäñà, µ0 � ìàãíèòíàÿ ïðîíèöàåìîñòü â âà-
êóóìå, µ � ìàãíèòíàÿ ïðîíèöàåìîñòü ïîëèìåðíîé æèäêîñòè, σ � ýëåêòðîïðîâîäíîñòü
ñðåäû, α � òåðìè÷åñêèé ýêâèâàëåíò ðàáîòû [18], αm � ìàãíåòîòåðìè÷åñêèé ýêâèâàëåíò
ðàáîòû, cv � òåïëîåìêîñòü,

d
dt

= ∂
∂t
+ (u,∇) = ∂

∂t
+ u ∂

∂x
+ v ∂

∂y
,

∆x,y =
∂2

∂x2 +
∂2

∂y2
� îïåðàòîð Ëàïëàñà.

(9)

Ïåðåìåííûå t, x, y, u, v, p, a11, a22, a12, L, M â ñèñòåìå è (1) � (8) îòíåñåíû ê
õàðàêòåðíûì âåëè÷èíàì l/uH , l, uH , ρuH , ρu

2
H , W/3, H0 ñîîòâåòñòâåííî, ãäå H0 �

õàðàêòåðíàÿ âåëè÷èíà íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ (ðèñ. 1).

Ðèñ. 1. Ïëîñêèé êàíàë

Çàìå÷àíèå 1. Ìàãíèòîãèäðîäèíàìè÷åñêèå óðàâíåíèÿ (1) � (8) âûâåäåíû ñ ïðèâëå-
÷åíèåì ñèñòåìû óðàâíåíèé Ìàêñâåëëà [12,14], ïðè÷åì âåêòîð ìàãíèòíîé èíäóêöèè B
áåðåòñÿ â âèäå

B = µµ0H = (1 + χ)µ0H , (10)

ãäå χ � ìàãíèòíàÿ âîñïðèèì÷èâîñòü, ïðè ýòîì [19, 20] χ = χ0/Z , χ0 � ìàãíèòíàÿ
âîñïðèèì÷èâîñòü ïðè êîìíàòíîé òåìïåðàòóðå T0 = 3000K. Äàëåå ìû áóäåì ïîëàãàòü,
÷òî äëÿ ïîëèìåðíîé æèäêîñòè µ ≡ 1 (χ0 = 0).

Çàìå÷àíèå 2. Â êà÷åñòâå îñíîâíîé ïðîáëåìû ìû áóäåì ðàññìàòðèâàòü çàäà÷ó î
íàõîæäåíèè ðåøåíèé ìàòåìàòè÷åñêîé ìîäåëè (1) � (8), îïèñûâàþùèõ ìàãíèòîãèäðî-
äèíàìè÷åñêîå òå÷åíèå íåñæèìàåìîé ïîëèìåðíîé æèäêîñòè â ïëîñêîì êàíàëå òîëùè-
íîé 1 (l), îãðàíè÷åííîé ãîðèçîíòàëüíûìè ñòåíêàìè � ýëåêòðîäàìè C+ è C−, âäîëü
êîòîðûõ ïðîïóùåíû ýëåêòðè÷åñêèå òîêè ïðîâîäèìîñòè ñ ñèëîé òîêà J+ è J− ñîîò-
âåòñòâåííî (ðèñ. 1). Êàíàë ïîìåùåí â îäíîðîäíîå âíåøíåå ìàãíèòíîå ïîëå L = 0,
M = 0, ò.å. 1 +M = 1 (H0) (ðèñ. 1).
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Âíåøíèå ïî îòíîøåíèþ ê êàíàëó îáëàñòè S+
1 , S

−
1 � òîæå ìàãíåòèêè ñ ìàãíèòíûìè

âîñïðèèì÷èâîñòÿìè χ+
1 , χ

−
1 . Íà ñòåíêàõ êàíàëà âûïîëíåíû ãðàíè÷íûå óñëîâèÿ:

y = ±1/2 : u = 0 (óñëîâèå ïðèëèïàíèÿ),

y = 1/2 : Z = 1 ò.å. T = T0 â îáëàñòè S+
1 è íà ýëåêòðîäå C+,

y = −1/2 : Z = 1 + θ, θ = θ/T0, θ = T − T0, ò.å. ïðè θ > 0

áóäåò íàãðåâ ñíèçó (T � òåðìïåðòóðà â îáëàñòè S−
1 è íà ýëåêòðîäå

C−), ïðè θ < 0 � íàãðåâ ñâåðõó.

