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MODELLING THE HUMAN PAPILLOMA VIRUS TRANSMISSION
IN A BISEXUALLY ACTIVE HOST COMMUNITY
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In this article, we construct a mathematical model describing the transmission
dynamics of Human Papilloma Virus (HPV) in a bisexually active host community.
Comprehensive mathematical techniques are used to qualitatively and quantitatively
analyze the model. We analyze the local and global stabilities of the model’s equilibria and
show that if the basic reproduction number is less than unity, then the model is locally and
globally asymptotically stable at the HPV-free static states. Also, if the basic reproduction
number is less than unity, then the HPV-endemic static state is globally asymptotically
stable. Numerical simulations are carried out and graphical illustrations are presented to
validate the theoretical results.
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Introduction

Human papilloma virus (HPV) is a viral infection of the genitals of sexually active
male and female. Penetrative sex and skin to skin genital contact serves as the mode of
transmission of this disease. HPV have been known to be the cause of cervical cancer
in women, and other types of HPV causes cancer of the anus, vulva, vagina, penis and
genital warts, respiratory human papillomatosis [1|. According to the Center for Disease
Control (CDC) [2], 79 million Americans are infected in their early 20s. HPV is prevented
by taking appropriate vaccines, surgical removal, sexual abstinence and condom usage,
respectively [3]. Mathematical models are important tools used in exploring epidemic
breakout and health consequences of interventions in human and environmental host
populations with time [4-6]. S.L. Lee and A.M. Tameru [7] worked on mathematical
model of HPV in United States of America with its special impact on cervical cancer. Also,
E.J. Dasbach, E.H. Elbasha and R.P. Insinga [8] discussed the epidemiologic and economic
impact of vaccination against HPV. Recently published works of A. Omame, R.A. Umana,
D. Okounghae [9], A.E. Sado [10], N. Ziyadi [11], M. Dyser, P. E. Granitt, E.R. Myers [12],
H.F. Brower [13], O. Sharomi, T. Malik [14], E.H. Elbasha [15], proved effective to this
study. Having consulted the aforementioned literature, this work extends the existing HPV
models by considering the infectious transmission of HPV in an active bisexually intimate
human host community, see [16,17]. The paper is organized as follows. Section 1 discusses
the model formulation, mathematical analysis and the basic reproduction number. Section
2 involves the local and global analysis of the model at the HPV-free steady-state solutions.
Finally, Section 3 uses mathematical computational software MAPLE 18 for numerical
simulation of the theoretical results with the data available in recent literature.

1. Model Formulation

In this section, the model system of equations describing the transmission of HPV is
based on the system of ordinary differential equations of the first order. The total bisexually
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active human host is divided into sub-populations as follows. Let M, be a number of
sexually active males who are prone to acquiring HPV, M; be a sub-population of sexually
active males who are infected with HPV, F; be a number of sexually active females who
are prone to acquiring HPV, F; be a number of sexually active HPV infected females, R, s
be a number of individuals recovered from HPV. The number of total bisexually active
host population is denoted by

Ny = Np.Nj = M, + M; + F, + F, + Ry

Sexually active males who are prone to acquiring HPV are recruited into the bisexual host
population at the rate A,,. There is an effective infectious sexual intimacy between sexually
active male individuals who are prone to acquiring HPV and sexually active infected males
and females denoted by the quantity

BiM(M; + F;)
Ny, ’

(1)

where f(; is the effective transmission rate. Also, p denotes the natural mortality
rate applied to all sub-population. The sub-population of sexually active infected male
is increased by %TM") and decreased by the quantity ~,M;, where 7, denotes
the progression rate of sexually active infected males to the recovered sub-population.
Furthermore, the sub-population of sexually active females who are prone to acquiring
HPV is recruited into the bisexual host population at the rate Ay, while there is an
effective infectious sexual intimacy between sexually active female individuals who are
prone to acquiring HPV and sexually active HPV infected male and female individuals
given by the quantity
Bals(M; + F;)
Nh ’

