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ÀÏÏPÎÊÑÈÌÀÖÈÈ ÂÛÐÎÆÄÅÍÍÛÕ C0-ÏÎËÓÃÐÓÏÏ

Ì.À. Ñàãàäååâà, À.Í. Øóëåïîâ

Â ïîñëåäíåå âðåìÿ ðåçóëüòàòû òåîðèè óðàâíåíèé ñîáîëåâñêîãî òèïà àêòèâíî ïðè-

ìåíÿþòñÿ äëÿ èçìåðåíèÿ äèíàìè÷åñêè èñêàæåííûõ ñèãíàëîâ. Ïðè ÷èñëåííîì ðåøåíèè

òàêèõ çàäà÷ èñïîëüçóþòñÿ ôîðìóëû, ïîëó÷åííûå äëÿ îòíîñèòåëüíî p-ðàäèàëüíîãî ñëó-
÷àÿ óðàâíåíèé ñîáîëåâñêîãî òèïà. Â ñòàòüå ðàññìàòðèâàþòñÿ àïïðîêñèìàöèè Õèëëå-

Óèääåðà-Ïîñòà äëÿ îïåðàòîðîâ ðàçðåøàþùåé ñèëüíî íåïðåðûâíîé ïîëóãðóïïû äëÿ

îäíîðîäíûõ óðàâíåíèé. Ïîêàçûâàåòñÿ, ÷òî â êà÷åñòâå òàêèõ àïïðîêñèìàöèé îïåðàòî-

ðîâ ðàçðåøàþùåé ïîëóãðóïïû ìîæíî ïðèìåíÿòü áîëåå ïðîñòóþ ôîðìóëó.

Ñòàòüÿ ñîñòîèò èç ââåäåíèÿ è äâóõ ÷àñòåé. Â ïåðâîé ÷àñòè ïðèâîäÿòñÿ ñâåäåíèÿ,

êàñàþùèåñÿ îòíîñèòåëüíûõ ðåçîëüâåíò è òåîðèè îòíîñèòåëüíî p-ðàäèàëüíûõ îïåðàòî-

ðîâ, à âî âòîðîé ðàññìàòðèâàþòñÿ ôîðìóëû àïïðîêñèìàöèè.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñîáîëåâñêîãî òèïà, ðàçðåøàþùèå ïîëóãðóïïû îïåðà-

òîðîâ, àïïðîêñèìàöèè Õèëëå�Óèääåðà�Ïîñòà.

Ââåäåíèå

Ïóñòü U è F � áàíàõîâû ïðîñòðàíñòâà. Ðàññìîòðèì óðàâíåíèå

Lu̇(t) = Mu(t) (1)

ïðè íåêîòîðûõ óñëîâèÿõ íà ïàðó îïåðàòîðîâ L è M , ãàðàíòèðóþùèõ ñóùåñòâîâàíèå ñåìåé-
ñòâà ðàçðåøàþùèõ îïåðàòîðîâ. Çäåñü L ∈ L(U;F) (ò.å. ëèíååí è íåïðåðûâåí) è M ∈ Cl(U;F)
(ò.å. ëèíååí, çàìêíóò è ïëîòíî îïðåäåëåí), ïðè÷åì ÿäðî îïåðàòîðà L íåòðèâèàëüíî.

Óðàâíåíèÿ ñîáîëåâñêîãî òèïà, ò.å. âèäà (1) ñ âûðîæäåííûì îïåðàòîðîì ïðè ñòàðøåé ïðî-
èçâîäíîé, ÿâëÿþòñÿ àáñòðàêòíîé ôîðìîé ïðåäñòàâëåíèÿ äëÿ ìíîãèõ óðàâíåíèé, ëåæàùèõ â
îñíîâå íåêëàññè÷åñêèõ ìîäåëåé ìàòåìàòè÷åñêîé ôèçèêè (ñì. íàïðèìåð [1�4]). Â ïîñëåäíåå
âðåìÿ óðàâíåíèÿ òàêîãî âèäà íàøëè ñâîå ïðèìåíåíèå â òåîðèè èçìåðåíèÿ äèíàìè÷åñêè èñ-
êàæåííûõ ñèãíàëîâ [5, 6]. Ñðåäè óðàâíåíèé ñîáîëåâñêîãî òèïà ìîæíî âûäåëèòü 3 îñíîâíûõ
êëàññà â çàâèñèìîñòè îò ðàñïîëîæåíèÿ îòíîñèòåëüíîãî ñïåêòðà íà êîìïëåêñíîé ïëîñêîñòè,
à èìåííî:

