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The spectral conjugate gradient method is an essential generalization of the conjugate
gradient method, and it is also one of the effective numerical methods to solve large
scale unconstrained optimization problems. We propose a new spectral Dai-Yuan (SDY)
conjugate gradient method to solve nonlinear unconstrained optimization problems.
The proposed method’s global convergence was achieved under appropriate conditions,
performing numerical testing on 65 benchmark tests to determine the effectiveness of the
proposed method in comparison to other methods like the AMDYN algorithm and some
other existing ones like Dai-Yuan method.
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Introduction

The conjugate gradient method (CGM) is one of the most widely used approaches
for solving nonlinear optimization problems. We consider the following unconstrained
optimization problem:

min
x∈Rn

f(x), (1)

where f(x) : Rn → R is continuously differentiable and bounded below when solving
equation (1), the iteration method is employed and is written as:

xr+1 = xr + αrdr, (2)

where αr is a line search-based optimal move [1]. One of the most inexact line searches
is the Wolfe conditions to achieve convergence in the conjugate gradient methods, αr is
guaranteed to be present as:

f(xr+1)− f(xr) ≤ δαr∇f(xr)
Tdr, (3a)

∣

∣gr+1
Tdr
∣

∣≤−σgr
Tdr, (3b)

where 0 < δ < σ < 1. More information may be found in [2]. The directions dr are
calculated using the following rule:

dr+1 =

{

−gr+1 ; for r = 0
−gr+1 + βrdr ; for r ≥ 1

}

, (4)

where βr ∈ R is a conjugacy coefficient. There are many Conjugate Gradient techniques
based on different βr process choices, for example [3–8]. The most significant distinction
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between the spectral gradient approach and the gradient conjugate method is calculating
the search path. The spectral gradient method’s search path is as follows:

dr+1 = −θr+1gr+1 + βrsr, (5)

where sr = αrdr and θr+1 is the spectral parameter. The spectral conjugate gradient is
a powerful tool for solving large-scale unconstrained optimization problems. The spectral
conjugate gradient algorithms are presented in many papers, for more details see [9–20].

1. Derivation of New Parameter

An essential idea is to equate the vector of the conjugate gradient method to the vector
of quasi-Newton method such that dQN

r+1 = dCG
r+1, then

−ρrHr+1gr+1 = −θr+1gr+1 + βDY
r sr, (6)

where the matrix Hr+1 is positive definite and symmetric, and we use the scale from [21]
defined as follows:

ρr =
yTr yr

sTr yr
. (7)

We use the DY conjugate gradient algorithm because it achieves convergence according
to the Wolfe criterion and has the same property as FR [4] because it is similar in the
numerator and the same property asHS [3], which is similar in the denominator. Therefore,

−
yTr yr

sTr yr
Hr+1gr+1 = −θr+1gr+1 +

‖gr+1‖
2

sTr yr
sr, (8)

−
yTr yr

sTr yr
yTr Hr+1gr+1 = −θr+1y

T
r gr+1 +

‖gr+1‖
2

sTr yr
yTr sr,

since Hr+1yr = sr → yTr Hr+1 = sTr ,

−
yTr yr

sTr yr
sTr gr+1 = −θr+1y

T
r gr+1 + ‖gr+1‖

2
.

Then the new spectral is known in the following form:

θSDY
r+1 =

‖gr+1‖
2

yTr gr+1

+

(

yTr yr

sTr yr

)

sTr gr+1

yTr gr+1

, (9)

then the proposed search direction is defined as

dr+1 = −

[

‖gr+1‖
2

yTr gr+1

+

(

yTr yr

sTr yr

)

sTr gr+1

yTr gr+1

]

gr+1 +
‖gr+1‖

2

sTr yr
sr. (10)

Lemma 1. Suppose that the sequences generate (2) and (10) computed by line search
(3a) and (3b), then the sufficient descent condition holds.

Proof. Define the spectral gradient direction as follows:

dr+1 = −θSDY
r+1 gr+1 + βDY

r sr,
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where θSDY
r+1 is defined in (9)

dr+1 = −

[

‖gr+1‖
2

yTr gr+1

+

(

yTr yr

sTr yr

)

sTr gr+1

yTr gr+1

]

gr+1 +
‖gr+1‖

2

sTr yr
sr. (11)

Multiply equation (11) by ( gr+1

‖gr+1‖
2 ). We get

dTr+1 gr+1

‖gr+1‖
2

= −

[

‖gr+1‖
2

yTr gr+1

+

(

yTr yr

sTr yr

)

sTr gr+1

yTr gr+1

]

‖gr+1‖
2

‖gr+1‖
2
+

‖gr+1‖
2

sTr yr

sTr gr+1

‖gr+1‖
2
.

Since yTr gr+1 ≤ ‖yr‖ ‖gr+1‖ and sTr gr+1 ≤ sTr yr, then

dTr+1 gr+1

‖gr+1‖
2

≤ −
‖gr+1‖

‖yr‖
−

‖yr‖

‖gr+1‖
+
sTr gr+1

sTr yr
.

From the strong Wolfe condition, sTr gr+1≤−σ sTr gr, and since we get sTr gr≤
−sTr yr

σ+1

dTr+1 gr+1

‖gr+1‖
2

≤ −
‖gr+1‖

‖yr‖
−

‖yr‖

‖gr+1‖
−σ

(

−sTr yr
σ+1

)

sTr yr
≤ −

‖yr‖

‖gr+1‖
+

σ

σ+1
.

