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ATIITIPOKCNMAILINU BBIPO2K/IEHHBIX Cy-ITOJIVI'PVIIII
M.A. Cazadeesa, A.H. Illyaenos

B mocnennee BpeMsi pe3ysibTaThl TEOPUM yPABHEHWH CODOEBCKOTO THUIA AKTUBHO TPHU-
MEHSIIOTCS JJTs M3MEPEHUs IUHAMUIECKN UCKAXKEHHBIX CUTHAJIOB. [Ipu YucIeHHOM pernenun
TaKUX 33,139 UCIOIB3YIOTCs (POPMYJIBI, MOy Y€HHBIE JIJIsi OTHOCUTEIBHO P-PAIAATBHOTO CJTy-
qasg ypaBHEHHUit cODOEBCKOr0 THa. B cTarhe paccMaTpUBAIOTCS ANMPOKCUMAIANA XHJLIE-
VYungnepa-Ilocra mja oneparopoB paspernammnieil CHIbHO HEIPEPBIBHON MOLYTPYIIIBI It
OTHOPOIHBIX ypaBHeHUi. [ToKa3kIBAETCSI, YTO B KAYECTBE TAKUX ANMPOKCUMAINIA OMEpPaTo-
POB pa3perraIneil moJyrpyInbl MOXKHO TPUMEHSTH 00Jiee MPOCTYIO (DOPMYITY.

Crarhs COCTOWT W3 BBEEHWs W JABYX dacTeil. B mepBoii YacTu IpUBOAATCS CBEIEHUS,
KACAIOIIHECsT OTHOCUTEIbHBIX PE30JBBEHT U TEOPUN OTHOCHTETBHO P-PaIUalbHbIX OMEepaTO-
POB, a BO BTOPOI paccMaTpuBatOTcs (POPMYIBI AMTPOKCUMAITHHN.

Karoueenie caosa: ypasrenus cobose6cko20 Muna, pa3pewamowue nosYyzpynns. onepa-
mopos, annpoxcumayuy Xuare—Yuddepa—Ilocma.

BBenenue

ITycts 4 u §F — 6aHAXOBBI TPOCTPAHCTBA. PaccMOTpuM ypaBHeHMe
Lu(t) = Mu(t) (1)

[IpY HEKOTOPBIX YCJA0BUAX HA mapy omneparopoB L u M rapanTupyiomux CyIiecTBOBaHUE CeMeii-
crBa paspemaiomux oneparopos. 3xeck L € L(U;F) (r.e. iuneen u nenpepoisen) u M € CI(L; F)
(T.€. IMHEEH, BAMKHYT U IJIOTHO OLPEJE/IEH ), IPUYEM /IPO oneparopa L HeTpuBUaIbHO.

Ypasuernst co601eBCKOTO THMA, T.€. Buja (1) ¢ BRIPOXKIEHHBIM OMEPATOPOM ITPH CTApIIEii TPo-
U3BOJHOM, ABJISIOTCS AOCTPAKTHOM (POPMOIi TTPeICTaBIeHUS JIjiT MHOTUX YPABHEHU, JIEKAIUX B
OCHOBE HEeKJIACCHYeCKnX Mojesell Maremarndeckoii dbusnkn (cm. nanpumep [1-4]). B nociennee
BpeMsl YpaBHEHUS TaKOr'O BUJIa HAIIIM CBOE MPUMEHEHNe B TEOPUU M3MepeHUsT JUHAMUIECKN UC-
KayKeHHBIX curHasos [5, 6]. Cpean ypasHeHuit COO0JIEBCKOTO THITA MOYKHO BBIJIEJINTH 3 OCHOBHBIX
KJIACCa B 3aBUCUMOCTHU OT PACIOJIOKEHUS OTHOCUTETHHOTO CIIEKTPA HAa KOMILIEKCHON IIJIOCKOCTH,
a UMEHHO:

1) caygail OTHOCHTENBHON P-OrPAHMYEHHOCTH, PH KOTOPOM Pa3peIIaloIee CeMeiiCTBO orre-
paTopoB s ypasHenus (1) siBIsieTCs aHAIMTUIECKON IPYIIION;

2) caydail OTHOCHTEIBHOI P-CeKTOPUATBLHOCTH, IPH KOTOPOM Pa3perIaroriee CeMeiicTBO ore-
paTopoB s ypasHenus (1) siBIsieTCs aHAIMTUIECKON MOJIy IPYIIION;

3) ciygait OTHOCUTENIBHOl pP-PaMaIbHOCTH, TIPU KOTOPOM pasperaroliee ceMeicTBO onepa-
TOPOB it ypaBHeHus (1) sBIgeTcst CUILHO HENPEPBIBHON MOJIYTPYIIIOI.

