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Ïðè èññëåäîâàíèÿõ â ðàçëè÷íûõ îáëàñòÿõ ïðèëîæåíèé, åñëè ìîäåëèðóåìûé
ïðîöåññ îáëàäàåò ïîñëåäåéñòâèåì, âîçíèêàåò íåîáõîäèìîñòü èçó÷åíèÿ èíòåãðî-
àëãåáðàè÷åñêèõ óðàâíåíèé (ÈÀÓ). Â ÷àñòíîñòè, â âèäå ÈÀÓ ìîæíî çàïèñàòü ñèñòå-
ìó âçàèìîñâÿçàííûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà I, II ðîäà è àëãåáðàè÷åñêèõ
óðàâíåíèé. Â ðàáîòå ðàññìàòðèâàþòñÿ ëèíåéíûå ÈÀÓ, äëÿ ÷èñëåííîãî ðåøåíèÿ êîòî-
ðûõ áûëè ñêîíñòðóèðîâàíû ìíîãîøàãîâûå ìåòîäû, îñíîâàííûå íà ÿâíûõ ìåòîäàõ òèïà
Àäàìñà è ýêñòðàïîëÿöèîííûõ ôîðìóëàõ. Ðàíåå áûëà äîêàçàíà ñõîäèìîñòü ïðåäëàãàå-
ìûõ àëãîðèòìîâ.

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî ïîëó÷åííûå ìíîãîøàãîâûå àëãîðèòìû îáëàäàþò
ñâîéñòâîì ñàìîðåãóëÿðèçàöèè, à ïàðàìåòðîì ðåãóëÿðèçàöèè ÿâëÿåòñÿ øàã ñåòêè, îïðå-
äåëåííûì îáðàçîì ñâÿçàííûé ñ óðîâíåì ïîãðåøíîñòè ïðàâîé ÷àñòè ðàññìàòðèâàåìûõ
ñèñòåì. Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ èëëþñòðèðóþò òåîðåòè÷åñêèå âûêëàäêè.

Êëþ÷åâûå ñëîâà: èíòåãðî-àëãåáðàè÷åñêèå óðàâíåíèÿ; ìíîãîøàãîâûå ìåòîäû; ñà-

ìîðåãóëÿðèçàöèÿ.

Ââåäåíèå

Â ñåðåäèíå 70-õ ãîäîâ íà÷àëîñü àêòèâíîå èññëåäîâàíèå è ïîñòðîåíèå ÷èñëåííûõ ìåòîäîâ
ðåøåíèÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

A(t)x′(t) +B(t)x(t) = f(t), t ∈ [0, 1], (1)

x(0) = x0, (2)

ãäå A(t), B(t)− (n×n) ìàòðèöû, f(t) è x(t) � n -ìåðíûå èçâåñòíàÿ è èñêîìàÿ âåêòîð-ôóíêöèè.
Ïðåäïîëàãàåòñÿ, ÷òî

detA(t) ≡ 0. (3)

Ñèñòåìû (1), (2) ñ óñëîâèåì (3) ïðèíÿòî íàçûâàòü äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèìè
óðàâíåíèÿìè (ÄÀÓ). Òàêèå çàäà÷è ïðèíöèïèàëüíî îòëè÷àþòñÿ îò äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, ðàçðåøåííûõ îòíîñèòåëüíî ïðîèçâîäíîé.

Èíòåðåñ ê ÄÀÓ âîçíèê â ñâÿçè ñ èõ áîëüøèì ïðèêëàäíûì çíà÷åíèåì. Ïîæàëóé, ïåð-
âàÿ òàêàÿ çàäà÷à ïîÿâèëàñü ïðè ðåøåíèè èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ, îïèñû-
âàþùåãî ïðîöåññ ïåðåíîñà íåéòðîíîâ [3]. Äðóãèå âàæíûå ïðèêëàäíûå çàäà÷è ïðèâåäåíû â
[8, 15, 16].