1) ñëó÷àé îòíîñèòåëüíîé p-îãðàíè÷åííîñòè, ïðè êîòîðîì ðàçðåøàþùåå ñåìåéñòâî îïå-
ðàòîðîâ äëÿ óðàâíåíèÿ (1) ÿâëÿåòñÿ àíàëèòè÷åñêîé ãðóïïîé;

2) ñëó÷àé îòíîñèòåëüíîé p-ñåêòîðèàëüíîñòè, ïðè êîòîðîì ðàçðåøàþùåå ñåìåéñòâî îïå-
ðàòîðîâ äëÿ óðàâíåíèÿ (1) ÿâëÿåòñÿ àíàëèòè÷åñêîé ïîëóãðóïïîé;

3) ñëó÷àé îòíîñèòåëüíîé p-ðàäèàëüíîñòè, ïðè êîòîðîì ðàçðåøàþùåå ñåìåéñòâî îïåðà-
òîðîâ äëÿ óðàâíåíèÿ (1) ÿâëÿåòñÿ ñèëüíî íåïðåðûâíîé ïîëóãðóïïîé.

Ïîñòðîåíèå ÷èñëåííûõ ýêñïåðèìåíòîâ äëÿ óðàâíåíèé ñîáîëåâñêîãî òèïà áàçèðóåòñÿ íà
ôîðìóëàõ, ïîëó÷åííûõ äëÿ îòíîñèòåëüíî p-ðàäèàëüíîãî ñëó÷àÿ [6]. Â ïóíêòå 2.4 ðàáîòû [3]
â êà÷åñòâå àïïðîêñèìàöèé Õèëëå-Óèääåðà-Ïîñòà äëÿ îïåðàòîðîâ ðàçðåøàþùåé ïîëóãðóïïû
áûëà ïðåäëîæåíà ôîðìóëà âèäà:

U t
k =

(k(p+ 1)

t
RL

k(p+1)/t(M)
)k(p+1)

,

êîòîðàÿ îêàçàëàñü íå ñëèøêîì óäîáíîé ïðè ÷èñëåííûõ ðàñ÷åòàõ [6]. Â ðàáîòå ïîêàçàíî, ÷òî
ïðè p > 0 ìîæíî èñïîëüçîâàòü ôîðìóëó äëÿ îïåðàòîðîâ âûðîæäåííîé ñèëüíî íåïðåðûâíîé
ïîëóãðóïïû (âûðîæäåííîé C0-ïîëóãðóïïû), ïðåäëîæåííóþ äëÿ ñëó÷àÿ p = 0 â ðàáîòå [7] .
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1. Îòíîñèòåëüíî p-ðàäèàëüíûé îïåðàòîð

Ïóñòü U è F � áàíàõîâû ïðîñòðàíñòâà, îïåðàòîð L ∈ L(U;F) ñ íåòðèâèàëüíûì ÿäðîì
kerL ̸= {0} è M ∈ Cl(U;F).

Ìíîæåñòâà ρL(M) = {µ ∈ C : (µL−M)−1 ∈ L(F;U)} è σL(M) = C \ ρL(M) íàçûâàþòñÿ
ñîîòâåòñòâåííî L-ðåçîëüâåíòíûì ìíîæåñòâîì è L-ñïåêòðîì îïåðàòîðà M .

Âèäíî, ÷òî åñëè kerL ∩ kerM ̸= {0}, òî ρL(M) = ⊘. Â äàëüíåéøèõ ðàññìîòðåíèÿõ íàì
ïîíàäîáÿòñÿ òîæäåñòâà, ñïðàâåäëèâûå ïðè ëþáûõ µ, λ ∈ ρL(M):

(µL−M)−1(λL−M)u = u+ (λ− µ)(µL−M)−1Lu, u ∈ dom M,
(λL−M)(µL−M)−1 = I + (λ− µ)L(µL−M)−1,

(µ− λ)(µL−M)−1L(λL−M)−1 = (λL−M)−1 − (µL−M)−1.
(2)

Äëÿ êîìïëåêñíîé ïåðåìåííîé µ ∈ C îïðåäåëèì îïåðàòîðíîçíà÷íûå ôóíêöèè (µL−M)−1,
RL

µ(M) = (µL−M)−1L, LL
µ(M) = L(µL−M)−1 ñ îáëàñòüþ îïðåäåëåíèÿ ρL(M) è áóäåì èõ

íàçûâàòü ñîîòâåòñòâåííî L-ðåçîëüâåíòîé, ïðàâîé è ëåâîé L-ðåçîëüâåíòàìè îïåðàòîðà M .
Èç òîæäåñòâ (2) âûòåêàåò, ÷òî ïðàâûå è ëåâûå L-ðåçîëüâåíòû êîììóòèðóþò. Îòìåòèì

