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In this paper, a smooth approximation of the second-order derivatives of quantile
function is provided. The convergence of approximations of the first and second order
derivatives of quantile function is studied in cases when there exists a deterministic
equivalent for the corresponding stochastic programming problem. The quantile function is
one of common criteria in stochastic programming problems. The first-order derivative
of quantile function can be represented as a ratio of partial derivatives of probability
function. Using smooth approximation of probability function and its derivatives we obtain
approximations of these derivatives in the form of volume integrals. Approximation of the
second-order derivative is obtained directly as derivative of the first-order derivative. A
numerical example is provided to evaluate the accuracy of the presented approximations.

Keywords: stochastic programming; probability function; quantile function and its

derivatives.

Introduction

Wide range of design problems are represented as mathematical programming
problems, where the optimization criterion represents the system performance, which
depends on chosen optimization vector (strategy) and some undetermined parameters.
Consideration of the undetermined effects as random parameters appears very effective
in many engineering, financial, and social problems. Addition of random parameters in
the model turns the objective and constraints to random functions. This fact leads us to
consideration of optimization problems in which the objective or constraints are in the
form of a probability function or a quantile function [1]. The probability function equals
to probability that a specified level is not exceeded by the loss value. The quantile function
is the minimum loss level, which is not exceeded with a given probability. The choice of
the loss level or reliability level depends on the specifics of the system considered.

There are vast numerical methods and algorithms developed to solve non-stochastic
optimization problems. These methods often assume that we can calculate or estimate
first and/or second order derivatives of the criterion – estimate its gradient and Hessian.
But this technique can not be applied directly to stochastic optimization problems.
Calculation of a probability function gradient implies the integration over surface [2].
Only in specific cases direct calculation can be implemented through volume integration [3].
Other approaches to derive the gradient approximations are described for example in [4,5],
but they are limited by the type of distribution or other stochastic mechanisms.

One effective approach to estimate the derivatives of probability function is to use the
smooth approximation of probability function. The key idea is to replace the Heaviside
function inside the probability function with its smooth approximation that is a sigmoid
function [6]. Then the approximation of probability function along with its gradient takes a
form of volume integrals. Smooth approximation of probability function and its derivatives
along with the proof of convergence of the approximations were first presented in [6] for
one-dimensional random vector with absolutely continuous distribution. In [7] the same
results were obtained in the case of continuous random vector.
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Smooth approximation of the second-order derivatives of probability function was first
described in [8]. The application of second-order optimization algorithms for stochastic
optimization problems was described. The approximations of the second-order derivatives
were presented as expectations or volume integrals, which can be calculated using
Monte-Carlo method. The proof of convergence of approximations of the second-order
derivatives was not considered in [8], since exact formulas are not available. But numerical
examples show that smooth approximations of the second-order derivatives converge to
ones estimated using finite differences. The present paper continues the research considered
in [8] and presents a smooth approximation of the second-order derivatives of quantile
function. The convergence analysis in some basic setups is provided. Numerical example
is given. The example shows that smooth approximations have lower variance than finite-
difference estimates and provide more accurate estimates.

The paper is organized as follows. In Section 1 all necessary formulas and statements on
the smooth approximations are provided. In Section 2 the convergence analysis is made for
some basic cases of the loss function. In Section 3 numerical example is given, comparing
finite-difference estimates with the smooth approximations of quantile function derivatives.
In conclusion an overview of the paper is provided.

1. Theoretical Part

Consider a complete probability space (Ω,F,P), an absolutely continuous random
vector X with the support G ⊆ R

n, a probability density function f(x), and a loss function
g(u, x) depending on a strategy u ∈ U, U ⊆ R

m. The function g(u, x) is considered to
be smooth and strictly piecewise monotonic with respect to x. The probability function is
equal to probability that a random value g(u,X) do not exceed a specified level ϕ, while
the quantile function is equal to minimal loss level, which is not exceeded with a given
probability α:

Pϕ(u) , P {g(u,X) ≤ ϕ} =

∫

G

Θ(ϕ− g(u, x))f(x)dx, (1)

ϕα(u) , min{ϕ : Pϕ(u) ≥ α}, (2)

where Θ(·) is the Heaviside function.
Since g(u,X) is the loss function, we can consider two optimization problems [1]:

ϕα(u) → min
u∈U

, (3)

Pϕ(u) → max
u∈U

. (4)

According to [6] we replace Heaviside function with a sigmoid function to get a
differentiable approximation of the probability function. The sigmoid function and its
derivatives are defined as follows

Sθ(t) =
1

1 + e−θt
, (5)

S ′

θ(t) = θSθ(t)(1− Sθ(t)), S ′′

θ (t) = θ2Sθ(t)(1− Sθ(t))(1− 2Sθ(t)) (6)

with the parameter θ > 0 corresponding to the steepness of the sigmoid function.
The approximation of the probability function is defined as:

P θ
ϕ(u) =

∫

G

Sθ(ϕ− g(u, x))f(x)dx = E (Sθ(ϕ− g(u,X))) , (7)
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The approximation of the probability function derivatives are defined as:

