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Our goal is to find a model for the phenomenon of spontaneous symmetry breaking

arising in one dimensional quantum mechanical problems. For this purpose we consider

boundary value problems related with two interior points of the real line, symmetric with

respect to the origin. This approach can be treated as a presence of singular potentials

containing shifted Dirac delta functions and their derivatives. From mathematical point of

view we use a technique of selfadjoint extensions applied to a symmetric differential operator

which has a domain containing smooth functions vanishing in two mentioned above points.

We calculate the resolvent of corresponding extension and investigate its behavior if the

interior points change their positions. The domain of these extensions can contain some

functions that have non differentiability or discontinuity at the points mentioned above,

the latter can be interpreted as an appearance of singular potentials centered at the same

points. Next, broken-symmetry bound states are discovered. More precisely, for a particular

entanglement of boundary conditions, there is a ground state, generating a spontaneous

symmetry breaking, stable under the phenomenon of decoherence provoked from external

fluctuations. We discuss the model in the context of the “chiral” broken-symmetry states of

molecules like NH3. We show that within a Hilbert space approach a spontaneous symmetry

breaking disappears if the distance between the mentioned above interior points tends to

zero.

Keywords: operator theory; resolvent; solution of wave equation: bound states;

spontaneous and radiative symmetry breaking.

Introduction

We introduce in this paper a new mechanism for spontaneous symmetry breaking, with
applications to molecular physics. We discuss it on one dimensional quantum problems.
It is based on nontrivial boundary conditions which we describe as an “entanglement
of boundary conditions”. The motivation for our proposal is on the study of symmetric
potentials, under parity, where the stable quantum ground state is not symmetric, but
it is right or left-handed. This situation occurs in many molecules with symmetric
configurations of the nuclei of the atoms, where the ground state is right or left-handed.
Moreover, the ground state is even not an eigenstate of the Hamiltonian. A typical
example is the molecule NH3. Its quantum potential contains two symmetric attractive
minima with a repulsive barrier between them. The ground state is non-degenerate and
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right or left-handed. The main point is that a non-degenerate eigenstate of a symmetric
Hamiltonian must either be symmetric or antisymmetric under parity transformations.
However, external perturbations change the phase of a symmetric or antisymmetric state
giving rise to an unstable incoherent mixture of both. This effect is known as decoherence,
see [1] and for a review [2]. On the other side, a state concentrated only on one side of
the repulsive barrier would be stable under external perturbations, but not necessary an
eigenstate. In that case it is unstable under the time evolution dictated by the Schrodinger
equation. It would evolve from a right-handed to a left-handed state and vice versa, since
it is not an eigenstate, becoming unstable after a period of time. Nevertheless, if the
repulsive barrier is high enough this scenario occurs after so large time that approximately
the state of the molecule is concentrated on the right or left side of the repulsive barrier
with a very large decaying process. This argument explains the existence of right or left-
handed states in nature. In this paper we present a nonlocal interaction described by an
entanglement of boundary conditions such that the corresponding symmetric Hamiltonian,
for a particular value of the parameters describing the interaction, has a degenerate ground
state. It is a linear combination of a right and a left-handed eigenstate. In addition, when
we consider the phenomenon of decoherence the only stable eigenstate under external
fluctuations corresponds to the left-handed or right-handed states. In distinction to our
previous argument the stable ground state is now an exact eigenstate. So, our proposal
fulfils both stability criteria. It is stable under external perturbations, since it is a left or
right-handed state concentrated on one side of the barrier and stable under time evolution,
since it is an eigenstate of the Hamiltonian. Our model describes the barrier in terms of
the Dirac delta distribution, more precisely in terms of the derivative of it. The use of
the Dirac delta distribution has been used with success in order to describe approximate
potentials, see [3–11]. In our proposal the potential is modeled by two derivatives of the
Dirac delta separated a distance 2h among them. The coefficients of each derivative of the
delta depends on the boundary condition on the wave function at the other derivative of
the delta. It is an entanglement of boundary conditions. The Hamiltonian we introduce
is then symmetric under parity transformations and self-adjoint. Its ground state is an
exact eigenstate concentrated on one side of the repulsive barrier. It is an interesting
case of spontaneous symmetry breaking. The mathematical approach we will follow in our
construction is a method of selfadjoint extensions of a symmetric operator.

