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The work is devoted to the study of an inverse problem for the linear Sobolev type
equation of higher order with an unknown coefficient depending on time. Since the equation
might be degenerate the phase space method is used. It consists in construction of projectors
splitting initial spaces into a direct sum of subspaces. Actions of operators also split.
Therefore, the initial problem is reduced to two problems: regular and singular. The regular
one is reduced to the first order nondegenerate problem which is solved via approximations.
The needed smoothness of the solution is obtained. Then it is substituted into the singular
problem which is solved using the methods of relatively polynomially bounded operator
pencils theory. The main result of the work contains sufficient conditions for the existence
and uniqueness of the solution to the inverse problem for a complete Sobolev type model
of the second order. This technique can be used to investigate inverse problems of the
considered type for Boussinesq—Love mathematical model.
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Introduction

Let U, F,Y be Banach spaces, operators A € L(U;F), ker A # {0}, By, By €
Cl(U; F), C € L(U;Y), the functions x : [0,T] — L(V;F), f:[0,T) - F, V:[0,T] = V.
Consider the following problem

AvV"(t) = Byv'(t) + Bov(t) + x(t)q(t) + f(t), t€[0,T], (1)
U(O) = o, (2)

v'(0) = v, (3)

Co(t) = U(t). (4)

One of the prototypes of equation (1) is
(A= A)vy = a(A = XN)ve + (A = N)v + g,

which models, among others, the incompressible fluid free surface perturbation under the
assumption of motion potentiality and conservation of mass in a layer [1]|, longitudinal
vibrations of an elastic rod [2] and wave processes in smectic and plasma [3]|. The problem
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of finding a pair of functions v(t) € C*([0,T];U) and ¢(t) € C*([0,T];Y) from relations
(1) — (4) is called the inverse problem.

Equation (1) refers to Sobolev type equations, since the operator A can be degenerate.
Equations of this type of the first order are well studied. For example, there were proved the
existence and uniqueness of classical solutions in the case of relatively sectorial operators
[4], and [5] presented sufficient conditions for the unique solvability of the inverse problem
using semigroups theory. In addition, there are articles devoted to the study of initial-
final problems [6,7], as well as to a numerical study of equations on the graphs [8], where
the solution is sought in the form of the Galerkin sum. Sobolev type equations find their
application in solving various technical problems, such as in [9]. Higher order equations
were studied in [10] and [11] in the case of relatively bounded operator pencils. Semigroups
theory finds application also in mathematical bioscience [12].

Problem (1) — (4) is inverse since, in addition to finding the function v(t), we need
to restore the function ¢(t¢). Inverse problems were studied for the heat equation [13], for
the second-order hyperbolic equations [14, 15|, and also for the multidimensional wave
equation of the second order [16].

1. Preliminary Information and Reduction of Initial Inverse
Problem

To find a pair of functions v(t) and ¢(t) we use the results obtained in the research of
higher order Sobolev type equations [17|. Denote by B the pencil of operators By, By.

Definition 1. The pencil B is called polynomially A-bounded if
JaeR, YueC (lul>a) = (RNB) € L(F;U)).

Introduce an important condition:

/Rﬁémuz©, (A)

o
where vy ={pu € C: |u| =r > a}.

Lemma 1. Let the pencil B be polynomially A-bounded and condition (A) be fulfilled.
Then the operators

1 (s RN
P = 57 R (B)pAdu € LIU), Q= 5 / AR (B)dp € L(F)
v v

are projectors.

Put U° = ker P, F® = ker Q,U' = im P,F' = im Q. From the previous Lemma it
follows that U = U’ U, F = F° @ F'. Let A*(BF) denote the restriction of the operator
A(B)) ontoU*, k=0,1; 1 =0, 1.

Theorem 1. Let the pencil B be polynomially A-bounded and condition (A) be fulfilled.
Then the actions of the operators split:
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(i) Ak € LU F*), k=0,1;

(ii) BF € LU F*), k=0,1, 1 =0,1;

(i14) there exists an operator (AY)~t € L(FLUY);
(iv) there exists an operator (BY)~' € L(F%UY).

Definition 2. Deﬁne the family of operators {Kj, K2} as follows:
K| = Hy, K} = —H,,
K1+1 — K?HO, K2, = K! — K2Hy, q=1,2, ..

where Hy = (BY)*A°; H, = (B))'BY.

Definition 3. The point oo is called
(1) a removable singular point of the A-resolvent of penczl B if Ki =0, K = 0;
(17) a pole of order p € N of the A-resolvent of pencil B, if K; = O or Kg = O, but
+1 =0, K +1 =0
(7ii) an essentially singular point of the A-resolvent of the pencil é, if K} £ O for
any k € N.