(11)

Â ñèëó (11) è (10):
χ+
1 = χ+

0 , χ
−
1 = χ−

0 /(1 + θ).

Çàìå÷àíèå 3. Äàëåå ìû áóäåì ïîëàãàòü ñîîòíîøåíèå k = 1, 2β, êàê íàèëó÷øèì
îáðàçîì ñîîòâåòñòâóþùèå ýêñïåðèìåíòàëüíûì äàííûì [9].

Çàìå÷àíèå 4. Ãðàíèöû C+ è C− � ýòî ãðàíèöû ðàçäåëà äâóõ îäíîðîäíûõ èçî-
òðîïíûõ ìàãíåòèêîâ. Ñëåäîâàòåëüíî, íà ãðàíèöàõ C+ è C− âûïîëíÿþòñÿ ñëåäóþùèå
êðàåâûå óñëîâèÿ [19,21]:{

y = 1/2 (C+) : L = −J+, M = χ+
0 ,

y = −1/2 (C−) : L = −J−, M = χ−
0 /(1 + θ).

(12)

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà íàõîæäåíèþ õàðàêòåðíûõ ðåæèìîâ ñòàöèîíàðíîãî
òå÷åíèÿ íåñæèìàåìîé ïîëèìåðíîé æèäêîñòè, áëèçêèõ ïî ñâîèì êà÷åñòâåííûì ñâîé-
ñòâàì ê èçâåñòíîìó òå÷åíèþ Ïóàçåéëÿ èëè Êóýòòà äëÿ ñèñòåìû óðàâíåíèé Íàâüå �
Ñòîêñà [13,18].

Çàìå÷àíèå 5. Åùå ðàç îòìåòèì, ÷òî â îòëè÷èå îò, íàïðèìåð, ðàáîòû [16], óðàâ-
íåíèå (7), îïèñûâàþùåå èçìåíåíèå âíóòðåííåé ýíåðãèè (óðàâíåíèå ïðèòîêà òåïëà),
ñîäåðæèò äèññèïàòèâíûå ñëàãàåìûå, õàðàêòåðèçóþùèå ïîòîê òåïëà, âîçíèêàþùèé
ïðè íåíóëåâûõ ãðàäèåíòàõ ñêîðîñòè.

Çàìå÷àíèå 6. Åñëè âåðõíÿÿ ñòåíêà (ýëåêòðîä C+) äâèæåòñÿ ãîðèçîíòàëüíî ñ áåç-
ðàçìåðíîé ñêîðîñòüþ, ðàâíîé åäèíèöå, òî ïðè

y = 1/2 : u = 1, v = 0. (13)

Çàìå÷àíèå 7. Îòìåòèì îäíó âàæíóþ îñîáåííîñòü ìàòåìàòè÷åñêîé ìîäåëè (1) � (8).
Â îòëè÷èå îò ìàòåìàòè÷åñêîé ìîäåëè èç [16], äëÿ êîòîðîé ñëó÷àé θ = 0 ñîîòâåòñòâóåò
èçîòåðìè÷åñêîìó âàðèàíòó Z ≡ 1, τ 0(Z) ≡ 1, íàëè÷èå äèññèïàòèâíûõ ñëàãàåìûõ â
(7) ïðèâîäèò ê òîìó, ÷òî íåèçîòåðìè÷íîñòü èìååò ìåñòî è ïðè θ = 0. Òàê è äîëæíî
áûòü, ïîñêîëüêó ïðèòîê òåïëà áóäåò ïðîèñõîäèòü çà ñ÷åò ðàáîòû êîìïîíåíò òåíçîðà
àíèçîòðîïèè a11, a12, a22.