Section 1 contains some known results concerning singular potentials in terms of
the delta function and a small discursion on the subject. In particular, we mention a
Hamiltonian whose ground state is degenerate, with two eigenfunctions, nevertheless,
there is no symmetry breaking in this case. Further, in Section 2 and 3 we present the
key contribution of the paper by introducing local and non-local potentials and discuss
their quantum properties. In particular, the existence of spontaneous symmetry breaking
is demonstrated in Section 2. In Section 3 we show that within a Hilbert space approach a
spontaneous symmetry breaking disappears if h→ 0. Finally, we give our closing remarks
in Section 4.

1. Preliminary Remarks

Let us consider a well known case of a boundary value problem at the unique interior
point coinciding with the origin. So, let D = −d2 · /dx2 be the differential operator on the

6 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2020, vol. 13, no. 3, pp. 5–16



МАТЕМАТИЧЕСКОЕ МОДЕЛИРОВАНИЕ

set
D(D) = {y(x)| y(x), y′(x), y′′(x) ∈ L2(R), y(0) = y′(0) = 0}.

Its adjoint one D∗ is the differential operator on the set

D(D∗) = {y(x)| y(x), y′(x), y′′(x)|R+
∈ L2(R+), y(x), y

′(x), y′′(x)|R−
∈ L2(R−)},

where R+ = {x| x ≥ 0} and R− = {x| x ≤ 0}.
For any selfadjoint extension D̃ of D the relation D ⊂ D∗ holds. Thus, D ⊂ D̃ ⊂ D∗

and any extension of D can be treated as a restriction of D∗. Direct calculations bring
(D∗y, z) = −y′(−0)z̄(−0) + y′(+0)z̄(+0) + y(−0)z̄′(−0)− y(+0)z̄′(+0) + (y,D∗z).

The latter yields

y′(−0)z̄(−0)− y′(+0)z̄(+0)− y(−0)z̄′(−0) + y(+0)z̄′(+0) = 0 (1)

as a condition for the self-adjointness of the corresponding restriction. Since here boundary
values form a four-dimensional space, any selfadjoint restriction can be given by two linear
homogenous equations. In particular, the conditions (the same for y and z) y(−0) = y(+0)

and y′(+0)−y′(0)
y(0)

= 2c = const are suitable. Under these conditions the first derivative of y(t)
has a jump at zero. Therefore the second one treated as a distribution has a singularity
like the delta-function and the corresponding extension D̃ accepts a natural representation
D̃y(x) = −y′′(x) + 2c · y(0)δ(x) = −y′′(x) + 2c · y(x)δ(x). For c < 0 the operator D̃ has
the negative eigenvalue λ = −c2 and the corresponding eigenfunction y(t) = ec|x|. These
facts are well known (see the monograph [12]). In the same book one can find a study
on singular potentials like shifted delta functions or their first derivative in finitely many
points, but this study touches only local boundary conditions.

The present work deals with a generalization of the described above scheme for a non-
local boundary problem at two points −h, h and a behavior of the corresponding operator
with two eigenfunctions if h→ 0. We show that the process h→ 0 eliminates one of these
eigenfunctions.

As it is well known, even for the one-point problem there are some selfadjoint
extensions with one or two negative eigenvalues wich involve naturally not only the delta-
function but its first derivative: the boundary conditions (α > 0, β > 0)

α
(
y(+0) + y(−0)

)
=
(
− y′(+0) + y′(−0)

)
,

β
(
y(+0)− y(−0)

)
= −

(
y′(+0) + y′(−0)

)
,

(2)

where
−0∫

−∞

(|y(x)|2+ |y(x)′|2 + |y(x)′′|2)dx+
+∞∫
+0

(|y(x)|2+ |y(x)′|2 + |y(x)′′|2)dx <∞, satisfy

Conditions (1), so the corresponding extension is selfadjoint. This case was analyzed in [13].

The extension D̃ under discussion has two eigenvalues −α2 and −β2, their corresponding
eigenfunctions are e−α|x| and Sgn (x)e−β|x| respectively, Sgn (x) = 1 for x > 0 and Sgn (x) =

−1 for x < 0, D̃ is the selfadjoint Hamiltonian with Representation

D̃y(x) = −y′′(x)− 1

β
· δ′(x) (y′(−0) + y′(+0))− α · δ(x) (y(−0) + y(+0)) .

