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This paper considers the parameter estimation problem for models of one-dimensional
chaotic systems. The guaranteed algorithm is proposed in the context of set-membership
approach, which assumes that only intervals of possible values are known for the uncertain
variables in the model (initial condition, parameter and measurement errors). The algorithm
recursively computes the interval estimates of the parameter at every time step. If the
prior information is correct, found interval estimates always contain the true value of the
parameter. For certain models of measurement errors the result of the algorithm is the exact
value of the parameter (the final interval estimate contains a single point). The goal of this
study is to derive conditions under which the guaranteed algorithm improves the interval
estimate of the parameter.
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Introduction

Parameter estimation is an important problem in chaos-based applications in signal
processing and time series modelling [1,2]. This paper considers the estimation problem
for models of one-dimensional chaotic systems. The dynamic and measurement model is

T = f(xkfla )\),
Y = Tp + U,

where f is chaotic map [3|, x;. is the state variable, A is the model parameter, yj, is the
measured value, vy, is the additive measurement error, and k is the number of time step. The
problem is to estimate the unknown parameter A from measurements y, £ = 1,2,..., N,
where N is the number of measurements. Note, that the initial condition z( is also
unknown, since it defines the value of the state variable x; at time step k:

o = [ (w0, A) = f(f(f ... f(zo,A)..)).

k

The most common estimation technique is the least squares method (LSM) and
its modifications, such as multiple shooting approach and combination with backward
iteration [2,4]. From the viewpoint of real-time processing, the most common is the use
of the Kalman filter (KF) modifications for nonlinear systems (for example, widely used
unscented KF) [1,4].

The LSM and KF are based on the probabilistic description of the uncertain variables,
and measurement errors are assumed to be Gaussian. In some cases, these techniques can
provide accurate results even if the probabilistic assumptions are not satisfied. However,
all mentioned techniques face difficulties related to the nonlinear properties of chaotic
systems (it is discussed in details in [5,6]).
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Recently in [5], the guaranteed algorithm (GA) was developed in the context of
set-membership approach [7]. In past decades, this approach has become a widespread
technique for nonlinear estimation [8,9]. The GA is a recursive procedure that based on
the interval analysis [10,11].

1. Guaranteed Algorithm

Suppose that the initial condition xy, parameter A and measurement error v, are
bounded by intervals:

o€ Xo=1[2o; Tol, A€Aho=1[Ag; X, v €Vi=[ny; T . (1)
Thus, in contrast to the LSM and KF, it is not necessary to know the statistical properties
of measurement errors. Further in this paper, it is assumed that for all k =1,2,... N the
interval estimates of measurement errors are equal:
Vi=...=Vy=[uv; 0]

As mentioned above, the GA is a recursive procedure. Suppose that X,_1, Aj_; are the
interval estimates of the state variable and parameter, respectively, which are computed
after k — 1 iterations. The interval estimates Xy, A, at time step k are defined by the
following scheme.

Step 1. Computation of the predicted state set X ,_1:

X1 = f(Xpo1, Ap1). (2)
Here f is considered as an interval map:
f( X1, A1) ={u | u= f(z,\),x € X1, A € Ap_1}.
Step 2. Computation of the consistent state set Yj:
Vi={z|lo=yp—vveVit=[u—-7; yu—v] (3)
Step 3. Computation of the interval estimate X of the state variable xy:
Xi = Xijp—1 N Yy (4)
Step 4. Computation of the interval estimate A, C A,_; of the parameter A:
A ={N€ N | f(Xi—1, ) N X # DY (5)

where
f( X1, ) ={u|u= f(z,\),x € Xp_1}.

The steps 14 is repeated for k = 1,2,..., N. If the prior interval estimates (1) are
correct, the algorithm produces guaranteed results. It means that at every time step £
found interval estimates X}, Ay always contain the true values zj, \* of the state variable
x), and parameter \, respectively:

IZGXk:[Qk;fk], /\*GAk:[Ak,Xk]

The effectiveness of the GA, its modification in the backward time direction, and
some useful applications have been studied previously in [6,12]. This paper studies the
convergence of the GA for certain models of measurement errors.
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Fig. 1. Bounds of the interval estimate of the parameter (Example 1)

2. Numerical Simulation

Consider the performance of the GA for parameter estimation of the logistic map
rp = f(Tr-1,A) = A1 (1 — 2p-1).

The true value of the parameter is A* = 3,9, and the initial condition is z; = 0,4. The
following interval estimates are used as the input of the GA:

XO:[O; 075]7 A0:[3;4]7 %:"':VN:[_QQ; 072]

In general, the accuracy of guaranteed estimation depends on the model of
measurement errors [13,14]. It was noted in [5] that the GA improves the interval estimate
Aj, when the measurement error vy is close to the bounds of its interval estimate V},. To
study this feature in more detail, consider the following two examples.

Example 1. Let v, = 0,2coswk. The output of the GA is shown in Fig. 1. In this
example, the interval estimate of the parameter \ was specified at £ = 3,4, 6, 8.

Ezxample 2. Let v, = 0, 20057r(§1. The output of the GA is shown in Fig. 2. In this
example, the interval estimate of the parameter A was specified at kK = 2,6, 7.

In both examples the final interval estimate contains a single point. This point is the
true value \* of the parameter A. Thus, it is useful to derive conditions under which the
GA improves the interval estimate of the parameter .

3. Convergence Analysis

Suppose that k—1 iterations of the GA are completed, and at time step k the predicted
state set X1 = [gk/kfl ; Tr/e—1 | is computed.

Theorem 1. One of the bounds A\, 4, Ais1 of the interval estimate A1 is equal to the
true value \* of the parameter X\ if the following conditions are satisfied.