∂P θ
ϕ(u)

∂ϕ
=

∫

G

S ′

θ(ϕ− g(u, x))f(x)dx = E (S ′

θ(ϕ− g(u,X))) , (8)

∂P θ
ϕ(u)

∂ui

= −

∫

G

S ′

θ(ϕ− g(u, x))
∂g(u, x)

∂ui

f(x)dx = −E

(

S ′

θ(ϕ− g(u,X))
∂g(u,X)

∂ui

)

. (9)

The following statements were proven [6, 7]:

lim
θ→+∞

P θ
ϕ(u) = P {g(u,X) ≤ ϕ} , (10)

lim
θ→+∞

∂

∂ϕ
P θ
ϕ(u) =

∂

∂ϕ
P {g(u,X) ≤ ϕ} , (11)

lim
θ→+∞

∂

∂ui

P θ
ϕ(u) =

∂

∂ui

P {g(u,X) ≤ ϕ} . (12)

Approximation of the second-order derivatives of the probability function [8] is

∂2P θ
ϕ(u)

∂ui∂uj

= E
(

S ′′

θ (ϕ− g(u,X))g′ui
(u,X)g′uj

(u,X)− S ′

θ(ϕ− g(u,X))g′′uiuj
(u,X)

)

. (13)

Approximation of quantile function derivatives are given in [6]:

∂ϕθ
α(u)

∂α
,

1

E (S ′

θ(ϕα(u)− g(u,X)))
,
∂ϕθ

α(u)

∂ui

,
E
(

S ′

θ(ϕα(u)− g(u,X))g′ui
(u,X)

)

E (S ′

θ(ϕα(u)− g(u,X)))
. (14)

In the last ratio, we denote the numerator and denominator by V (u) and W (u),
respectively:

V (u) , E
[

S ′

θ(ϕα(u)− g(u,X))g′ui
(u,X)

]

, (15)

W (u) , E [S ′

θ(ϕα(u)− g(u,X))] . (16)

Approximation of the second partial derivative of the quantile function is defined as:

∂2ϕθ
α(u)

∂ui∂uj

=
V ′

uj
(u)W (u)− V (u)W ′

uj
(u)

W 2(u)
, (17)

where the derivatives of the functions V (u) and W (u) are defined as:

V ′

uj
(u) = E

[

S ′

θ(ϕα(u)− g(u,X))g′′uiuj
(u,X)

]

+

+ E

[

S ′′

θ (ϕα(u)− g(u,X))g′ui
(u,X)

(

∂

∂uj

ϕα(u)− g′uj
(u,X)

)]

, (18)

W ′

uj
(u) = E

[

S ′′

θ (ϕα(u)− g(u,X))

(

∂

∂uj

ϕα(u)− g′uj
(u,X)

)]

. (19)
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2. Convergence Analysis

We assess the convergence of approximations for 3 cases, where the quantile function
can be defined explicitly (the deterministic equivalent exists).

2.1. Separable Loss Function

Let us consider the separable loss function, where u ∈ U ⊂ R
m and X ∈ R

n:

g(u,X) = g1(u) + g2(X).

In this case the quantile function and its derivatives are equal to

ϕα(u) = g1(u) + [g2(X)]α,
∂ϕα(u)

∂ui

=
∂g1(u)

∂ui

,
∂2ϕα(u)

∂ui∂uj

=
∂2g1(u)

∂ui∂uj

,

where [g2(X)]α denotes the quantile of the random variable g2(X). In this case

V (u) = E
[

S ′

θ(ϕα(u)− g(u,X))g′1ui
(u)

]

= g′1ui
(u)E [S ′

θ(ϕα(u)− g(u,X))] ,

W (u) = E [S ′

θ(ϕα(u)− g(u,X))] .

The ratio of V (u) and W (u) gives g′1ui
(u) = ∂

∂ui
g1(u):

∂ϕθ
α(u)

∂ui

=
V (u)

W (u)
=

∂ϕα(u)

∂ui

,
∂2ϕθ

α(u)

∂ui∂uj

=
∂2ϕα(u)

∂ui∂uj

.

2.2. Product of Two Functions

Next, consider the loss function to be a product of two functions:

g(u,X) = g1(u)g2(X),

where g1(u) > 0 for every u ∈ U . The quantile function and its derivatives are equal to

ϕα(u) = g1(u)[g2(X)]α,
∂ϕα(u)

∂ui

=
∂g1(u)

∂ui

[g2(X)]α,
∂2ϕα(u)

∂ui∂uj

=
∂2g1(u)

∂ui∂uj

[g2(X)]α.

The auxiliary functions V (u) and W (u) are defined as:

V (u) = E
[

S ′

θ(ϕα(u)− g(u,X))g′1ui
(u)g2(X)

]

= g′1ui
(u)E [S ′

θ(ϕα(u)− g(u,X))g2(X)] ,

W (u) = E [S ′

θ(ϕα(u)− g(u,X))] .

The smooth approximation of the quantile function derivative is equal to:

∂ϕθ
α(u)

∂ui

=
E [S ′

θ(ϕα(u)− g(u,X))g2(X)]

E [S ′

θ(ϕα(u)− g(u,X))]

∂

∂ui

g1(u).