Ïåðâàÿ ñòàòüÿ, â êîòîðîé ïðîâåäåí äåòàëüíûé àíàëèç íåÿâíîé ñõåìû Ýéëåðà äëÿ çàäà÷è
(1), (2) ñ ïîñòîÿííûìè ìàòðèöàìè âûøëà â 1975 ãîäó [7]. Ñ òîé ïîðû Þ.Å. Áîÿðèíöåâ
îïóáëèêîâàë öåëóþ ñåðèþ ìîíîãðàôèé, ïîñâÿùåííûõ èññëåäîâàíèþ ÄÀÓ [4 � 8].
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Â îòëè÷èè îò ÎÄÓ äëÿ ÄÀÓ íåëüçÿ çàäàâàòü íà÷àëüíûå óñëîâèÿ ïðîèçâîëüíûì îáðàçîì,
îíè äîëæíû áûòü ñîãëàñîâàíû ñ ïðàâîé ÷àñòüþ. Îäíèì èç ïîäõîäîâ ñîãëàñîâàíèÿ íà÷àëüíûõ
äàííûõ äëÿ ÄÀÓ ÿâëÿåòñÿ èíàÿ çàïèñü èñõîäíîé çàäà÷è (1), (2), à èìåííî, èíòåãðàëüíàÿ
ôîðìà

A(t)x(t) +

t∫
0

(B(s)−A′(s))x(s)ds =

t∫
0

f(s)ds+A(0)x0.

Â äàííîé ðàáîòå ðàññìîòðåíû áîëåå îáùèå ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé. Åñëè ïðà-
âàÿ ÷àñòü òàêèõ óðàâíåíèé çàäàíà ñ ïîãðåøíîñòüþ δ, òî ïîêàçàíî, ÷òî âûäåëåííûé êëàññ
ìíîãîøàãîâûõ ìåòîäîâ ïîðîæäàåò ðåãóëÿðèçèðóþùèé àëãîðèòì ñ ïàðàìåòðîì ðåãóëÿðèçà-
öèè h-øàãîì äèñêðåòèçàöèè, îïðåäåëåííûì îáðàçîì ñâÿçàííûì ñ íîðìîé âîçìóùåíèé ïðà-
âîé ÷àñòè.

1. Ïîñòàíîâêà çàäà÷è è åå ñâîéñòâà

Ðàññìîòðèì ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé

A(t)x(t) +

t∫
0

K(t, s)x(s)ds = f(t), 0 ≤ s ≤ t ≤ 1, (4)

ãäå A(t) è K(t, s) � (n × n) ìàòðèöû, f(t) è x(t) � n -ìåðíûå èçâåñòíàÿ è èñêîìàÿ âåêòîð-
ôóíêöèè. Ïðåäïîëàãàåòñÿ, ÷òî ýëåìåíòû A(t),K(t, s), f(t) îáëàäàþò íåîáõîäèìîé ñòåïåíüþ
ãëàäêîñòè. Ïîä ðåøåíèåì èñõîäíîé çàäà÷è (4) áóäåì ïîíèìàòü ëþáóþ íåïðåðûâíóþ âåêòîð-
ôóíêöèþ x(t), îáðàùàþùóþ (4) â òîæäåñòâî.

Ïðèíÿòà ñëåäóþùàÿ êëàññèôèêàöèÿ ñèñòåì (4) (ñì., íàïðèìåð, [12, 17]) :
a) åñëè A(t) ≡ 0, òî òàêèå ñèñòåìû ïðèíÿòî íàçûâàòü ñèñòåìàìè èíòåãðàëüíûõ óðàâíå-

íèé Âîëüòåððà (ÑÈÓÂ) ïåðâîãî ðîäà;
b) åñëè detA(t) ̸= 0 ∀t ∈ [0, 1], â ÷àñòíîñòè, åñëè A(t)−åäèíè÷íàÿ ìàòðèöà, òî ÑÈÓÂ