[TocTpoenre 9nCIEHHBIX KCIIEPUMEHTOB JIJIsT YPABHEHUI CODOJIEBCKOTO TUMa DAa3UpyeTcst Ha
dopmynax, moyIeHHbIX I OTHOCUTEIBHO P-PaJuaabHOTo ciaydas [6]. B mynkre 2.4 paborsr [3]
B Ka4ecTBe anmpokcumMarnnit Xusie-Yumaepa-Ilocra s omeparopoB pa3pemniaroieil moryrpy bl
ObL1a mpe/ioKeHa popMysia BUIA:

Ut = (k(p+1

) oI k(p+1)
TRk(p—H)/t(M)

)

KOTOpas OKa3aJ/1ach He CJUIIKOM yI00HOI Ipu YuCaeHHbIX pacderax |6]. B pabore mokazano, 410
npu p > 0 MOYXKHO UCIOJIB30BATH (GOPMYJTY /i OMEPATOPOB BBIPOXKIEHHOM CUIHLHO HEITPEPBIBHOM
oIy rpyIbl (BBIPOK IeHHOH Co-TI0IyrPyYIIbI ), TIPeIoKeH Y0 [isi ciydast p = 0 B pabore [7] .
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1. OTHOCUTEJIbHO P-paanaJibHBIN ollepaTop

[Iycts 4 m § — GamaxoBbl mpocTpancTBa, oneparop L € L(4;F) ¢ HETPUBHAIBLHBIM SIPOM
ker L # {0} u M € Cl(4; §).

Mmuosxectsa p“(M) = {u € C: (uL — M)~' € L(F; W)} u oX(M) = C\ p(M) naswsarorcs
COOTBETCTBEHHO L-pesoaveenmuvim muoscecmeom n L-cnexmpom onepatopa M.

Bugmo, uro ecin ker L Nker M # {0}, To p*(M) = ©. B panbHeiimmx paccMOTPEHHsX HaM
IOHA0BATCS TOXK/IECTBA, CIPABEIHBLIC IpH JOOLIX (1, A € pP'(M):

(uL — M)"YAL — M)u =u+ (A — p)(uL — M) Lu, u € dom M,
(AL = M)(uL = M)t =1+ (A= p)L(nL — M), (2)
(1= (L — M) LO\L = M)~ = (AL — M)~! — (uL — M)~1,

Jl1a KoMILTeKcHoit epemennoit p € C ompeenuy oneparopuosaadnsle dyrkmmm (L — M)~}
Rﬁ(M) = (uL — M)7L, Lﬁ(M) = L(uL — M)~! ¢ obmactsio onpenenenns p= (M) u Gymem nx
HA3BIBATH COOTBETCTBEHHO L-pezoavsenmoti, npagoti n aesot L-pesosveenmanmu omeparopa M.

13 roxpaects (2) BoITeKaeT, 4TO NpaBble u jesble L-pe30abBeHThl KoMMyTupyior. Ormernm
II0JIe3HbIe TOXK/IECTBA, CIPABEIINBEIE IPH J00BIX A, it € pl(M):

(4= NRY(M)Ry (M) = RY(M) — Ry(M),  (n— A LX(M)Ly; (M) = LY(M) = L;(M).  (3)

[Tycts kerL # {0}. Bekrop ¢o € kerL \ {0} Gymem masbBaTh cobcmeenmbim 6EKMOPOM OIIE-
paropa L. YnopsjjoueHHoe MHOXKECTBO BEKTOPOB {1, v2, ...} HasbiBaercs yenoukol M-npuco-
eOUNEHHBLT 6eKMOPO6 COOCTBEHHOTO BEKTOPA (g, ECTIH

Lpgr1 = Mg, q=0,1,..., o) & kerlL, I1=1,2,....
JIuneiinyro 0607109Ky BCeX COOCTBEHHBIX n M -TIPUCOeINHEHHBIX BEKTOPOB oreparopa L HazoBem
M -xopresvim aunearom onepamopa L. M-xopneswm npocmparcmeom OyieM HA3BLIBATH 3aMKHY-
TeIit M-KOpHEBO# anHeas omepatopa L.