2. Ìàãíèòîãèäðîäèíàìè÷åñêèå ñòàöèîíàðíûå òå÷åíèÿ

â ïëîñêîì êàíàëå

Ââåäåì â ðàññìîòðåíèå âåêòîð

U(t, x, y) = (u, v, a11, a12, a22, Z, L,M)⊤.
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Áóäåì èñêàòü ó ñèñòåìû (1) � (8) ÷àñòíîå ðåøåíèå ñëåäóþùåãî âèäà:{
U(t, x, y) = Û(y),

p(t, x, y) = P̂(y) + p̂0 − Âx,

ñîîòâåòñòâóþùåå ñòàöèîíàðíîìó òå÷åíèþ íåñæèìàåìîé ïîëèìåðíîé æèäêîñòè â
ïëîñêîì áåñêîíå÷íîì êàíàëå (ðèñ. 1) ïîä äåéñòâèåì ïîñòîÿííîãî ïåðåïàäà äàâëåíèÿ
âäîëü îñè êàíàëà y = 0. Çäåñü

Û(y) = (û(y), 0, â11(y), â12(y), â22(y), Ẑ(y), L̂(y), M̂(y))⊤,

P̂(y) � íåêîòîðàÿ ôóíêöèÿ, ïîäëåæàùàÿ äàëüíåéøåìó îïðåäåëåíèþ, P̂(0) = 0, p̂0 �
çíà÷åíèå äàâëåíèÿ íà îñè êàíàëà ïðè y = 0, x = 0; Â = ∆̂p/(ρu2

Hh), (−∆̂p/(ρu2
Hh))

� áåçðàçìåðíûé ïåðåïàä äàâëåíèÿ à îòðåçêå h, ïðè÷åì ðàçìåðíàÿ âåëè÷èíà ∆̂p > 0
(ðèñ. 1).

Äëÿ îïðåäåëåíèÿ ôóíêöèé û(y), â11(y), â12(y), â22(y), Ẑ(y), L̂(y), M̂(y), P̂(y) èç
(1) � (8), (11), (12) ïîëó÷àåì ñëåäóþùèå ñîîòíîøåíèÿ:

d

dy
(Ẑâ12 + (1 + λ̂)σmReL̂) = (Ẑâ12 + (1 + λ̂)σmReL̂)

′ = −D̂, D̂ = ReÂ, (14)

(
P̂ + σm

L̂2

2
− Ẑâ22

Re

)′

= Ga(Ẑ − 1), P̂(0) = 0, (15)

û′ =
K̃ÎJ(Ẑ)Ẑâ12

Â2

, û(1/2) = û(−1/2) = 0, Î = â11 + â22, (16)

KÎ â22 + β(â212 + â222) = 0, (17)

KÎ â11 + β(â212 + â211)− 2â212
K̃Î

Â2

= 0, (18)

Ẑ ′′ + (ArẐâ12 + Amσm(1 + λ̂)L̂)û′ = 0,

Ẑ(1/2) = 1, Ẑ(−1/2) = 1 + θ,
(19)

bmL̂
′′ + (1 + λ̂)û′ = 0, L̂(±1/2) = −J±, (20)

M̂ ′′ = 0, M̂ ′ = 0, ò.å. M̂ = λ̂ = χ+
0 =

χ−
0

1 + θ
= const (12). (21)

Èç (14) ñëåäóåò:
Ẑ(y)â12(y) = R(y, C), (22)

ãäå

R(y, C) = −(1 + λ̂)Reσm(L̂(y, C) + J+) + D̂(
1

2
− y) + C = R1(y, C) + C.

Çäåñü C(= â12(1/2)) � ïîñòîÿííàÿ, ïîäëåæàùàÿ äàëüíåéøåìó îïðåäåëåíèþ.

Çàìå÷àíèå 8. Çàìåòèì, ÷òî â (22) ìîæíî âçÿòü D̂ = 1 çà ñ÷åò âûáîðà õàðàêòåðíîãî
ïàðàìåòðà uH = l∆̂p/(hη∗0).
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Ïîëàãàÿ Ẑ(y, C) = Q̂(y, C) + 1 + θ(1/2− y), ñâåäåì çàäà÷ó (19) ê òàêîé:

Q̂′′ + q̂(y, C)R(y, C)F(y, C) = 0, Q̂(±1/2) = 0. (23)

Çäåñü q̂(y, C) = ArR(y, C) + Amσm(1 + λ̂)L̂(y, C), F(y, C) = (K̃ÎJ(Ẑ))/Â2.
Ðàññìîòðèì òåïåðü óðàâíåíèÿ (17), (18). Âû÷òåì èç (18) ñîîòíîøåíèå (17). Â èòîãå

ïîëó÷èì

K̃Î(â11 − â22 −
2â212

Â2

) = 0,

ò.å. ïðè K̃Î ̸= 0 èìååì

â11 = â22 +
2â212

Â2

, Î = 2

(
â22 +

â212

Â2

)
. (24)