Let the pencil B be polynomially A-bounded and condition (A) be fulfilled, then v(t)
can be represented as v(t) = Pu(t) + (I — P)v(t) = u(t) + w(t). Suppose that L{O C ker C.
Then, by virtue of Theorem 1 and Lemma 1, problem (1) — (4) is equivalent to the problem
of finding the functions u € C*([0,T];U"), w € C?*([0,T);U°), q € C*([0,T];Y) from the

relations

u(t) = Siu/(t) + Sou(t) + (A1) 7 Qx(t)q(t) + (A1) Qf (1), ()
u(0) = uo, w'(0) = uy, (6)

Cu(t) = ( ) = Co(d), (7)

How"(t) = Hiw'(t) + w(t) + (Bg) ™ (I — @)x(H)a(t) + (By) "' (I = Q) f(1),  (8)
w(0) = wo, w'(0) = wy, 9)

where S; = (AY7!'B], Sy = (AY™'B}, ug = Pvy, vy = Pvy, wy = (I — P)uy,
wy = (I — P)vy, t € [0,T]. The inverse problem (5) — (7) is called regular, and problem
(8), (9) is called singular.

2. Solution of the Regular Inverse Problem

Rewrite problem (5) — (7) in the notation [18]. Let X', ) be Banach spaces, operators
S1,8 € Cl(X),C € L(X,Y), operator-function ® : [0,7] — L(Y;X), functions
h:[0,T] - X,¥:[0,T] -

u”’(t) = S/ (t) + Sou(t) + ®(t)q(t) + h(t), t € [0,T], (10)
u(0) = ug, u'(0) = uy, (11)
Cu(t) = W(t). (12)

Theorem 2. Let the pencil B be polynomially A-bounded and condition (A) be fulfilled,
moreover, C € L(X;Y), ® € CY([0,T]; L(YV; X)), h € CL([0,T]; X), ¥ € C3([0,T]; ),
for any t € [0,T] the operator C®(t) be invertible and (C®)~' € CY([0,T]; L(Y)).
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If the compatibility condition Cu; = W'(0) is satisfied, then the solution to
the inverse problem (10) - (12) exists and is unique in the class of functions
g€ CY[0,T;Y), ue C*([0,T];X).

Proof. Reduce problem (10) — (12) to the problem for the first order equation

v'(t) = Av(t) + Q(t)q(t) + F(t), t€][0,T], (13)
v(0) = vo (14)
Bu(t) = ( (15)

wherev(t):<§,((?)), (So "), o )=( (()t)),F(t):(h(Ot)),

_ u(()) _ Uo _ 7
U(O)_(UI(O))’ UO_(U1>7 B—(O C), Z(t)—\ll(t).
Put R(t) = —(C®(t))~. Therefore, all the conditions of Theorem 6.2.3 from [18], are
satisfied, and the function ¢(t) satisfies the integral equation
t
q(t) = qo(t) + R(t) CSo/Vu(t — 5)®(s)q(s)ds + 051/‘/22(75 — 5)®(s)q(s)ds |, (16)
0 0

where

qO(t) == —R(t) (\I///(t) - OS@‘/H(t)UO — 031‘/21 (t)U() — OS()‘/lQ(t)Ul — Osl‘/gg(t)ul—

—-CS ft Vig(t — s)h(s)ds — C'Sy ft Voo (t — s)h(s)ds — C’h(t)) .

Thus, the solution to the inverse problem (13) — (15) exists and is unique in the
class of functions ¢ € C[0,T);Y), v € C[0,T];X?). Thus, we obtain that
the solution to the regular inverse problem (10) — (12) exists and is unique, with
g€ CY[0,T); ), u e C*([0,T]; X).
|
In order to obtain a solution to a singular problem, we need a greater smoothness of
the function ¢ from the solution of a regular problem.

Lemma 2. Letn € N,V € C" ([0, T]; L(X)),g € C"([0,T]; X). Then

¢ OR ¢

/V(t —5)g(s)ds = Z VD) g™ (0) + / V(t—s)g™(s)ds. (17)

0 k=0 0

Proof. Apply the method of mathematical induction. First we show that for n = 1 formula
(17) is true. Find the first derivative with respect to ¢

(jvu—@a@w):ﬂmmm@+jgwa—ﬁw@Ma=vmmw—

— [ 4= ) gls)ds = VI (0) + [ V- 5)9 (5)ds.
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Comparing (17) and (18) we conclude that formula (17) for n = 1 is true. Now show that
if (17) is true for n, then it is also true for n + 1:

!/

t (n) n—1 t
<(f Vit — S)Q(S)ds) ) = ];:()V(”_k)(t)g(k (0) + V(£)g™(0) + [V (t — 5)g"+V(s)ds =

0 . 0
n t (n+1)
= 52 VIR D)g0(0) + [ V(¢ — ) (s)ds = (f V(i — s)(s >ds) .
k=0 0
O
The following theorem provides sufficient conditions for the existence of a more smooth

(as p € N) solution ¢ € C?*2([0,T],Y) of a regular problem.