(2)

where (3, is the transmission rate. The sub-population of infected sexually active females
is increased by the quantity W, and decreased by the quantity v, M;, where v,
denotes the progression rate of sexually active infected females to the recovered sub-
population. Moreover, the quantities o7 M, and o.F, increase the sub-population of
sexually active male and female who are prone to acquiring HPV, where o; and o5 denote
the loss of immunity to HPV infection after recovery. The inclusion of the variables and
parameters in combination with assumptions leads to the system of evolution equations
that control the HPV transmission given by

= BN oy
M, - ﬁlMS(ﬁ+Mi) — (14 70) M,
F, = A - ﬁst@]V\;JF M;) JF, + 0. (3)
g _BREM)
Ny,

Rui = YoM; +7F — uRpp — o1 M, — 09 F,
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under the initial conditions M(t) > 0, M;(t) > 0, Fy(t) > 0, Fi(t) > 0, R,,,s(t) > 0.

o M. . _ M, § _ F ¢ _ F _ By
Normalization of (3) such that mg = N M = Nh,fs = Nh,fz =~ Tmp = 3 leads to

ms = Am - Blms(fi + mz) — HMms + 01Meg,
m; = Bims(fi +mi) — (1 + Yo)ms,

fs:Af_62fs(fi+mi)_Nfs+02fsa (4>

fs = Bafs(fi+mi) — (w+m)fi,
Tmf = Yo + V1.fi — Wmy — 01ms — 02 [,

under the initial conditions m(t) > 0,m;(t) > 0, fs(t) > 0, fi(t) > 0, rme(t) > 0.

1.1. Well-Posedness and Boundedness of HPV Model System

The solutions of model system (4) with nonnegative initial conditions are bounded
and remain nonnegative for time ¢ > 0.

Theorem 1. Let my(t) > 0,m;(t) > 0, fs(t) > 0, fi(t) > 0,7,,6(t) > 0, then the solutions
of model system (4) are positive for all t > 0. Also, the domain ( is positively invariant
such that all solutions begin and remain in C.

Proof. We do not consider the fifth state equation in (4), since all the first four state
equations depends on the fifth one. Add up the total human host population of bisexually
active male and female individuals to obtain

dN,
o A~ N, 5
- p ()
Integrate both sides of (5):
N 1 t
N, = / dt. (6
/Nm(to) Ay — Ny, to )
and obtain N
—“ln(A,, Nm‘m =t—t,, 7
n( HNm)| o) (7)
hence
——In[(An — uNm) — (An — uNi(to))] =t — Lo, (8)
A — N,
1 [ e u } —u(t —t,),
" Am - ,UNm(to> M( )
[ Am - ,U/Nm :| _ —ult—to)
A — Ny (t5) 9)
(A = 1) = (A = Nin(to)Je 071,
Ny, = h _ (Am - Nm(to))e_u(t_t())'
i
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Following the same procedure, addition of the bisexual female population leads to

Ar  (Ap = N(to))e st

M= : 10
! My Wy ( )
The domain ¢ = ¢; X ¢ C Re 2 x Re % such that
2 A,
G = [(ms,mi) €Re? :my+m; < _} (1)
o
and
2 Af
Cz:[(fsafi,)ERe+:fs+fi§M_] (12)
!

is positively invariant. It is enough to consider the dynamics of HPV model system (4)
in ¢. In this domain, the model is meaningful in the sense of HPV transmission and
mathematically well-posed.

(I

1.2. Steady-State Analysis

The steady-state analysis is performed on model system (4) to obtain the steady-state
solutions in the absence and presence of HPV infections in the model. HPV-free steady-
state solutions implies that m; = f; = 0, while it is necessary to know that the trivial
steady-state does not exist as long as the recruitment terms A,, and A; are presented.
Hence, the HPV-free steady-state solutions are given by

A, A
E° = (m87mi7fsafiarmf): <—,O,_f,0,0). (13)

M M

Also, the HPV-endemic steady-state solutions are given by
A
E:7@mm;,;:< m ’
( fs £7) (miBr + fib + pp — 01) (14)
—Bims fi Ag Ba fsm; )
(Mmsfr — b — o) (Mifly + fiff — 02 + /if)’ (fsB2 — 71 — piy)