IIpasoii (aesoti) (L, p)-pesoaveenmoti oneparopa M Ha3bIBaeTCs OnepaTopHO3HaUHASA (DYHK-
st p + 1 KOMILTEKCHOTO MepeMeHHOro Ao, ..., A, ¢ obiacteio onpenenenns (pl(M))PH suma

p p
R, (1) — [ RE (01 (La,p)um T2k <M>) |
k=0 k=0

Omnpenesienne 1. Oneparop M Ha3BIBAETCS P-paduasvhvim omuocumenrvho oneparopa L (wm,
KOpOTKO, (L, p)-paduasvrvim), ecamn

(i) Jac R Vu > a pec p*(M);

(ii) 3K > 0V > a, k=0,p, Yne N

max{[|(Rf;, , (M)l s | (L, M) )} < :
I (e —a)"

k=0

K

3ameuanue 1. Be3 norepu obiHoCTH MOXKHO B ompejiesernu 1 mojgoxuth a = 0.

Teopema 1. [3] ITycmwv A, pui, € p* (M), k =0, p. Tozda
(i) kerR(L)\ p)(M) cocmoum u3 M -npucoedurennur evicomoi, He boavwed p, 6EKMOPO8 oNepa-

mopa L, imR(LA (M) = imR(LM o (M);
(ii) kerLf , (M) = {My: ¢ € kerRfy (M) N domM}, imL{y (M) =imLf, (M).

O603maunv uepes U0 (F°) supo ker RE (M) (ker L

) (op) () (M)), KoTOPOE, MOHATHO, ABISIETCS
JITHEHHBIM TIOIITPOCTPAHCTBOM.

JIlemma 1. [3] ITycmw onepamop M (L, p)-paduasen. Tozda
(i) mmoorcecmso ker RE )(M) cosnadaem ¢ M -xopnesvm npocmpancmeom onepamopa L;

(1p
(ii) kerRf, (M)NimR{, (M)={0}, kerLf, (M)NimL{, (M)={0}.

(sp (,p

134  Becrauk FOYpIL'Y. Cepus «<MaremaTuvueckoe MoOeJIUPOBaHUE W NMPOrpaMMHUPOBaHUe



KPATKUE COOBIITEHNUA

JIemma 2. [3] Iycmo onepamop M (L, p)-paduanen. Tozda ewinoanens, pasencmea
im (R (M))P2 = im (R} (M))PH,  im (LG (M))P+? = im (L (M))P+1.

Yepes UH(F!) obosmaumy saMbIKanme JHHeATA imR(LH ») (M) (imL(Lu p)(M ), gepes £l (F) —

3aMbIKaHUe JHHeaIa ilo—i—imR(L“ (M ) (go—i—imL(Lu p)(M )) B HOpMe mipocTpancTBa i (F).

JIemma 3. 3| IIycmo onepamop M (L, p)-paduasen. Tozda
() lim (uRE(M)P lu=u Yuest, (WLEM)P = Vf e,
o oo

i U=uwael, F=35'og.

lim
p——+00

2. Annpokcumaruu Xute—yYugaepa—Ilocra

ycts p~(M) # @, toraa ypasmenne (1): Li = Mu 6yneM paccMaTpuBaTh BMECTE C SKBHU-
BasenTHBIME ey npu o € pl(M) ypaBuennsivu

RL(M)u = (oL — M) ' Mu, (4)
Ly(M)f = M(aL — M)~ f (5)
KaK KOHKpPEeTHbIEe NHTEpIpeTallun ypaBHEHU A Av = B, (6)

¢ oneparopamu A, B € L(V) (B cuiny nepebix aByx paeHcTs u3 (2) npu A = 0) B HEKOTOPOM
H6aHaXOBOM IIPOCTPAHCTBE V.

o pewenuem ypasuenus (6) 6ynsem nonnmars Bekrop-dynxmuio v € CL(Ry; V), yaosie-
TBOpsronTyio (6) mpm R .

Onpenenenne 2. Cunpao menpepbisaOe oToOpaskenme V' : Ry — L(V) nasesaercs cuab-
HO HenpepueHoli noayzpynnotl paspewarowur onepamopos (unm mpocto  paszpewaroweti Cop-
noayepynnoti) ypasuernus (6), ecan

(i) VSV = VSt Vs, ¢ > 0;

(ii) v(t) = V'vg ectsb pemenne 3Toro ypasHenus s J10060r0 vy U3 TJIOTHOTO B V) JiMHeaa.

Teopema 2. ITycmv M (L, p)-paduasen, mozda cyuecmeyem pacHOMEPHO 02PAHUMEHHAA PAspe-
warowan Co-noayepynna ypasnenus (4) ((5)), onpedesennan na noonpocmparcmee L (F).