Ñ ó÷åòîì (24), èç (17) ïîëó÷àåì êóáè÷åñêîå óðàâíåíèå äëÿ â22:(
2k

3
+β

)
â322+W−1

(
1+

2k

3
+β

)
â222+

(
2kâ212
3

+W−2+βâ212

)
â22+βâ212W

−1 = 0. (25)

Èç ñîîòíîøåíèÿ (16) ïîëó÷àåì:

û(y, C) = J1(y, C) + CJ0(y, C), (26)

ãäå

J0(y, C) =

y∫
−1/2

F(s, C)ds, J1(y, C) =

y∫
−1/2

R1(s, C)F(s, C)ds, (27)

ñ ó÷åòîì (24),

F(y, C) =
J(Ẑ)(1 + 2k̂W(â22 + â212/Â2)/3

1 +Wâ22
, k̂ = 3, 2β.

Ïðèâëåêàÿ ãðàíè÷íîå óñëîâèå (16), ïîëó÷èì ñëåäóþùåå îïðåäåëÿþùåå ñîîòíîøåíèå
äëÿ íàõîæäåíèÿ C:

C = −J1(1/2, C)

J0(1/2, C)
. (28)

Èç (20) ñëåäóåò:

L̂(y, C) =

(
y +

1

2

)
(J− − J+)− J− +

(
y +

1

2

)
1 + λ̂

bm
V (

1

2
, C)−

−1 + λ̂

bm
V (y, C), V (y, C) =

y∫
−1/2

û(s, C)ds,

(29)

ïðè÷åì

V (y, C) = −
y∫

−1/2

J1(s, C)ds+ C

y∫
−1/2

J0(s, C)ds.
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Íàêîíåö, ðàññìàòðèâàÿ çàäà÷ó (23), ïîëó÷èì

Q̂(y, C) = −S(y, C) + S(1/2, C)

(
y +

1

2

)
.

Çäåñü

S(y, C) =

y∫
−1/2

(y − s)q̂(s, C)R(s, C)F(s, C)ds.

Çàìå÷àíèå 9. Â ñëó÷àå ãðàíè÷íûõ óñëîâèé (13) âìåñòî (28) áóäåì èìåòü

C =
1− J1(1/2, C)

J0(1/2, C)
. (30)

Äëÿ íàõîæäåíèÿ èñêîìûõ âåëè÷èí áóäåì èñïîëüçîâàòü ìåòîä ïðîñòîé èòåðàöèè.
Òðåáóåìûå èíòåãðàëû âû÷èñëÿþòñÿ ïî ôîðìóëàì ïðÿìîóãîëüíèêà íà ðàâíîìåðíîé
ñåòêå ñ N óçëîâ. Êîíñòàíòà C âû÷èñëÿåòñÿ ñîãëàñíî çàêîíó (28):

Cj = −J1(1/2, Cj−1)

J0(1/2, Cj−1)
, (31)

èëè àíàëîãè÷íîìó çàêîíó (30) â ñëó÷àå ñîîòâåòñòâóþùèõ ãðàíè÷íûõ óñëîâèé (áó-
äåì íàçûâàòü èõ ïåðâûì è âòîðûì ãðàíè÷íûì óñëîâèåì ñîîòâåòñòâåííî). Çäåñü
j = 0, 1, 2... � èòåðàöèîííûé èíäåêñ äëÿ C. Äëÿ êàæäîãî ôèêñèðîâàííîãî j íåèçâåñò-
íûå èñêîìûå ôóíêöèè çàäà÷è îïðåäåëÿþòñÿ âíóòðåííèìè èòåðàöèÿìè ïî ôîðìóëàì,
ïðèâåäåííûì íèæå.

Q̂n+1(y, Cj) = −Sn(y, Cj) + Sn(1/2, Cj)(y + 1/2),

ãäå

Sn(y, Cj) =

y∫
−1/2

(y − s)q̂n(s, Cj)Rn(s, Cj)Fn(s, Cj)ds,

q̂n(y, Cj) = ArRn(y, Cj) + Amσm(1 + λ̂)L̂n(y, Cj),

Rn(y, Cj) = −(1 + λ̂)Reσm(L̂n(y, Cj) + J+) + D̂(
1

2
− y) + Cj = Rn + Cj,

Fn(y, Cj) =
J(Ẑn)(1 + 2k̂W(â22n + â212n/Â2n)/3

1 +Wâ22n
,

Ẑn(y, Cj) = Q̂n(y, Cj) + 1 + θ(1/2− y), Â2n = â22n +W−1,

â12n(y, Cj) = Rn(y, Cj)/Ẑn(y, Cj).