Our principal interest leads to the case α = β. Indeed, the latter yields that −α2

is the unique negative eigenvalue and has two non symmetric eigenfunctions y1(x) =
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(1−Sgn (x))eαx and y2(x) = (1+Sgn (x))e−αx. But still, the case under discussion cannot
be treated as a model giving rise to a spontaneous symmetry breaking. Indeed, this case
must be considered as a non transitable barrier because Conditions (2) yield α · y(−0) =
y′(−0) and α · y(+0) = −y′(+0), so waves on R− and R+ are independent.

2. Basic Results

2.1. General Setting

If the differential operator D = −d2 · /dx2 acts on the real line R with domain

D(D) = {y(x)| y(x), y′(x), y′′(x) ∈ L2(R), y(−h) = y′(−h) = y(h) = y′(h) = 0},
then for the adjoint operator D∗ we have

D(D∗) =
{
y(x)| y(x), y′(x) are absolutely continuous on

(−∞,−h) ∪ (−h, h) ∪ (h,∞), y(x) ∈ L2(R),
y′(x)|(−∞,−h), y

′′(x)|(−∞,−h) ∈ L2
(
(−∞,−h)

)
,

y′′(x)|(−h,h) ∈ L2
(
(−h, h)

)
, y′(x)|(h,∞), y

′′(x)|(h,∞) ∈ L2
(
(h,∞)

)}
(3)

and
(D∗y, z)− (y,D∗z) = −y′(−h− 0)z̄(−h− 0) + y′(−h + 0)z̄(−h + 0)−

−y′(h− 0)z̄(h− 0) + y′(h+ 0)z̄(h+ 0) + y(−h− 0)z̄′(−h− 0)−
−y(−h + 0)z̄′(−h+ 0) + y(h− 0)z̄′(h− 0)− y(h+ 0)z̄′(h + 0).

The latter means that a selfadjointness for a restriction of D∗ holds if and only if the
set of corresponding boundary conditions is minimal (four equations only) and yields

−y′(−h− 0)z̄(−h− 0) + y′(−h + 0)z̄(−h + 0)−
−y′(h− 0)z̄(h− 0) + y′(h+ 0)z̄(h+ 0)+

+y(−h− 0)z̄′(−h− 0)− y(−h+ 0)z̄′(−h + 0)+
+y(h− 0)z̄′(h− 0)− y(h+ 0)z̄′(h+ 0) = 0.

(4)

Designing selfadjoint restrictions of D∗ we can, in particular, assume

y(−h− 0) = y(−h+ 0), y(h− 0) = y(h+ 0) , (5)

that means the continuity of y (and, of course, z). Then condition (4) takes the form

(y′(−h + 0)− y′(−h− 0))z̄(−h) + (y′(h+ 0)− y′(h− 0))z̄(h)−
−y(−h)(z̄′(−h + 0)− z̄′(−h− 0))− y(h)(z̄′(h + 0)− z̄′(h− 0)) = 0.

(6)

An essential part of this case (including an entanglement of boundary conditions) was
analyzed in [14]. In particular, it can be shown that under some restrictions and h → 0
conditions (5), (6) convert to conditions (2). Next, it is well known how to calculate
the resolvent for the selfadjoit differential operator Dreg given by the formal differential
expression Dreg = −d2 · /dt, acting on the real line R and having the domain D(Dreg) =

{y(t)| y(t), y′(t), y′′(t) ∈ L2(R)}. Let G(t) =
e−γ|t|

2γ
. Then for every z(t) ∈ L2(R) and γ > 0

(γ2I +Dreg)
−1z(t) =

+∞∫

−∞

z(τ)G(t− τ)dτ. (7)
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Note that Dreg represents the restriction of D∗ that (see (4)) corresponds to the boundary
conditions

y(−h− 0) = y(−h+ 0), y(h− 0) = y(h+ 0),
y′(−h− 0) = y′(−h + 0), y′(h− 0) = y′(h+ 0).

(8)

2.2. An Entanglement of Boundary Conditions for the Continuous First
Derivative

Now, we will drop out conditions (5). Alternatively, we assume that both derivatives
y′ and z′ are continuous at points −h and h. Then condition (4) converts to

y′(−h) (−z̄(−h− 0) + z̄(−h + 0)) + y′(h) (−z̄(h− 0) + z̄(h + 0))+
+ (y(−h− 0)− y(−h+ 0)) z̄′(−h) + (y(h− 0)− y(h+ 0)) z̄′(h) = 0.