ïîëåçíûå òîæäåñòâà, ñïðàâåäëèâûå ïðè ëþáûõ λ, µ ∈ ρL(M):

(µ− λ)RL
λ (M)RL

µ(M) = RL
λ (M)−RL

µ(M), (µ− λ)LL
λ (M)LL

µ(M) = LL
λ (M)− LL

µ(M). (3)

Ïóñòü kerL ̸= {0}. Âåêòîð φ0 ∈ kerL \ {0} áóäåì íàçûâàòü ñîáñòâåííûì âåêòîðîì îïå-
ðàòîðà L. Óïîðÿäî÷åííîå ìíîæåñòâî âåêòîðîâ {φ1, φ2, . . .} íàçûâàåòñÿ öåïî÷êîé M -ïðèñî-
åäèíåííûõ âåêòîðîâ ñîáñòâåííîãî âåêòîðà φ0, åñëè

Lφq+1 = Mφq, q = 0, 1, . . . , φl ̸∈ kerL, l = 1, 2, . . . .
Ëèíåéíóþ îáîëî÷êó âñåõ ñîáñòâåííûõ è M -ïðèñîåäèíåííûõ âåêòîðîâ îïåðàòîðà L íàçîâåì
M -êîðíåâûì ëèíåàëîì îïåðàòîðà L. M -êîðíåâûì ïðîñòðàíñòâîì áóäåì íàçûâàòü çàìêíó-
òûé M -êîðíåâîé ëèíåàë îïåðàòîðà L.

Ïðàâîé (ëåâîé) (L, p)-ðåçîëüâåíòîé îïåðàòîðà M íàçûâàåòñÿ îïåðàòîðíîçíà÷íàÿ ôóíê-
öèÿ p + 1 êîìïëåêñíîãî ïåðåìåííîãî λ0, . . . , λp ñ îáëàñòüþ îïðåäåëåíèÿ (ρL(M))p+1 âèäà

RL
(λ,p)(M) =

p∏
k=0

RL
λk
(M)

(
LL
(λ,p)(M) =

p∏
k=0

LL
λk
(M)

)
.

Îïðåäåëåíèå 1. Îïåðàòîð M íàçûâàåòñÿ p-ðàäèàëüíûì îòíîñèòåëüíî îïåðàòîðà L (èëè,
êîðîòêî, (L, p)-ðàäèàëüíûì), åñëè

(i) ∃a∈ R ∀µ > a µ∈ ρL(M);
(ii) ∃K > 0 ∀µk > a, k = 0, p, ∀n∈ N

max{∥(RL
(µ,p)(M))n∥L(U), ∥(LL

(µ,p)(M))n∥L(F)} ≤ K
p∏

k=0

(µk − a)n
.

Çàìå÷àíèå 1. Áåç ïîòåðè îáùíîñòè ìîæíî â îïðåäåëåíèè 1 ïîëîæèòü a = 0.

Òåîðåìà 1. [3] Ïóñòü λk, µk ∈ ρL(M), k = 0, p. Òîãäà
(i) kerRL

(λ,p)(M) ñîñòîèò èç M -ïðèñîåäèíåííûõ âûñîòû, íå áîëüøåé p, âåêòîðîâ îïåðà-

òîðà L, imRL
(λ,p)(M) = imRL

(µ,p)(M);

(ii) kerLL
(λ,p)(M) = {Mφ : φ ∈ kerRL

(λ,p)(M) ∩ domM}, imLL
(λ,p)(M) = imLL

(µ,p)(M).

Îáîçíà÷èì ÷åðåç U0 (F0) ÿäðî kerRL
(µ,p)(M) (kerLL

(µ,p)(M)), êîòîðîå, ïîíÿòíî, ÿâëÿåòñÿ
ëèíåéíûì ïîäïðîñòðàíñòâîì.

Ëåììà 1. [3] Ïóñòü îïåðàòîð M (L, p)-ðàäèàëåí. Òîãäà
(i) ìíîæåñòâî kerRL

(µ,p)(M) ñîâïàäàåò ñ M -êîðíåâûì ïðîñòðàíñòâîì îïåðàòîðà L;

(ii) kerRL
(µ,p)(M)∩ imRL

(µ,p)(M)={0}, kerLL
(µ,p)(M)∩ imLL

(µ,p)(M)={0}.
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Ëåììà 2. [3] Ïóñòü îïåðàòîð M (L, p)-ðàäèàëåí. Òîãäà âûïîëíåíû ðàâåíñòâà

im (RL
µ(M))p+2 = im (RL

µ(M))p+1, im (LL
µ(M))p+2 = im (LL

µ(M))p+1.