Zoxazameavcmeo. Paccmorpum anmporcnmarun Xuane—yuaaepa—llocra B Buze:

Ul = ((L— ZM>_1L>k = (fR’é(M))k.

Bamerny, uro jas Beex  u € U0 Ulu=0.

Tax kax omeparop M (L,p)-pamuasnen, To anmpokcumanuu Xute-Yumaepa—Ilocra pasmao-
MEpHO OrpaHmYeHbl KoHCTanToit K n3 onpejenennust 1: Uil ey <K VieRy VEkeN.

Bosbpmem sstement u € dom M u HaiigeMm IpOU3BOIHYIO

d £\
%U}iu:U,ﬁ(L—EM) Mu  Vu € dom M.

Teneps, nycrs u € imeu p)(M), T.e. U = (Ré(M))pHv Just HekoTopeix S € Ry nv € 4l
Hoxkaxewm tipu k > p + 1 pasercrtso  lim U,ﬁu = u.
t—0+
— : t,, 1 L k, _
Bamennm p = k/t n paccmorpum tgrél+Uku _METOO(MR“ (M))*u=
k—1
1 L +1 L L +1
m=p
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B cuny (L, p)-pamgunansuocru omeparopa M u jemmbl 2 mepsoe ciaraemoe B (7) cTpeMuTcs K
HYJIIO, & BTOPOE — CTPEMUTCS K U € imR@ p)(M) B cuity jiemMbl 3 (i).
DyumamenTaaLHOCTh nocaeaoBareasHocTr { U, }é ik € Nk > p+1} nokaseiBaeTcst aHAIOTUIHO

n. 2.4 pa6orsi [3]. CoorBeTcTBeHHO, CyIecTBYeT mpees, pasaoMepnsiii o ¢ € (0, 7]
U'=s lim Uf, U'eLE), [[U'|yq <K VteR,.
k—o0

Jlanee, Taxxe Kak B pabore [3], MOXHO MOKazaTh TMONYTPYTTIOBOE CBOMCTBO W OCTAJILHBIE
coiicta momyrpymmel {U! : ¢ € Ry}, B wacTHOCTH, 1714 BCex u € im (Rﬁ(]%))p+2 + 30

d _ _

RE(M) (Utu> — RL(M)U'(RE(M))P* (BL — M)~ Mv = (aL — M)~ MU"u.

U1 u3 nemm 2 u 3 (ii) caegyer, 910 MHOKECTBO im (Rﬁ(M NP2 L 40 norno B 4.
AHaJOrnuHO MOKA3BIBALTCS CYNIECTBOBAHUE TIOIYPYIIIHI Jiist ypaBHeHust (5)

F! = s lim F{ = s lim (ﬁLL (M))k teR
k—o0 k k—oo \ t k/t ’ +

O
Bameuanue 2. fcHo, urto, ecnm moyrpymma {U! : ¢ € Ry} paspemaer ypasmenme Li = Mu
¢ omeparopom M = M — aL, sastommvcs (L,p)-pajuanbabiM ¢ KOHCTaHTOW a = 0 wu3
ompeziesienns 1, Tora pasperaoreil moayrpynmnoi nexoauoro ypasuenus (1) 6ymer cemeiicTBo
{Wt = e®Ut : t € R,}. CooTBercTBeHHO, AT 3TOH TOMYTPYNTHl B (DOPMYIUPOBKE Teope-

MBI 2 BMECTO paBHOMepHOfI OI'PAaHUMYEHHOCTH HMeEET MECTO 3KCIIOHEHIHAJIbHaA OI'PAHHYECHHOCTD
||Wt||£(u) < Ke®™ Vte ]R+.

B 3axar0nenue a6mopoe 6uipadcatom ceoto uckpennior baazodaprocms npogpeccopy IA. Ceu-
PUdoOKY 36 NACDOMEBOPHDBIE JUCKYCCUU U UHIIEPEC, NPOABACHHbIT K danHol pabome.
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The results from the theory of Sobolev type equations have been actively used to
measure the dynamically distorted signals recently. The formulas obtained for relatively
p-radial case of Sobolev type equations are used for the numerical solution of such
problems. Hille-Widder—Post approximations for the operators of strongly continuous
resolving semigroup for homogeneous equations are considered in the article. The authors
show that a simpler formula can be used as approximations of operators of a resolving
semigroup.

The article consists of introduction and two parts. The information regarding the
relative resolutions and theories of relatively p-radial operators are given in the first part.
The approximation formulas are covered in the second part.

Keywords: Sobolev type equation, resolving semigroup of operators, Hille—Widder—Post
approrimations.
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