Designing the selfadjoint restrictions of D∗ we assume that
(
b11 b12
b21 b22

)(
y′(−h)
y′(h)

)
=

(
(y(−h+ 0)− y(−h− 0))
(y(h+ 0)− y(h− 0))

)
. (9)

The planning restriction will be selfadjoint if and only if the matrix

B =

(
b11 b12
b21 b22

)

is symmetric. Let a function y(x) satisfy Conditions (9). If we consider it as a generalized
function (distribution), then y′′(x) = y′′cl(x)+(b11y

′(−h)+b12y′(h))δ′(x+h)+(b21y
′(−h)+

b22y
′(h))δ′(x− h), where

f ′′
cl(x) =

{
0, if f ′′(x) has no sense in the classical approach;

f ′′(x), in the opposite case.

Using this notation, the extension D̃h of the operator D can be presented as

D̃hy(x) = −y′′(x) + (b11y
′(−h) + b12y

′(h))δ′(x+ h)+
+(b21y

′(−h) + b22y
′(h))δ′(x− h) .

(10)

This is the image of the Hamiltonian, for a suitable matrix B which we will determine
below, of our proposal acting on a wave function y(x) for the quantum mechanical problem
discussed in the introduction based on the molecular structure of NH3. When b11 = b22 and
b12 = b21 it is invariant under parity transformations, in fact, if u(x) is an eigenfunction
so is u(−x) with the same eigenvalue.

Let a matrix B be such that for every positive h the function

φh(x) =





eαx, x ≤ −h;

−e
−αh(e−αx + eαx)

eαh − e−αh
, x ∈ (−h, h);

e−αx, x ≥ h;

(11)

represents an eigenfunction of the operator D̃h. Direct calculations show that the

corresponding eigenvalue is λ = −α2. For any h the equality
h∫

−h

φh(x)dx = −2e−αh

α
holds,
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so in terms of distributions lim
h→+0

φh(x) = f0(x)− 2
α
δ(x) with f0(x) = e−α|x|, therefore the

limit can generate (maybe) a new boundary problem, that directly involves δ(x), but it is
impossible within the frame of L2(R). Next, using (9) and (11) we have

− 2

1 − e−2αh
= α · (b11 − b12),

2

1− e−2αh
= α · (b21 − b22).

B is symmetric and therefore the last system yields b11 = b22 and b21 = b12.
B is not yet completely determined, so we can assume that D̃h has an eigenvalue

µ = −β2. If µ 6= α and an eigenfunction ψh(x) corresponds to µ, then φh(x) and ψh(x)
are orthogonal. The latter would be fulfilled if ψh(x) is odd. We put

ψh(x) =





eβx, x ≤ −h;
e−βh(−e−βx + eβx)

eβh + e−βh
, x ∈ (−h, h);

−e−βx, x ≥ h.

(12)

Due to (12) we have − 2e−βh

1+e−2βh = β · e−βh · (b11 + b12), − 2e−βh

1+e−2βh = β · e−βh · (b21 + b22). So

b22 = b11 = −
(

1

α(1− e−2αh)
+

1

β(1 + e−2βh)

)
,

b21 = b12 =

(
1

α(1− e−2αh)
− 1

β(1 + e−2βh)

)
.

(13)

The locality of this interaction is equivalent to the condition b12 = b21 = 0. Thus,

1

α(1− e−2αh)
=

1

β(1 + e−2βh)
.

Evidently, β < β · (1 + e−2βh) = α · (1− e−2αh) < α. This means that the local interaction
determines the non-degenerate ground state given by (11).

Our principal interest corresponds to the case α = β. Due to (13)

b11 =
−2

α(1− e−4αh)
, b12 =

2e−2αh

α(1− e−4αh)
. (14)

The latter brings b12 > 0, so we have an entanglement of boundary conditions.
Furthermore, any ground state is a linear combination of (11) and (12) and can be
asymmetric. In particular, φh + ψh is an eigenstate with the wave function concentrated
on x ≤ h and φh − ψh is an eigenstate with the wave function concentrate on x ≥ −h.
In addition, when we consider the phenomenon of decoherence the only stable eigenstate
under external fluctuations corresponds to φh + ψh or φh − ψh, the left handed or right
handed ground states. In distinction to what occurs in the argument presented in the
introduction, the stable state is an exact eigenfunction and hence it is also stable under
the time evolution. Consequently, the entanglement of boundary conditions gives rise to
spontaneous symmetry breaking of the parity symmetry of the Hamiltonian (10).