1. The map f(xz,\) is monotone increasing as a function of x in the predicted state
set Xk/kfl .
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Fig. 2. Bounds of the interval estimate of the parameter (Example 2)

2. The map f(x,\) is monotone increasing as a function of X in the set Ay_1.
3. The measurement errors vy and vi1 are equal to the opposite bounds of the interval
of possible values.

Proof. Suppose that the measurement errors v, and v, are equal to the upper and lower
bounds of the interval of possible values, respectively: vy =, vp11 = v.

Consider the computations at time step k. The measured value is y, = z; + U, where
x;, denotes the true value of the state variable. Then the consistent state set Y} (3) is

Yi=|lw—-0; yp—v]=[ap,+0—0; 2, +0—v|=[a;; 2, +T7—0v].
Thus, the interval estimate X}, (4) of the state variable xy, is
Xpe=Xeppa NYe =2y s T [N [ 25 2 +0—v]=[12}; a],

where a = min{ Tp/k—1, T +U—0 } Note that, according to the condition of the
theorem, the map f is monotone increasing as a function of z in X C X /1.
Now consider the computations at time step k + 1. The predicted state set Xj11/x (2)
is
XkJrl/k = f(XkaAk) = [ f(I27Ak) 3 f(aa )‘k) ]7
since the map f is monotone increasing in both arguments. The corresponding measured
value is yr41 = 7}, + v, and the consistent state set Y41 (3) is

Virr=[%1 =0 ypn —v] =2 +0—0; op +v—v]=[2p, +to—0; 77, |
Thus, the interval estimate Xjyq (4) of the state variable zy; is

Xir1 = Xpor N Yipr = [ f(zh, N 5 fla, ) N[ 2 +u—10; 24, | =
=[b; 251 =105 flap, A) ],

where b = max { f(z},\,), 2}, +v—7 }.
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According to (5), the set A, consist of all parameter values A € Ay such that

(X N 0 Xisr = [ FA) 5 F@ ) 10 1bs fahA) ] £ 2.

Hence f(x}, \) < f(z}, A*). Since the map f as a function of A is monotone increasing, it
follows that A < A*. Thus, A1 = \*.

The proof is similar if vy = v, vxy1 = v. In this case, at time step k£ + 1 the lower
bound A, ; of the interval estimate Ay, is equal to the true value A* of the parameter A:
Akz—f—l = A"

(]
Theorem 2. One of the bounds A\, 4, Ais1 of the interval estimate A1 is equal to the

true value \* of the parameter X\ if the following conditions are satisfied.

1. The map f(z,\) is monotone decreasing as a function of x in the predicted state
set Xk/kfl .

2. The map f(x,\) is monotone increasing as a function of X in the set Ag_1.

3. The measurement errors vy and vgyq are equal to one of the bounds of the interval
of possible values.

Proof. The scheme of the proof is similar to the previous theorem.
([
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NCCJIEJOBAHUE CXOANMMOCTU AJITOPUTMA
TAPAHTUPOBAHHOTI'O OITEHUBAHU S ITAPAMETPOB MO/JIEJIEN
OJHOMEPHBIX XAOTUNYECKNX CUCTEM

A.C. Ileaydvro, HOxuO-Ypaabckuii TOCYIaPCTBEHHBIN YHUBEPCUTET, T. e/ II0nHCK,
Poccniickas @enepariust

PaccmarpuBaercs 3a1a9a orieHUBaHIS TAPAMETPOB MOJIEJIEH OITHOMEPHBIX XA0THIECKUAX
cucreM. [IpuMenenre rapaHTUPOBAHHOTO IIOAXO/IA MIPEIIIOJIATAET IPEICTABICHIE AIIPUOP-
HOI uHMOPMAIUYT O HEU3BECTHBIX [IEPEMEHHBIX B MO/ (HAYAIbHOM yCJIOBUM, ApaMeTPe
U OMOKaX U3MEPEHUii) TOJILKO B BUJIE HHTEPBAJIOB BOBMOXKHBIX 3HaueHuil. [IpejioKeHublii
aJITOPUTM TapaHTUPOBAHHOI'O OIIEHUBAHUS IIPEJICTABIIAET COOON PEKYPPEHTHYIO IIPOIELYPY
BBIMHCJIEHNs] UHTEPBAJIHLHBIX OIEHOK IIapaMeTpa B KaXK/bplii MOMeHT Bpemenu. IIpm xop-
PEKTHOI anpropHOil HH(MOPMAIMY IOy YeHHbIE HHTEPBAJLHBIE OIEHKN BCETIa COIEpPIKAT
HCTUHHOE 3HadeHne mapamerpa. s HEKOTOPBIX MOZeeil omnbOK U3MEPEHUIl pe3yJibTa-
TOM SIBJIIE€TCs TOYHOE 3HAYECHUE TapaMeTpa (MHTepBaAJIbHAS OLIEHKA, COJEPIKUT € IUHCTBEHHOE
suadenue). [enbo qaHHON PabOThL sBjgeTcs (GOPMYJIUPOBKA U JOKA3ATEILCTBO YCJIOBHIA,
IIPU KOTOPBIX Ha OYepeHOI UuTepaluy ajropuTMa IIPOMCXOJUAT YTOUYHEHHE MHTePBaJIbHOI
OIIEHKH I1apaMeTpa.

Karouesvie ca08a: TaOMUYECKAA CUCTNEMA; HEAUNETHAA MOOEAD; OUEHUBAHUE NAPAMEN -

pPo6; UHMEPBANDBHAA OUEHKA.
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