Theorem 3. Let the pencil B be polynomially A-bounded and condition (A) be fulfilled,
moreover, C € L(X;)), p € Ny, ® € CP([0,T); L(V; X)), h € CP*([0,T); X),
U e CrH([0,T];), for any t € [0,T] operator C®(t) be invertible, with (C®)~" €
CP*2([0,T]; L(Y)) and the compatibility condition Cu; = W'(0) be satisfied for some
uy € U. Then there exists and a unique solution of (10) — (12), and q € CP*2([0,T]; V).

Proof. Denote by Vi = = f( 2A — uBy — Bo) (A — By)ettdpu,
‘/12 = 2%” f( 2A ,U/Bl Bo)_lAeutd,U/,

‘/21 = ﬁ 2A ,LLBl Bo) 1Boe“td,u,

%Q HQ

1
‘/22_2

(u*A — uBy — By) tuAettdp

the propagators of the homogeneous equation (10). Earlier, in the proof of Theorem 2, it
was established that the function ¢(t) satisfies the integral equation (16). Take the natural
number n < p + 2. Assuming that ¢ € C™([0,T];)) by Lemma 2 we obtain the equality

n—1 n—k—1
g™ (t) = ¢§" (1) + z CER®(H)CSy Y V™ "D (t)(@q)™ (0)+
=0

m=0

n n—~k t
£ 325 CEmRB)CS, [ Via(t — $)00) (s)g ) (s)ds-+
0

k=0m=0

S crrwnes, "y > CYED (1) (@) ) (0)+
k=0

n n—=k t
+ 30 2 ChmRE()OS) [ Vas(t — 5)@ (s)g =+ (s)ds,
0

k=0 m=0

where C = k'(:' k) qu;:,m = W'k—m)' and

@ (t) = — > CER®(t) (\IN”—’H” (t) — CSeViT ™ (t)uo—
k=0
—COS Vi ™ (tyug — CSVS ™ (tyur — CS1 Vg™ (8yur —
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—C'Sofvm (t — s)h"=F)(s)ds — C’SlfVQQ (t — s)h" =R (5)ds—
_0h<n—k>(t>) L5 CRB0S, S VT ne) (0)+
k=0 m=0

n—k—1

n—1
+ Y CER®(1)CS, Py Vs ()R (0)
k=0

exists from the conditions of this theorem for n =0,1,....,p + 2.
Show that ¢ € CP™2([0,T],Y), for this purpose denote 7q = ¢o(0), and for
n=1,2,...,p+ 2 determine the following values

n—1 —k—1 m
e = q(0) + 3 CFR®(0)CS, z VEEm D 0) S 0L 0O (0)ry,_ +
k=0 =0

nkl

n—1 m
+ 3 C*R®(0)C'S, > vy Y(0) 3 CL a0 (0)ry, .
k=0 =0

Consider the system of integral equations
t t

do(t) = qo(t) + R(t) (C’SO J Via(t — 8)@(s)qo(s)ds + CSy [ Vao(t — s)@(s)qo(s)ds),
0 0

n—1 n—k—1 m
@) = g5 () + X CERDM)CS, S V() Y CL OO (0)rmy +
k=0 m=0 =0

n—1 n—k—1 m
+ Y CERB(H)CS) S Vay V(1) X CLdD(0)rpy +
k=0 m=0 =0 (19>

n n—k
£33 chmRk)( (JSofVu (t = 5)2U)(8)Gn—k-m(s)ds +

k=0m=0

n n—k
+ 3% CkmRk)( C’Slngg (t — )P (8)Gp_p_m(s)ds, n=1,...,p+2.

k=0m=0

Reduce (19) to the Volterra equation of the second kind

) = golt /Kts

on the space (C([0,T]; Y))P*3 with a matrix operator function K (¢, s) given on the triangle
A={(ts)eR*:0<t<T,0<s <t} By virtue of the continuity of all data of system
(19), it has a unique solution

(s pv2) € (0. T V)