×åðåç U1(F1) îáîçíà÷èì çàìûêàíèå ëèíåàëà imRL
(µ,p)(M) (imLL

(µ,p)(M)), ÷åðåç Ũ (F̃) �

çàìûêàíèå ëèíåàëà U0+̇imRL
(µ,p)(M) (F0+̇imLL

(µ,p)(M)) â íîðìå ïðîñòðàíñòâà U (F).

Ëåììà 3. [3] Ïóñòü îïåðàòîð M (L, p)-ðàäèàëåí. Òîãäà
(i) lim

µ→+∞
(µRL

µ(M))p+1u=u ∀u∈U1, lim
µ→+∞

(µLL
µ(M))p+1f=f ∀f ∈F1;

(ii) Ũ = U0 ⊕ U1, F̃ = F0 ⊕ F1.

2. Àïïðîêñèìàöèè Õèëëå�Óèääåðà�Ïîñòà

Ïóñòü ρL(M) ̸= ⊘, òîãäà óðàâíåíèå (1): Lu̇ = Mu áóäåì ðàññìàòðèâàòü âìåñòå ñ ýêâè-
âàëåíòíûìè åìó ïðè α ∈ ρL(M) óðàâíåíèÿìè

RL
α(M)u̇ = (αL−M)−1Mu, (4)

LL
α(M)ḟ = M(αL−M)−1f (5)

êàê êîíêðåòíûå èíòåðïðåòàöèè óðàâíåíèÿ Av̇ = Bv, (6)

ñ îïåðàòîðàìè A,B ∈ L(V) (â ñèëó ïåðâûõ äâóõ ðàâåíñòâ èç (2) ïðè λ = 0) â íåêîòîðîì
áàíàõîâîì ïðîñòðàíñòâå V.

Ïîä ðåøåíèåì óðàâíåíèÿ (6) áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ v ∈ C1(R+;V), óäîâëå-
òâîðÿþùóþ (6) ïðè R+.

Îïðåäåëåíèå 2. Ñèëüíî íåïðåðûâíîå îòîáðàæåíèå V • : R+ → L(V) íàçûâàåòñÿ ñèëü-

íî íåïðåðûâíîé ïîëóãðóïïîé ðàçðåøàþùèõ îïåðàòîðîâ (èëè ïðîñòî ðàçðåøàþùåé C0-

ïîëóãðóïïîé) óðàâíåíèÿ (6), åñëè
(i) V sV t = V s+t ∀s, t > 0;
(ii) v(t) = V tv0 åñòü ðåøåíèå ýòîãî óðàâíåíèÿ äëÿ ëþáîãî v0 èç ïëîòíîãî â V ëèíåàëà.

Òåîðåìà 2. Ïóñòü M (L, p)-ðàäèàëåí, òîãäà ñóùåñòâóåò ðàâíîìåðíî îãðàíè÷åííàÿ ðàçðå-

øàþùàÿ C0-ïîëóãðóïïà óðàâíåíèÿ (4) ((5)), îïðåäåëåííàÿ íà ïîäïðîñòðàíñòâå Ũ (F̃).

Äîêàçàòåëüñòâî. Ðàññìîòðèì àïïðîêñèìàöèè Õèëëå�Óèääåðà�Ïîñòà â âèäå:

U t
k =

((
L− t

k
M

)−1

L

)k

=

(
k

t
RL

k
t

(M)

)k

.

Çàìåòèì, ÷òî äëÿ âñåõ u ∈ U0 U t
ku = 0.

Òàê êàê îïåðàòîð M (L, p)-ðàäèàëåí, òî àïïðîêñèìàöèè Õèëëå�Óèääåðà�Ïîñòà ðàâíî-
ìåðíî îãðàíè÷åíû êîíñòàíòîé K èç îïðåäåëåíèÿ 1: ∥U t

k∥L(U) ≤ K ∀t ∈ R+ ∀k ∈ N.
Âîçüìåì ýëåìåíò u ∈ dom M è íàéäåì ïðîèçâîäíóþ

d

dt
U t
ku = U t

k

(
L− t

k
M
)−1

Mu ∀u ∈ dom M.

Òåïåðü, ïóñòü u ∈ imRL
(µ,p)(M), ò.å. u = (RL

β (M))p+1v äëÿ íåêîòîðûõ β ∈ R+ è v ∈ U.