Ôóíêöèÿ L̂ íàõîäèòñÿ ïî èòåðàöèîííîìó àíàëîãó ôîðìóëû (29):

L̂n+1(y, Cj) =

(
y +

1

2

)
(J− − J+)− J− +

(
y +

1

2

)
1 + λ̂

bm
Vn(

1

2
, Cj)−

1 + λ̂

bm
Vn(y, Cj),

Vn(y, Cj) = −
y∫

−1/2

J1n(s, Cj)ds+ Cj

y∫
−1/2

J0n(s, Cj)ds,

J0n(y, Cj) =

y∫
−1/2

Fn(s, Cj)ds, J1n(y, Cj) =

y∫
−1/2

Rn(s, Cj)Fn(s, Cj)ds.
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Íàêîíåö, äëÿ îïðåäåëåíèÿ â22 èñïîëüçóåì óðàâíåíèå (25):(
2k
3
+ β

)
â322(n+1) +W−1

(
1 + 2k

3
+ β

)
â222(n+1)+

+
(

2kâ212n
3

+W−2 + βâ212n

)
â22(n+1) + βâ212nW

−1 = 0.

Çäåñü èç âñåõ ðåøåíèé âûáèðàþòñÿ íåïðåðûâíûå ïî y âåùåñòâåííûå âåòâè êîðíåé
êóáè÷åñêîãî óðàâíåíèÿ (ïðè íàëè÷èè òàêîâûõ). Èíäåêñ n = 0, 1, 2, ... � èíäåêñ âíóò-
ðåííèõ èòåðàöèé. Èòåðàöèè ïî n îñòàíàâëèâàåì, êîãäà

max
|y|≤1/2

∥Fn+1 − Fn∥ ≤ δ,

ãäå Fn = (Q̂n, L̂n, â22n), δ > 0 � íåêîòîðàÿ ïîñòîÿííàÿ. Âû÷èñëÿÿ óñòàíîâèâøèåñÿ
çíà÷åíèÿ ôóíêöèé, íàõîäèì âåëè÷èíû J0 è J1 ïî ôîðìóëàì (27) è èñïîëüçóåì èõ
äëÿ èòåðàöèîííîãî øàãà ïî j, ñëåäóÿ ôîðìóëå (31). Èòîãîâûå èòåðàöèè ïî j òàêæå
ïðåêðàùàåì, êîãäà |Cj+1 − Cj| ≤ δ. Ïîñëå çàâåðøåíèÿ èòåðàöèîííîãî ïðîöåññà, ìû

íàõîäèì îñòàâøèåñÿ íåèçâåñòíûå âåëè÷èíû û, â11, M̂ , P̂ ïî ôîðìóëàì (15), (21), (24),
(26).

Íèæå ïðèâåäåíû ïðèìåðû ÷èñëåííûõ ðàñ÷åòîâ ïî îïèñàííîìó ìåòîäó äëÿ ðàçëè÷-
íûõ çíà÷åíèé ïàðàìåòðîâ çàäà÷è. Ïðîèëëþñòðèðîâàíû ãðàôèêè ðåøåíèé äëÿ êîì-
ïîíåíòû ñêîðîñòè û, òåìïåðàòóðû Ẑ è êîìïîíåíòû íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ
L̂. Çà áàçîâûå çíà÷åíèÿ ïàðàìåòðîâ âûáðàíû Â = 1, λ̂ = 1, σm = 1, Re = 1, W = 1,
β = 0, 5, Ar = 1, Am = 1, θ = 1, bm = 1, EA = 1, J+ = 2, J− = 1. Ïàðàìåòðû ÷èñëåí-
íîãî ìåòîäà: N = 500, δ = 10−4. Åñëè êàêèå-ëèáî çíà÷åíèÿ ïàðàìåòðîâ îòëè÷àþòñÿ
îò ïåðå÷èñëåííûõ, òî ýòî óêàçûâàåòñÿ â îïèñàíèè ê ðèñóíêàì.