This solution will be the limit of the sequence of approximations

Go.i(t) = qo(t) + R(t) (CSO / Vig(t — s)®(s)Go.i—1(s)ds + CS, / Voo (t — $)P(5)G0.i-1 (S)ds) ,
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n—1 m
Gnalt) = g5 (t) + X CERM(£)CSy Z V1” ) Y CLeD(0)ry -+
k=0 =0

n—1 m

+ 3 CER®(1)CS, z v<m (1) e L DO (0)r,, 1+ (20)
k=0
n n—k

k=0 m=0

n n—k
+Z Z CS7mR(k) Oslf‘/ﬂ t—S)CI)( )( )Qn k—m,i— 1( )dsv n=1..,p+2, ieN,
k=0m=0

which for @ — oo on the interval [0,7] converge uniformly to the functions g¢,,
n = 0,...,p+ 2. Set the initial approximation G, = 0,n = 0,...,p + 2, then Gny1,0 = G0,
n=0,..,p+ 1. In addition, from (20) it follows that

Gni(0)=1,, n=0,...,p+2, €N (21)

Assume that for all j = 1,...;4 the equalities G,41,;(t) = ¢, ;(t), n = 0,...,p + 1 are true.
Then, using Lemma 2 and equalities (21), we obtain

n n—k

Z Ckm R (¢ CSOfVu (t — 5)®™) (8)Gp_p mz(s)ds) =

7]{
z =1 R (£)C S [ Via(t — 8)0 (5)dn_msra(s)ds-+
k=1 m= 0

0

n n—k
£ 30 CERDCSVialt) Y Oy @ ()1t (22)
k=0 m=0

n n—k+1
+ Z Z Cﬁ’mflR(k OS@f‘/lg t— S)q)(m)( )qn f— m—l—lz( )d8+
m=1

k=0

n—

n k
+ 3 > ChmRE)( Csofvm (t — 8)P"(8)Gn_pmr1.(s)ds.
0

k=0 m=

Denote by ay,,, some values in (22). Taking into account the equalities

Crlj_'_crlj 1 Ck+1, Ckm+0k 1m+0km 1 Cn+1

we get

n n—k . n+1ln—k+1 ko1, n n—k+1 . 1
ZZCn’makm+Z >, Ch makzm+2 > Gy lagm =

k=0 m= 1 m=0 =0 m=1

n n—~k
= Cn+1ak m + Z +1ak ot Z +1a0m + Z +1ak n—k+11
0.0 n+1ln—k+1
+C0ag 0 + Cpag i + C an+10—2 Z +1ak:m
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From (22) and (23) it follows that

n n—~k
% ( > > ChmRM( CSofVu (t — 5)®™ (8)Gp—p— mz(s)ds) =

k=0m=0
n+1n—k+1 km (k) ~
— Z Z CnJrlR( )OS@f‘/lg(t - S)CI)(W)(s)qn_k_m+17i(8)d8+ (24>
0

=0 m=0
n n—k
k=0 m=0
Similarly, we can get that

(i Z Ckm RF) C’Slngg (t — 5)®™) (8)Gp_p— mz(s)ds) =

0m=0
n+ln—k+
= Z > CSﬁRk )CSlngQ(t = 8)U™) (8)Gn—k—m1,4(5)ds+ (25)
=0 m=0 0
n n—k
k=0 m=0

Changing the summation indices and re-grading the sums we get

=0

n—1 n—k—1 m
4 (;{)%W (Cs) > vy )y el e (oml) -

= 3 CLaROOCS) £ VS0 55 0L a0 0)r - (26)
k=0

=0

—icsR<k><t>osovu<>z D (0)r
k=0

Similarly, we get that

n—k—1

n—1
4 ( S CERM(1)C'S, Py} Vay 0 (1) O,éfb(”(om_l) -

ond

|l

o
WERINE

— " O, RP()0S, z VT (1) 32 CLOD ()i~ 27
& (27)

-
I

0

n n—k
= 30 CERO()CS Vi) S O 0 (0)r—
k=0 m=0

Differentiating (20), and also using (24) — (27), we obtain the equalities ¢, ;
Gn+1i+1,n = 0,...,p + 1. Thus, the sequence ¢p; converges as i@ — oo to the function
Go uniformly on the interval [0,7], and the sequence g, = Gi; converges as i — oo to
the function ¢; uniformly on the segment [0, T']. Therefore, the function gy is continuously
differentiable and ¢ = ¢;. The equalities of ¢/, = Gn11,n = 1,...,p + 1, are proved in
the same way, which implies that §o = ¢ € CP*%([0,7];)) and, therefore, ¢ = g,
n=1,..p+2.

O
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3. Solvability of the Original Inverse Problem

Now we can formulate the solvability conditions for the original problem (1) — (4).