Since yr=gr+1−gr we get:

dTr+1 gr+1

‖gr+1‖
2

≤ −
‖gr+1−gr‖

‖gr+1‖
+

σ

σ+1
≤ −

‖gr+1‖

‖gr+1‖
+

σ

σ+1
.

Let ψ =
(

1− σ
σ+1

)

then we get:

dTr+1 gr+1 ≤ −ψ‖gr+1‖
2
.

✷

2. Convergence Analysis of New Method

Assumption I. The following are some fundamental assumptions in this paper. (a)
The level set Ω is bounded. (b) The function is convex and continuously differentiable,
its gradient g (x) is Lipchitz continuous, i.e., there exists a constant L > 0 such that
‖g(x)− g(y)| ≤ L‖x− y‖ for all x, y ∈ Ω.

Lemma 2. Suppose that Assumption I holds then for any CG-method, the direction dr+1

is a descent, and the step size αr is achieved by (3a, 3b) if

∑

r≥1

1

‖dr+1‖
2
= ∞.

Then
lim
r→∞

(inf ‖gr‖ = 0) . (12)

Lemma 3. Suppose that Assumption I holds, where dr+1 is defined by (10), then the
method satisfies equation (12).
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Proof. Since βDY is positive [7], then 0 < β < 1,

∴

∣

∣βDY
∣

∣ ≤ ψ1, ψ1 > 0, (13)

∣

∣θSDY
r+1

∣

∣ =

∣

∣

∣

∣

∣

‖gr+1‖
2

yTr gr+1

+

(

‖yr‖
2

sTr yr

)

sTr gr+1

yTr gr+1

∣

∣

∣

∣

∣

,

∣

∣θSDY
r+1

∣

∣ ≤

∣

∣

∣

∣

∣

‖gr+1‖
2

‖gr+1‖
2 −

∣

∣gTr+1gk

∣

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

(

‖yr‖
2

sTr yr

)

−σsTr gr

‖gr+1‖
2 −

∣

∣gTr+1gr

∣

∣

∣

∣

∣

∣

∣

,

from Powell restart |gTr+1gr| > 0, 2 ‖gr+1‖
2
,

∣

∣θSDY
r+1

∣

∣ ≤
‖gr+1‖

2

0, 8 ‖gr+1‖
2
+

∣

∣

∣

∣

∣

∣

‖yr‖
2

sTr yr

σ
(

sTr yr
σ+1

)

0, 8 ‖gr+1‖
2

∣

∣

∣

∣

∣

∣

,

∣

∣θSDY
r+1

∣

∣ ≤ ψ2, ψ2 > 0. (14)

From equation (5) and using (13) and (14)

‖dr+1‖
2 ≤ ψ2‖gr+1‖

2 + ψ1 ‖sr‖ = ψ3,

∞
∑

k≥1

1

‖ dr+1‖
≥

1

ψ3

∞
∑

r≥1

1 = ∞. (15)

✷

3. Results and Discussion

In this section, the new algorithm specified by equation (10) is compared to the classical
DY algorithm [7] as well as AMDYN algorithm [11], which define θr+1 as follows:

θr+1 =
1

yTr gr+1

[

‖gr+1‖
2 −

‖gr+1‖
2(sTr gr+1)

yTr sr
+ sTr gr+1

]

.

We chosen 65 unconstrained optimizations in the range [n = 1000, 2000, ..., 10, 000],
broadly and based on generalized [22]. All algorithms used Wolfe condition σ = 0, 9, δ =
0, 0001. The codes are adopted with double precision and using the Fortran language. All
of these codes are authored by Andrei [11,23]. We applied the performance profile of Dolan
and More [24] to demonstrate the algorithm’s efficiency, where the upward curve indicates
that the new algorithm (SDY) is better than the classic DY. Also, we compare the results
with AMDYN based on the number of iterations (NOI), number of functions and gradient
ratings (NOF & g) and CPU time (time). Representation of practical results is presented
in Figure.

Conclusion

The aim of this work is to propose new computing schemes for the spectral parameter
θSDY
r+1 . This technique is such that the search direction always possesses a sufficient descent

property. As a result, the presented new spectral conjugate gradient possesses global
convergence under a robust Wolfe search. Using a collection of 65 optimization tests to solve
problems, and numerically comparing the conduct of this new algorithm to that of some
conjugated gradient algorithms DY and AMDYN, we show that the proposed algorithm
outperforms previous conjugate gradient algorithms due to computational performance.
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МОДИФИКАЦИЯ АЛГОРИТМА СОПРЯЖЕННЫХ ГРАДИЕНТОВ
ДАЙ-ЮАНЯ ДЛЯ РЕШЕНИЯ БЕЗУСЛОВНОЙ ОПТИМИЗАЦИИ

Ю. Наджм Худа1, И. Ахмед Худа2

1Университет Духока, г. Духок, Ирак
2Университет Мосула, г. Мосул, Ирак

Метод спектральных сопряженных градиентов является существенным обобще-
нием метода сопряженных градиентов, а также одним из эффективных численных
методов для решения крупномасштабных задач безусловной оптимизации. Мы пред-
ложили новый спектральный метод сопряженных градиентов Дай–Юаня для решения
нелинейных задач безусловной оптимизации. Глобальная сходимость предложенного
метода была достигнута при соответствующих условиях, проведены численные экспе-
рименты на 65 эталонных тестах, показывающие эффективность предложенного ме-
тода по сравнению с другими методами, такими как алгоритм AMDYN и некоторыми
другими существующими методами, такими как метод Дай–Юаня.

Ключевые слова: неограниченная оптимизация; метод сопряженных градиентов;

спектральный сопряженный градиент; достаточный спуск; глобальная конвергенция.
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