Ðèñ. 2 ïîêàçûâàåò ðåøåíèÿ ñ áàçîâûìè çíà÷åíèÿìè ïàðàìåòðîâ äëÿ äâóõ ãðàíè÷-
íûõ óñëîâèé íà ñêîðîñòü û. Ìîæíî çàìåòèòü, ÷òî ïðîôèëü ñêîðîñòè âûòÿíóò ïðîòèâ
ãðàäèåíòà äàâëåíèÿ çà ñ÷åò ìàãíèòíîãî ïîëÿ. Íà ðèñ. 3 ãðàäèåíò äàâëåíèÿ óâåëè÷åí,
â ðåçóëüòàòå ïðîôèëü ñêîðîñòè ðàçâåðíóëñÿ âïðàâî. Ðèñ. 4 èëëþñòðèðóåò ñëó÷àé,
êîãäà ïåðåïàä äàâëåíèÿ ñíîâà íåâåëèê, íî íàïðàâëåíèå òîêà íà âåðõíåì ýëåêòðîäå
èçìåíåíî íà ïðîòèâîïîëîæíîå. Çà ñ÷åò ýòîãî ñêîðîñòü ñíîâà ñòàëà íàïðàâëåíà â ïî-
ëîæèòåëüíóþ ñòîðîíó. Íàêîíåö, íà ðèñ. 5 ïîêàçàíî ðåøåíèå ñ ñèëüíûì îõëàæäåíèåì
íèæíåé ãðàíèöû êàíàëà, â ðåçóëüòàòå ÷åãî ñêîðîñòü æèäêîñòè â íèæíåé îáëàñòè ñòà-
ëà ïðàêòè÷åñêè íóëåâîé.

Ðèñ. 2. Ðåøåíèÿ äëÿ áàçîâûõ çíà÷åíèé ïàðàìåòðîâ. Âåðõíèé ðÿä � ïåðâîå ãðàíè÷íîå
óñëîâèå, íèæíèé � âòîðîå ãðàíè÷íîå óñëîâèå

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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Ðèñ. 3. Ðåøåíèå äëÿ Â = 3. Âåðõíèé ðÿä � ïåðâîå ãðàíè÷íîå óñëîâèå, íèæíèé �
âòîðîå ãðàíè÷íîå óñëîâèå

Ðèñ. 4. Ðåøåíèå äëÿ J+ = −1. Âåðõíèé ðÿä � ïåðâîå ãðàíè÷íîå óñëîâèå, íèæíèé �
âòîðîå ãðàíè÷íîå óñëîâèå

Ðèñ. 5. Ðåøåíèå äëÿ θ = −0, 95. Âåðõíèé ðÿä � ïåðâîå ãðàíè÷íîå óñëîâèå, íèæíèé �
âòîðîå ãðàíè÷íîå óñëîâèå

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò � 17-01-00791À

è ïðè ïîääåðæêå ïðîãðàììû ôóíäàìåíòàëüíûõ íàó÷íûõ èññëåäîâàíèé ÑÎ ÐÀÍ

� I.1.5., ïðîåêò � 0314-2016-0013.
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STATIONARY MAGNETOHYDRODYNAMICAL FLOWS
OF NON-ISOTHERMAL POLYMERIC LIQUID
IN THE FLAT CHANNEL
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1Novosibirsk State University, Novosibirsk, Russian Federation
2Sobolev Institute of Mathematics, Novosibirsk, Russian Federation
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This paper studies the problem of the magnetohydrodynamical �ow of incompressible

conductive polymeric liquid inside the �at channel in the magnetic �eld. There is an electric

current �owing on the walls of the channel. The walls themselves have di�erent constant

temperature. The magnetohydrodynamical model we use in the paper is based on the

modi�ed rheological Pokrovskii�Vinogradov model with additional Maxwell equations. We

obtain the boundary value problem for this model and look for speci�c steady-state solutions

which are alike the well-known viscous �ows of Poiseuille and Couette. The problem for

such solutions is reduced to a boundary value problem for a system of nonlinear ordinary

di�erential equations, which in turn is transformed to the system of integral equation. We

solve this system by �xed-point iterations. We examine the solutions for various values of

parameters and study the in�uence of these parameters at the �ow regime. The results of

the paper show that is possible to control the �ow of liquid polymer in a �at channel using

an external magnetic �eld and non-inform heating.

Keywords: magnetohydrodynamics; viscoelasticity; polymeric liquid; stationary

solution.
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