1.3. Basic Reproduction Number of HPV Model System

Let = (z1,...,2,)" be a vector of the numbers of human individuals in each sub-
population, z; > 0, therefore the state of the model is bounded by the closed positive cone
xr € X = Re , . Assume that the sub-populations are constructed such that the first m
sub-populations are associated with infected individuals. Then X, = {z € O|z; = 0,7 =
1,...,m}, is the set of disease free steady states. The system of differential equations that
control disease transmission is given on X such that

&= f(z), (15)

where the components of f are f;(x) = F;(x).Vi(x) for i = 1,...,n. Here F;(z) denotes
the rate of appearance of clinical manifestations of symptoms in the i-th sub-population,
while V;(z) = V," (x) — V;*(x), where V;*(z) is the rate of individuals moving into the
i-th sub-population by all other means, and V,” (x) is the rate of movement of individuals
out of the i-th sub-population. Assume that each function is at least twice continuously
differentiable in each variable. Other assumptions are stated below.
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e If 2 >0, then Fi(x), V" (z),V, () >0 fori=1,..,n.

o If z; =0, then V,”(z) = 0. Therefore, if v € X, then V" (z) =0 for i =1,...,m.
o Fi(z)=0if i >m.

o If z € X, then Fj(z) =0and V" (z) =0 fori=1,..,m.

Note that the first two points together with the assumption on smoothness of the functions
involved guarantee that the non-negative cone (x; > 0,4 = 1,...,n) is forward invariant
and there exists a unique non-negative solution for each non-negative initial condition.
Therefore, from model system (4),

[0 0 0 0 0] [oi4+p O 0 0 0]
0 ﬂlﬁm O ﬂl;?m O O ,LL + 70 O O O
F=10 0 0o 0 0}, V= 0 0 o9 + [Lf 0 0, (16)
0 2% o 24 0 0 0 py+m 0
0 0 0 0 0] L 01 Yo 02 N K
such that

" (o +p) 0 0 0 0 7

0 (4 7,) " 0 0 0
vol= 0 0 (o2 + pg)”" 0 0 (17)

0 0 0 (g +7)"" 0
__ o "o ___ o2 __n Mfl

(o1+p)p (Btv0)p (0’2+ltf)lt (;Lf—i—m)u |

and ~ .
0 0 0 0 0

51Am BlAm
0 (ptv0)p 0 (Htv0) 1t 0
BaAy B2 Ay
0 (W‘*’Wl)ﬂ 0 (Hf"l"Yl)N 0
0 —2efiAm 1B2Af  %BiAm  mB2A;
i (h+v0)® (gt )2 (7o) (pptm )2 |

The largest eigenvalue of (18) is the basic reproduction number of model system (4) given

by
’YoﬁlAm/’leZAf

RCEVE) = Gt o) (g - i)

(19)

2. Stability Analysis of HPV Model System

Theorem 2. Let 0 be a critical point of T = f(Z), L, be positive definite function on the
neighborhood U of 0.
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e IfL,<0 forz €U — {0} = 0 is stable.
e IfL, <0 forz €U — {0} = 0 is asymptotically stable.
e IfL,>0 forz € U— {0} = 0 is unstable.

L, is a Lyapunov function if L, is positive definite and Ly <0.

Theorem 3. Let L, be a C*(R™) real valued function, U = {z € Re "|L,(Z) < k},k € Re,
and L,(z) < 0. If P is the largest invariant set in D = {92 € L,|L,(7) = 0}, then the

solution trajectories begin in L, and remain there, for all time t > 0.

2.1. Local Stability Analysis of HPV-Free Steady-State Solutions

Theorem 4. The HPV-free steady-state of model system (4) is locally asymptotically
stable whenever R, < 1.

Proof. The Jacobian matrix of model system (4) at HPV-free steady-state solutions (13)
is given by

[ —u+ o1 —% 0 —% i
0 Sy 0 ﬂl::lm
. 20)
P24y . _ B2Ay (
0 T W+ oo e
0 % 0 —p+m

The characteristics polynomial of (20) is given by
A4 AN + A2 + A+ Ay, (21)

Let Gy = —p+01,Gy = —pt — Y5, Gg = —p + 09, G4 = — i + 71, Where

Ay =1,
A3 =G+ Gy + Gz + Gy,
Ay = (G + Go)(G3 + Gy) + G1Ga + G3Gy, (22)

Ay = (Gy 4 Gy)Gs5Gy + (G 4 G4)G1Gy,
AO - GlG2G3G4 - R*

Also, the determinant of (20) is given by

(1= 02) (g — prr (11 = 7o) 1° — 1 V1Vobty — B2 AsPrAm) (1 — 1)
fipp

> 0,

while the trace
—4u + 017 +02+ 7 < 0.