Note that b11, b12 → 0 and b12
b11

→ 0 by α → ∞, so for α big enough the violation of
locality in (8) is relatively small. In the opposite case, if α → 0, then b11, b12 → ∞ and
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b12
b11

→ −1, so in this case the entanglement between the points −h and h is quite strong.
The same effect takes place if α is a constant but h→ 0, that is natural.

The extension of D that corresponds to (13) will be denote by D̂h. In

the case of D̂h Expression (10) can be re-written as D̂hy(x) = −y′′(x) +
(δ′(x− h)− δ′(x+ h))(y′(−h)− y′(h))

α(1− e−2αh)
− (δ′(x+ h) + δ′(x− h))(y′(−h) + y′(h))

β(1 + e−2βh)
. From

the strict point of view the latter expression has no limit if h→ 0 because the domain of
D̂h depends on h and the eigenfunction φh(x) does not converge to any function in L2(R).

3. Limit Pass: a Hilbert Space Approach

Since the operator D̂h is unbounded, the limit of D̂h will be substituted by the limit
of its resolvent. Let us calculate the resolvent of D̂h for a fixed real point −γ2, γ > α,
γ > β and investigate its behavior for h→ 0, the calculation will be based on Formula (7).

Both operators D̂h and Dreg are restrictions of D∗, therefore for their domains Conditions

(3) are fulfilled. Moreover, if y(t) ∈ D̂h ∩ Dreg then Conditions (8) and (9) are fulfilled
simultaneously, y(t) as absolutely continuous and

y′(−h) = y′(h) = 0 (15)

vice versa, if Conditions (15) hold, then y(t) ∈ D(Dreg) ⇐⇒ y(t) ∈ D(D̂h).

Let z(t) ∈ L2(R) and y(t) =

+∞∫

−∞

z(τ)G(t − τ)dτ . Then y(t) ∈ D(Dreg) and y′(t) = −γ ·

+∞∫
−∞

z(τ)G(t− τ) Sgn (t− τ)dτ . Let z(t) be such that

+∞∫

−∞

z(τ)G(−h − τ) Sgn (−h− τ)dτ =

+∞∫

−∞

z(τ)G(h− τ) Sgn (h− τ)dτ = 0 .

Then Conditions (15) are fulfilled, so y(t) ∈ D(Dreg) ∩ D(D̂h) and due to (7) (γ2I +

D̂h)y(t) = (γ2I +Dreg)y(t) = z(t). Thus,

(γ2I + D̂h)
−1z(t) = y(t) =

+∞∫

−∞

z(τ)G(t − τ)dτ . (16)

Let us introduce some notations. We put

sh(t) = G(−h− t) Sgn (−h− t)−G(h− t) Sgn (h− t),

wh(t) = G(−h− t) Sgn (−h− t) +G(h− t) Sgn (h− t),

Kh = {f(t) : f(t) ∈ L2(R), f(t) ⊥ sh(t), f(t) ⊥ wh(t)}
and denote by Lh the linear span of φh(t) and ψh(t). Then (note that this decomposition
is not orthogonal)

L2(R) = Kh+̇Lh . (17)
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Let ηh =
+∞∫
−∞

sh(t)φh(t)dt and θh =
+∞∫
−∞

wh(t)ψh(t)dt. Then for every f(t) ∈ L2(R) the

decomposition (17) takes the form

f(t) =
(
f(t)−

(φh(t)

ηh

+∞∫

−∞

f(t)sh(t)dt +
ψh(t)

θh

+∞∫

−∞

f(t)wh(t)dt
))

+

+
(φh(t)

ηh

+∞∫

−∞

f(t)sh(t)dt+
ψh(t)

θh

+∞∫

−∞

f(t)wh(t)dt
)
.