Theorem 4. Let the pencil B be polynomially A-bounded and condition (A) be
fulfilled, moreover, the oo be a pole of order p € Ny of the A-resolvent of
the pencil B, operator C € LU;Y), U C ker C, x € CPT2([0,T); L(YV;F)),
f e 0, T;F), v e C*™0,T);Y), for any t € [0,T] operator
C(ANTIQx be invertible, with (C(AN)TQx)™' e CP*2([0,T); L(Y)), the condition
Cuy = V'(0) be satisfied at some initial value uy = vy € U, and the initial values
wy, = (I — P)v, € U° satisfy

u di+k
we == Ki(BY) ™ o (1= Q)(x(0)q(0) + f(0))], k=0,1.

Then there exists a wunique solution (v,q) of inverse problem (1) — (4), where
q € CPY([0,T;Y), v = u + w, whence u € C?([0,T|;U") is the solution of
(5) = (7) and the function w € C*([0,T];U°) is a solution of (8), (9) given by

wlt) = = Y2 KB (1 - Q0o + )] 29

Proof. The conditions of Theorems 2 and 3 are satisfied, and therefore there exists a unique
solution (g, u) of problem (5) — (7), where ¢ € CP*2([0,T]; V), u € C*([0, T];U").

Using the result of [17] and the required smoothness of the function ¢, we obtain that
there exists a unique solution w € C?([0,T];U°) to (8), (9) given by (28).

O
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MATEMATNYECKOE MOJAEJIMPOBAHINE

YAK 517.9 DOI: 10.14529/mmp190202

OBPATHAS 3ATAYA OJId MATEMATUYECKIUX MOJIEJIEN
COBOJIEBCKOT'O TUITIA

A.A. Bamvwasesat, A.B. Jlym!
1 TOzxm0-Ypanbeknil Tocy apeTBeHHbIi yHIBepenTeT, . Ye1saOunck,
Poccuiickas Peiepartiust

Pabora mocssimmena uccaeq0BaHII0 OOPATHO 3a1a9K /I TMHEHHOTO ypaBHEHUsT cO00-
JIEBCKOT'O THIIA BBICOKOI'O IOPSIAKA ¢ HEM3BECTHBIM KOI(D(MDUIUEHTOM, 3aBUCAIIAM OT BpeMe-
Hu. [lockoJibKY ypaBHEHHE MOXKET OBITh BBIPDOXKJIEHHBIM, HCIIOJIb3YeTCs MeTOI (Da3s0BOIO
npocrpancTBa. OH COCTOMT B IOCTPOEHHUHU IIPOEKTOPOB, PACIICIIAIONINX MCXOIHBIE IIPO-
CTPAaHCTBa B MPSIMYK CyMMy IOJIIPOCTPAHCTB. JleficTBUS OIEpaTOpOB TaKKe PACIIEILIs-
forcs. TakuMm 06pa3oM, HCXOAHAS MOE/b CBOAUTCS K JABYM 3aJadaM: PeryJsipHO U CUHIY-
JIApHOi. Peryisipuast peaynupyercs K HEBBIPOXKIEHHON 3a/1a4e IePBOro IOPsiAKa, KOTOpas
pelaercsi ¢ IOMOIIBI0 amnmnpokcumanuii. [losryyena HeobxomauMasi TIaKOCTh peleHus. 3a-
TEeM OHO IOJICTABJISETCsI B CHHIYJISPHYIO 33/1a9y, KOTOPAasi PEIIaeTCsl C UCIIOJIb30BAHIEM Me-
TOJOB TEOPUM OTHOCHUTEJIBLHO IMOJIMHOMMAJIBHO OIPAHMYEHHBIX IIy9YKOB oneparopoB. OcHOB-
HOI1 pe3yJibrar paboThl COIEPIKUT JOCTATOYHBIE YCJIOBUS CYIIECTBOBAHNUSA U €IMHCTBEHHOCTH
pelienrs 0OpaTHOM 3a1a4u jis MaTeMaTHIeCKOi MOe/n COO0JIEBCKOIO TUIIA BTOPOrO II0-
psanka. JlaHHas METOAUKA MOKET ObITh MCIIOJIL30BAHA, IIPU UCCJIEI0BAHUN OOPATHBIX 3a/a9
paccMaTpUBaeMOro THUIIA JJIsi MaTeMaThudeckoi mojenn Bbyccunecka — JlsiBa.

Karoueswie caosa: ypasnerus coboresckozo muna; o0pammuas 3a0a4a; Mamemamuie-
cKue Modeau; YpasHeHus 6Mmopozo NopAJKa.
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