The Routh-Hurwitz criteria states that all roots of characteristics polynomial (20) have
negative real parts if and only if the coefficients A; are positive and the Hurwitz matrices
H; > 0fori=0,1,2,3,4. From (22), it is easy to see that A; > 0, Ay > 0, A3 > 0, A, > 0,
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since all GG; are positive. Moreover, if R, < 1, then Ay > 0. Construction of the positive
Hurwitz matrices yields

B A Ay
Hl—A3>0, HQ—’Al A2>O,
As A, 0 0
As A, 0 A Ay Ay A (23)
Hs = A As A3 > 0, Hy = 0 A() A A > 0.
0 Ao A 0 0 0 A

Therefore, all the eigenvalues of the Jacobian matrix J(E°)(20) have negative real parts
if R, < 1, this implies that the HPV-free steady-state is locally asymptotically stable.
Moreover, if R, > 1, then Ay < 0. Applying the Descartes’ rule of signs, we see that
there is only one sign change in Ay, As, Aa, Ay, Ap, involving the coefficients of (20), which
implies that there exists the unique eigenvalue with positive real part. Hence the HPV-free
steady-state is unstable.

(I
2.2. Global Stability Analysis of HPV-Free Steady-State Solutions

Theorem 5. The HPV-free steady-state (13) of model system (4) is globally asymptotically
stable whenever R, < 1.

Proof. Let {L,:Q+ — Re,||Q+ = {(ms,my, f5, fi) € Qlms > 0,m; >0, f; >0, f; > 0}},
then

Ly(mé’amia f57 fz) = Ly(mia fz)a (24)
such that
Ly(mi, fi) = Bims(fi +mi) — (10 + Yo)mi + Bofs(fi +mi) — (1 +71) fi, (25)
and
(Yo + ) [Rums — 1mi + (1 + pg) [Rufs — 1] f; <0 (26)

for R, < 1. Note that R, < 1: L =0 m;=0and f; =0, and R, =1 : L =0«

=1and f;, = 1. It can be observed that all trajectories in ), approach the HPV free
steady—state solutions E° (13). Since the vector on the right hand side of model system
(4) points to the interior of Q. Hence, the HPV-free steady-state of model system (4) is
globally asymptotically stable.

(I
2.3. Global Stability of HPV-Endemic Steady-State Solutions

Theorem 6. If R, > 1, then the unique HPV-endemic steady-state solution E* of model
system (14) is globally asymptotically stable in the interior of <.

Proof. Define the Lyapunov function Ly : {(ms, my, fs, fi) € < : mg,my, fs, fi} = RY so
that

Ly:<ms—m:—m:ln2—§>+<mz m? mlnm—z> <fs e frln ]{C—> <fz fr—f*In fi)
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differentiating L, with model system (4) leads to

. ms
Ly:<1—m

S

(- ()i (B e

Lyapunov function (27) is continuous and positive definite for my, m;, fs, f; > 0. It can be
shown that L,(ms,m;, fs, fi) = 0 at the HPV-endemic steady-state £*, where the global
minimum of L, (ms, m;, fs, fi) takes place at E* of (14). At equilibrium, model system (4)
yields

Ay = Bim(fi +m;) + pmi — oymg,
Bimi(ff +my)

(U+70) = m* )
Ap = Bofi(fi +mi) + ppfs — oaf:,
(1 + 1) = Baf: (ff*‘i‘m )

Then the time derivative of L,(ms, fs, m;, fi) along the solutions of (27) is given by