Thus (16),

(γ2I + D̂h)
−1f(t) =

( +∞∫

−∞

f(τ)G(t− τ)dτ−

−




+∞∫
−∞

φh(τ)G(t−τ)dτ

ηh

+∞∫

−∞

f(t)sh(t)dt+

+∞∫
−∞

ψh(τ)G(t−τ)dτ

θh

+∞∫

−∞

f(t)wh(t)dt




)
+

+


 φh(t)

(γ2 − α2)ηh

+∞∫

−∞

f(t)sh(t)dt+
ψh(t)

(γ2 − β2)θh

+∞∫

−∞

f(t)wh(t)dt


 .

(18)

A simple transformation gives

sh(t) =





eγt sinh(γh)

γ
, t ≤ −h;

−e
−γh cosh(γt)

γ
, | t| < h;

e−γt sinh(γh)

γ
, t ≥ h;

wh(t) =





eγt cosh(γh)

γ
, t ≤ −h;

e−γh sinh(γt)

γ
, | t| < h;

−e
−γt cosh(γh)

γ
, t ≥ h .

The direct calculation brings

ηh = 2
sinh(γh)

γ
· e

−(α+γ)h

α + γ
+

e−(α+γ)h

γ sinh(αh)
·
{
sinh(α+ γ)h

(α+ γ)
+

sinh(γ − α)h

(γ − α)

}
,

θh = 2
cosh(γh)

γ
· e

−(β+γ)h

β + γ
+

e−(β+γ)h

γ cosh(βh)
·
{
sinh(β + γ)h

(β + γ)
− sinh(γ − β)h

(γ − β)

}
,

so lim
h→0

ηh =
2

γα
and lim

h→0
θh =

2

γ(β + γ)
. Our aim is to investigate the behavior of (γ2I +

D̂h)
−1 for h→ 0. Let us analyze the term φh(t) ·

+∞∫

−∞

f(t)sh(t)dt from (18). First, we have

‖φh‖L2(R) = e−αh
{ 1

α
+

1

sinh2(αh)
·
(
sinh(2αh)

2α
+ h

)}1/2

,

‖sh‖L2(R) =
e−γh

γ
√
γ

{
sinh2(γh) +

(
sinh(2γh)

2
+ hγ

)}1/2

.

(19)
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Thus, lim
h→0

‖φh‖L2(R) = ∞, lim
h→0

‖sh‖L2(R) = 0, lim
h→0

‖φh‖L2(R) · ‖sh‖L2(R) =
2
αγ

6= 0. Second,

for every fixed f(t) ∈ L2(R) we have

∣∣∣∣∣∣

+∞∫

−∞

f(t)sh(t)dt

∣∣∣∣∣∣
≤

∣∣∣∣∣∣

−h∫

−∞

f(t)sh(t)dt

∣∣∣∣∣∣
+

∣∣∣∣∣∣

+h∫

−h

f(t)shh(t)dt

∣∣∣∣∣∣
+

+

∣∣∣∣∣∣

+∞∫

+h

f(t)sh(t)dt

∣∣∣∣∣∣
≤




−h∫

−∞

|f(t)|2dt




1/2

·




−h∫

−∞

|sh(t)|2dt




1/2

+

+




+h∫

−h

|f(t)|2dt




1/2

·




+h∫

−h

|sh(t)|2dt




1/2

+




+∞∫

+h

|f(t)|2dt




1/2

·




+∞∫

+h

|sh(t)|2dt




1/2

=

=




−h∫

−∞

|f(t)|2dt




1/2

· sinh(γh) · e
−γh

γ
√
2γ

+




+h∫

−h

|f(t)|2dt




1/2

·

·e
−γh

√
h

γ

(
sinh(2γh)

2γh
+ 1

)1/2

+




+∞∫

+h

|f(t)|2dt




1/2

· sinh(γh) · e
−γh

γ
√
2γ

.

(20)

Since lim
h→0

+h∫
−h

|f(t)|2dt = 0, estimation (20) and equalities (19) bring the equality lim
h→0

‖φh(t)·
+∞∫

−∞

f(t)sh(t)dt‖ = 0. The latter brings the equality (the limit is treated in the sense of

norm topology)

lim
h→0

(γ2I + D̂h)
−1f(t) =

+∞∫

−∞

f(τ)G(t− τ)dτ −

−γ(β + γ)

+∞∫

−∞

e−β|τ | Sgn (τ)G(t− τ)dτ

+∞∫

−∞

f(t)G(t) Sgn (t)dt+

+
(
γ
e−β|t| Sgn (t)

(γ − β)

+∞∫

−∞

f(t)G(t) Sgn (t)dt
)
.