Äîêàæåì ïðè k > p+ 1 ðàâåíñòâî lim
t→0+

U t
ku = u.

Çàìåíèì µ = k/t è ðàññìîòðèì lim
t→0+

U t
ku = lim

µ→+∞
(µRL

µ(M))ku=

= lim
µ→+∞

k−1∑
m=p+1

(
(µRL

µ(M))m+1 − (µRL
µ(M))m

)
u+ (µRL

µ(M))p+1u. (7)
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Â ñèëó (L, p)-ðàäèàëüíîñòè îïåðàòîðà M è ëåììû 2 ïåðâîå ñëàãàåìîå â (7) ñòðåìèòñÿ ê
íóëþ, à âòîðîå � ñòðåìèòñÿ ê u ∈ imRL

(µ,p)(M) â ñèëó ëåììû 3 (i).

Ôóíäàìåíòàëüíîñòü ïîñëåäîâàòåëüíîñòè {U t
k : k ∈ N, k > p+1} ïîêàçûâàåòñÿ àíàëîãè÷íî

ï. 2.4 ðàáîòû [3]. Ñîîòâåòñòâåííî, ñóùåñòâóåò ïðåäåë, ðàâíîìåðíûé ïî t ∈ (0, T ]

U t = s- lim
k→∞

U t
k, U t ∈ L(Ũ), ∥U t∥L(Ũ) ≤ K ∀t ∈ R+.

Äàëåå, òàêæå êàê â ðàáîòå [3], ìîæíî ïîêàçàòü ïîëóãðóïïîâîå ñâîéñòâî è îñòàëüíûå
ñâîéñòâà ïîëóãðóïïû {U t : t ∈ R+}, â ÷àñòíîñòè, äëÿ âñåõ u ∈ im (RL

µ(M))p+2 u U0

RL
α(M)

d

dt

(
U tu

)
= RL

α(M)U t(RL
β (M))p+1(βL−M)−1Mv = (αL−M)−1MU tu.

È èç ëåìì 2 è 3 (ii) ñëåäóåò, ÷òî ìíîæåñòâî im (RL
µ(M))p+2 u U0 ïëîòíî â Ũ.

Àíàëîãè÷íî ïîêàçûâàåòñÿ cóùåñòâîâàíèå ïîëóãðóïïû äëÿ óðàâíåíèÿ (5)

F t = s- lim
k→∞

F t
k = s- lim

k→∞

(k
t
LL
k/t(M)

)k
, t ∈ R+.

Çàìå÷àíèå 2. ßñíî, ÷òî, åñëè ïîëóãðóïïà {U t : t ∈ R+} ðàçðåøàåò óðàâíåíèå Lu̇ = M̃u
ñ îïåðàòîðîì M̃ = M − aL, ÿâëÿþùèìñÿ (L, p)-ðàäèàëüíûì ñ êîíñòàíòîé a = 0 èç
îïðåäåëåíèÿ 1, òîãäà ðàçðåùàþùåé ïîëóãðóïïîé èñõîäíîãî óðàâíåíèÿ (1) áóäåò ñåìåéñòâî
{W t = eatU t : t ∈ R+}. Ñîîòâåòñòâåííî, äëÿ ýòîé ïîëóãðóïïû â ôîðìóëèðîâêå òåîðå-
ìû 2 âìåñòî ðàâíîìåðíîé îãðàíè÷åííîñòè èìååò ìåñòî ýêñïîíåíöèàëüíàÿ îãðàíè÷åííîñòü
∥W t∥L(U) ≤ Keat ∀t ∈ R+.

Â çàêëþ÷åíèå àâòîðû âûðàæàþò ñâîþ èñêðåííþþ áëàãîäàðíîñòü ïðîôåññîðó Ã.À. Ñâè-

ðèäþêó çà ïëîäîòâîðíûå äèñêóññèè è èíòåðåñ, ïðîÿâëåííûé ê äàííîé ðàáîòå.
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The results from the theory of Sobolev type equations have been actively used to

measure the dynamically distorted signals recently. The formulas obtained for relatively

p-radial case of Sobolev type equations are used for the numerical solution of such

problems. Hille�Widder�Post approximations for the operators of strongly continuous

resolving semigroup for homogeneous equations are considered in the article. The authors

show that a simpler formula can be used as approximations of operators of a resolving

semigroup.

The article consists of introduction and two parts. The information regarding the

relative resolutions and theories of relatively p-radial operators are given in the �rst part.

The approximation formulas are covered in the second part.

Keywords: Sobolev type equation, resolving semigroup of operators, Hille�Widder�Post

approximations.
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