The smooth approximation of the quantile function gradient takes the following form:

∇ϕθ
α(u) = ∇g1(u) ·

E [S ′

θ(ϕα(u)− g(u,X))g2(X)]

E [S ′

θ(ϕα(u)− g(u,X))]
.

The vectors ∇ϕθ
α(u) and ∇g1(u) are codirectional. Smooth approximation of the

second-order derivative is a linear combination of the second-order derivative of the loss
function and the product of the first-order derivatives with coefficient converging to zero.
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2.3. One-Dimensional Case

Let X ∈ R
1, i.e. n = 1, and suppose that g(u, x) is a strictly increasing and left-

continuous function with respect to x for every u. This case was studied in [1, Chapter 4]:

ϕα(u) = g(u, [X ]α).

Using the properties of the sigmoid function described in [6] we state that:

V (u) = E
[

S ′

θ(ϕα(u)− g(u,X))g′ui
(u,X)

]

→
g′ui

(u, x)

|g′x(u, x)|

∣

∣

∣

x=[X]α
as θ → ∞,

W (u) = E [S ′

θ(ϕα(u)− g(u,X))] →
1

|g′x(u, x)|

∣

∣

∣

x=[X]α
as θ → ∞,

V ′

uj
(u) →

g′′uiuj
(u, x)

|g′x(u, x)|

∣

∣

∣

x=[X]α
, W ′

uj
(u) → 0 as θ → ∞.

Therefore:

∂ϕθ
α(u)

∂ui

=
V (u)

W (u)
→ g′ui

(u, [X ]α) as θ → ∞,

∂2ϕθ
α(u)

∂ui∂uj

=
V ′

uj
(u)W (u)− V (u)W ′

uj
(u)

W 2(u)
→ g′′uiuj

(u, [X ]α) as θ → ∞.

3. Numerical Example

Let us compare smooth approximation of quantile function derivatives with the finite
difference estimates based on sample quantiles. We use a sample of size 100000 to calculate
sample quantiles and to calculate expectations in (14) – (19). The parameter α is equal
to 0,8, θ is equal to 30. To find a sample quantile for a given vector u we use the sample
{Xi}

N
i=1 of size N , then obtain a sample of loss function values {gi(u)}

N
i=1, where gi(u) =

g(u,Xi). Let g(i)(u) be the i-th element of the variational series:

g(1)(u) ≤ g(2)(u) ≤ . . . ≤ g(N)(u).

The sample quantile is a statistical estimate of the quantile function [9]:

ϕ̂α(u) , g([αN ])(u), (20)

where [·] denotes the integer part.

Example 1. Let us consider a two-dimensional case with a bilinear loss function and
multivariate normal distribution:

g(u,X) = u1X1 + u2X2, X ∼ N (m,K) ,

m =

(

0
0

)

, K =

(

1 0, 5
0, 5 2

)

.

The quantile function can be found explicitly:

ϕα(u) = xα

√

u2
1 + u1u2 + 2u2

2,

where xα is the α-quantile for standard Gaussian distribution.
The comparison of the smooth approximation of quantile function derivatives with the

finite-difference estimates and with exact derivatives is presented in Figure. The smooth
approximation of the first-order derivatives is close to the exact derivative and have lower
variance. The smooth approximation of the second-order derivative has correct sign and
slope, but is more affected by noise when compared to the first-order approximations.
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First and second order derivatives of quantile function in Example 1

Conclusion

We provide a smooth approximation of the second-order derivatives of quantile
function. Approximations of the first and second order derivatives of quantile function
are expressed via partial derivatives of the probability function, which have a form of
volume integrals and can be calculated using Monte-Carlo method. We provide convergence
analysis for special cases of loss function and give a numerical example to analyse
the accuracy of the smooth approximations of quantile function derivatives. Numerical
example shows that the smooth approximation of quantile function derivatives is close to
exact values.
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О ГЛАДКОЙ АППРОКСИМАЦИИ ПРОИЗВОДНЫХ ФУНКЦИИ
КВАНТИЛИ

В.Р. Соболь1, Р.О. Торишный1

1Московский авиационный институт (НИУ), г. Москва, Российская Федерация

В статье предложена гладкая аппроксимация вторых производных функции кван-
тили. Сходимость аппроксимаций первых и вторых производных функции квантили
исследуется в случаях, когда для соответствующей задачи стохастического програм-
мирования существует детерминированный эквивалент. Функция квантили является
одним из основных критериев в задачах стохастического программирования. Произ-
водная первого порядка может быть представлена как отношение частных производ-
ных функции вероятности. Используя гладкую аппроксимацию функции вероятности
и ее производных, эти производные аппроксимируются в форме объемных интегра-
лов. Аппроксимация второй производной определяется непосредственно дифференци-
рованием аппроксимации первой производной. Для оценки точности представленных
аппроксимаций приведен численный пример.

Ключевые слова: стохастическое программирование; функция вероятности;

функция квантили и ее производные.
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