Ly = (1= 2) (An = Bumy(fi 4+ my) = g + 1)+
") Bima(fi+ma) = (0 me) + (1= ) (A = Bofulfi+mi) = (29)
—pufut 02+ (1= £ ) Buflfi+ mi) = () f) + ovm,

i
Substituting (28) into (29), after further rearrangement and simplification we have

my . % ms ™M
(1——S)msz(01—u)ms(2— ——S)—i-

m mg mn
s i . * *S *S * (30>
+(my —my) Kn;nf + mmm N mmf N mmm)}
and . fi i Sl
m; . Ms Ji msmi MsJi M1y
( _E) m; = (m; )[ﬁl[ m; m: omimt mfmﬁﬂ' oy
Also,
(1—f—)fs (az—u)fs*(?—é—f_ *
e _f;*) Kfsmi s fsm{ - ffff;)} .
s s fs fs fs fs
and f f fshi  fami  JIIF
smz sli  JsMy  JslJi
(1 R E) el 0 Al Ay )

It is obvious that <2 — Bs m) < 0 and ( — L f—) < 0. Therefore, the largest

mk ms I3 Js
compact invariant set in § (ms,my, fs, fi) € ¢ : Ey(ms,mi, fss fi) = O} is the singleton

set E* of (14). By the Barbashin-Krasovskii-LaSalle principle [5], E* is globally
asymptotically stable in the interior of <.
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3. Numerical Simulations

The numerical simulations were carried out using the in-built fourth order Runge—
Kutta method in MAPLE 18 computational software. Table gives the values of parameters
obtained in the cited literature which are involved in the computation/simulation.

Also, Fig. 1 shows behavior of the sub-
population of sexually active males who are
prone to acquiring HPV overtime in the
absence of health intervention strategies.

Table

Variables and Parameter Values
of Model System (4)

Fig. 2 describes behavior of sexually Parameter Values Source
active males infected with HPV. As | 0,50 [13]
time increases, the sharp rise depicts | "% 0,20 [13]
that infected male individuals rise in fs 0,45 [11]
the community in the absence of health fi 0,20 [11]
intervention strategies. Fig. 3 displays A 0,13 9]
behavior of the sub-population of sexually Ay 0,02 9]
active females who are prone to acquiring P 0,28 9]
HPV overtime in the absence of health | 0,12 9]
intervention strategies. Fig. 4 shows 71 0,123 9]
behavior of sexually active females who | 72 0,142 9]
are directly infected with HPV. Medical P 0,011 9]
strategies should be adopted in order to o 0,11 9]
minimize infection in this sub-population. gil 0,000136 9]

0.64
0.214

1] 05 1 1.5 2 Elr Dli i llﬂ 2‘
Time | days) Time | days)

Fig. 1. Graph of sexually active males who
are prone to acquiring HPV

Fig. 2. Graph of sexually active males
infected with HPV

In turn, Fig. 5 describes variation of the parameter oo (0,900 — 0,930). As time
increases, sexually active female individuals lose their immunity. Fig. 6 depicts behavior of
the parameter 4; (0,2 —0,6). As time increases, effective infectious contact increases when
there are no health intervention policies to stop HPV spread. Fig. 7 describes variation
of the parameter oy (0,89 — 0,93). As time increases, sexually active male individuals lose
their immunity. Also, Fig. 8 depicts variation of the recovery rate -, (0,49 — 0,53). As time
increases, sexually active infected males recover with compliance to health intervention
strategies.
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0.194

0.184

0.174

0464 016

043 T T T T " T T T T
o 0.3 1 L3 2 0 0.3 1 13 2
Time| days) Time( days)

Fig. 3. Graph of sexually active infected Fig. 4. Graph of sexually active females
females who are prone to acquiring HPV infected with HPV

Fig. 9 describes variation of A; (0,4 — 0,6). As time increases, more sexually active
males are recruited into host community of bisexuals. Fig. 10 describes the rate at which
sexually active male individuals are recruited into the host population varying A,, (0,48
— 0,53) as time increases. Moreover, the effective infectious contact rate is displayed by
varying 3, (0,48 — 0,53) in Fig. 11, which shows that more individuals become infected as
time increases.

fso
404
30 |
204 '
!
104 ‘j'
N IR B T B TR
Time| days) Time( days)
| ----- 0,= 0900 —- — g, =021 51:0_930| ‘_51:0_; ..... 31:9_4_._51:0_6|
Fig. 5. Graph of variation of gy (0,900 — Fig. 6. Graph of variation of 3; (0,2 —0,6)
0,930) as time increases as time increases

Finally, Fig. 12 depicts variation of v; (0,4 — 0,6). The gradual decline shows that
more sexually active infected females recover from HPV in active compliance to health
intervention strategies.