As one can observe the operator-limit lost the eigenvalue 1
γ2−α2 and the corresponding even

eigenfunction. This limit was taken in strong operator topology and the corresponding limit
in norm operator topology does not exist at all. It seems that the operator-limit has some
kind of escaping eigenfunction that cannot be detected within the space L2(R).

Closing Remarks

In this paper, we analyzed through a method of selfadjoint extensions for symmetric
operators a new quantum interaction, realized as an interaction of the type of derivatives
of two shifted Dirac distributions. These distributions, with adequate coefficients, are
concentrated in two symmetric points h and −h respectively, ensuring the corresponding
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Hamiltonian operator to be selfadjoint. We analyzed the boundary conditions which
preserve the Hamiltonian, under parity transformations, and consider first those for which
the interaction remains to be a local one. In this setting the discrete spectrum is constituted
by an even or symmetric state and an odd or antisymmetric state (all of this under parity),
with the ground state associated with the former of them. There exist also boundary
conditions which imply a non-local interaction. We called it an entanglement of boundary
conditions. In this case we obtained a degenerated ground state with the wave function
concentrated on one side of the interaction zone, being zero on its complement. These are
the left-handed and the right-handed states, and any linear combination of them remains
an eigenstate with the same eigenvalue. However, when external perturbations on the wave
function are taken into account, which inevitable occurs, the only stable states are just
the left or the right-handed ones. The other eigenstates, because of the decoherence fact,
rapidly become an incoherence mixture of even and odd states. An spontaneous symmetry
breaking is then produced by the entanglement of boundary conditions It is interesting
that this effect is obtained for a finite coupling constant term on the derivative of the Dirac
distribution, in distinction to the case of a local interaction, where the only case in which we
have spontaneous symmetry breaking corresponds to an infinitely high and thick barrier.
If we visualize it in terms of a local Dirac interaction, the coupling of it must necessarily
go to infinity. We applied the non-local interaction to give a qualitative description of the
molecular structure of NH3. We compared our argument based on exact energy eigenstates
to the well-established one, for which the left and the right-handed states are only nearly
energy eigenstates. Finally, we showed that within a frame of Hilbert spaces the even
eigenstates disappear if h→ 0.
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О МОДЕЛИ СПОНТАННОГО НАРУШЕНИЯ СИММЕТРИИ
В КВАНТОВОЙ МЕХАНИКЕ

А. Рестусия1,2, А. Сотомайор1, В.А. Штраус2,3

1Университет Антофагасты, г. Антофагаста, Республика Чили
2Университет Симон Боливар, г. Каракас, Венесуэла
3Ульяновский государственный педагогический университет, г. Ульяновск,
Российская Федерация

Исследуется спонтанное нарушение симметрии в одномерной квантовомеханиче-

сой проблеме в терминах двухточечной граничной проблемы, ведущей к сингуляным

потенциалам, содержащим сдвинутые дельта-функции и их производные. С математи-

ческой точки зрения при этом используется метод самосопряжeнных расширений

симметрического дифференциального оператора, заданного на гладких функциях с

интегрируемым квадратом модуля, обнуляющихся вместе со своей первой производ-

ной в двух внутренних точках вещественной прямой. Мы находим резольвенту для

таких расширений и оцениваем еe поведение при изменении положения указанных

точек. Область определения подобных расширений может содержать функции, тер-

пящие разрыв и/или имеющие разрывную производную в точках, указанных выше,

последнее может интерпретироваться как присутствие взаимозависимых (сцепленных)

сингулярным потенциалов, сосредоточенных в тех же точках. Наша цель – найти свя-

занные состояния с нарушенной симметрией. Для частного случая взаимозависимых

граничных условий мы доказываем существование связанного состояния, приводяще-

го к спонтанному нарушению симметрии, стабильному по отношению к феномену де-

когеренции, порождeнной внешними флуктуациями. Мы обсуждаем представленную

модель в контексте ≪киральных≫ связанных состояний с нарушенной симметрией мо-

лекул, таких как NH3. Показано, что в рамках теории гильбертовых пространств этот

эффект исчезает при обнулении расстояния между указанными выше точками.

Ключевые слова: cамосопряжeнные расширения симметрического дифференци-

ального оператора; резольвента; решение волнового уравнения: связанные состояния;

спонтанное и радиационное нарушение симметрии.
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