Conclusion and Recommendations

The deterministic model of HPV transmission in a bisexually active human host
population is considered. The model is analyzed in a feasible domain and shown to be
positive, well-posed and realistic in the sense of HPV transmission. The basic reproduction
number R, is obtained and the stability of the model’s steady-state solutions at the HPV-
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300
2504
200 i
m: 1
1304
100
501
0 I 3 3 H 5
Time | davs)
| ----- cl=n,s9—-—c1=n,92—cl=n,93|

Fig. 7. Graph of variation of o7 (0,89 —
0,93) as time increases

0184 %
0.16
0.144
0.124
£0.104
0.084
0.06
0.044

0.024

0 1

]

2 3 4 3
Time( days)

[—-—04---- 05

056]

Fig. 9. Graph of variation of A; (0,4-0,6)
as time increases

1004

0 1 2 3 4 b
Time( davs)

..... B,=048 == p,=05
[y 2

|32=n,53|

Fig. 11. Graph of the variation of 3, (0,48
0,53) as time increases

020

0.194

0.184

0.174

0164

_wae\dqsﬁ

|— =049 == g =051..nee ‘{O=l],53‘

Fig. 8. Graph of variation of 7, (0,49 —
0,53) as time increases

05+
0 1

o
.
.
L

_Zhﬁg[ckysy

‘—_szo.m—-—_am:o_ls ----- _4m=0_15|

Fig. 10. Graph of variation of A,, (0,48
0,53) as time increases

‘—«;1:0.4—-—71:0_5----- *{1:0.6|

Fig. 12. Graph of variation of v, (0,4-0,6)
as time increases
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free and endemic is investigated locally and globally. It was shown that if R, < 1, then the
HPV-free steady-state is locally and globally asymptotically stable. Also, if R, > 1, then
the HPV-endemic steady-state is globally stable. Further, we intend to consider the impact
of optimal control strategies and cost effective analysis involving HPV transmission.
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MOJEJINPOBAHUE BUPYCHOM ITEPEJAYN ITATINJIJIOMBEI
YEJIOBEKA

O.M. Ozynmunopo, l'ocynapcTBeHHbII YyHUBEpCUTET DKUTH, I. Ao Dxurn, Hurepus

B s7oit crarpe chopmyupoBana MaTeMaTHIECKas MOJE/b, OIICHIBAIONIAS IUHAMUKY
nepejiadn BUpyca nanmiaoMsl desnoseka (BITY) B GucekcyalbHO AKTUBHOM COOBIIECTBE HO-
curejieit. KoMiiekcHbie MaTeMaTHYecKre MeTO/ (bl ObLIN MCIIOJIb30BAHbI JIjI KAYECTBEHHOTO
U KOJIMYECTBEHHOTO aHaJn3a MOJe/u. JIoKaibHas U rJ100aJibHasl yCTOMIMBOCTD PABHOBECHIT
Moy ObLIIa IPOAHAJU3UPOBAHA, U IIOKA3aHO, UTO ecjn R, MeHbIe eIMHUIIbI, TO MOJIEIb
JIOKAJILHO U IVIOOAJIBHO ACUMIITOTHIECKN YCTOWYNBA B CTATUIECKIX COCTOSTHUAX, CBOOOIHBIX
ot BITY. Takxke, ecau R, 6osbire eaunnibl, BIIY-smmemMutdHoe cTaTHIeCKOE COCTOSTHUE STB-
JISTeTCsI TJI00AJIbHO aCUMITOTUYECKH YCTONYNBBIM. BBIJIO IPOBEIEHO YHC/IEHHOE MOJIEINPO-
BaHUE U [PEJICTABJIEHBI I'PAdUIECKUEe UJLTFOCTPALIHHN.

Karouesvie crosa: BITU; 6a306011 penpodykmuervili HOMED; NOKAALHAA YCTMOTYUSOCTD;

206a.4bHaAA ycmoa%ueocmb.
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