âòîðîãî ðîäà;
c) åñëè detA(t) = 0, tj ∈ [0, 1], j = 1, 2, ...M, òî ÑÈÓÂ òðåòüåãî ðîäà. Òî÷êè tj ïðèíÿòî

íàçûâàòü ñèíãóëÿðíûìè (îñîáûìè) òî÷êàìè.
Â äàííîé ðàáîòå ðàññìîòðåí ñëó÷àé, êîãäà ìàòðèöà A(t) òîæäåñòâåííî âûðîæäåííàÿ,

ò.å.
detA(t) ≡ 0. (5)

Ñèñòåìû (4) ñ óñëîâèåì (5) ïðèíÿòî íàçûâàòü èíòåãðàëüíûìè àíàëîãàìè
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé [14], âûðîæäåííûìè ÑÈÓÂ [11], ÑÈÓÂ
÷åòâåðòîãî ðîäà è èíòåãðî-àëãåáðàè÷åñêèìè óðàâíåíèÿìè (ÈÀÓ) [18], [19].

Îòìåòèì õàðàêòåðíûå ñâîéñòâà ðàññìàòðèâàåìûõ çàäà÷:
a) Ñèñòåìà (4) ìîæåò èìåòü ìíîæåñòâî ðåøåíèé.
b) Ðàññìàòðèâàåìûå çàäà÷è ÿâëÿþòñÿ íåóñòîé÷èâûìè ê âîçìóùåíèÿì âõîäíûõ äàííûõ.

Òî åñòü çàäà÷à

Ã(t)x̃(t) +

t∫
0

K̃(t, s)x̃(s)ds = f̃(t),

ãäå ||Ã(t)−A(t)|| ≤ δ, ||K̃(t, s)−K(t, s)|| ≤ δ, ||f̃(t)− f(t)|| ≤ δ, çäåñü

|| ∗ || = max
t

max
j

| ∗j (t)|
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ìîæåò íå èìåòü ðåøåíèÿ èëè ||x̃(t)− x(t)|| → ∞, ïðè δ → 0.
Â êà÷åñòâå èëëþñòðàöèè ïðèâåäåì íåñêîëüêî ïðèìåðîâ.

Ïðèìåð 1. Ðàññìîòðèì ñèñòåìó

(
1 0
0 0

)(
u(t)
v(t)

)
+

t∫
0

(
0 1
1 d(t− s)

)(
u(s)
v(s)

)
ds =

(
0
0

)
.

Ïðè d = 1 äàííàÿ ñèñòåìà èìååò ñåìåéñòâî ðåøåíèé u(t) = ϕ(t), v(t) = −ϕ′(t), ãäå ϕ(t)−
ëþáàÿ ôóíêöèÿ èç êëàññà C1

[0,1].

Ïðèìåð 2. Ðàññìîòðèì ñèñòåìó

(
1 0
0 δ1

)(
ũ(t)
ṽ(t)

)
+

t∫
0

(
1 0
0 1

)(
ũ(s)
ṽ(s)

)
ds =

(
1
δ2

)
.

Ïðè δ1 = δ2 ≡ 0 äàííàÿ ñèñòåìà èìååò åäèíñòâåííîå ðåøåíèå u(t) = e−t, v(t) = 0.

Ïðè δ1 ̸= 0, δ2 ̸= 0 ñèñòåìà èìååò ðåøåíèå ũ(t) = e−t, ṽ(t) = δ2
δ1
e
− t

δ1 . Òàêèì îáðàçîì, åñëè
δ1 → −0, òî ||ṽ(t)||C → ∞.

Åñëè δ1 = 0, δ2 = δ sin t
δ2

(||δ2||C = δ), òî ũ(t) = e−t, ṽ(t) = 1
δ cos

t
δ2
, ò.å ||ṽ(t)||C → ∞ ïðè

δ → 0.

Ïðèìåð 3. Ðàññìîòðèì ñèñòåìó

(
1 0
0 0

)(
ũ(t)
ṽ(t)

)
+

t∫
0

(
0 1
1 δ3

)(
ũ(s)
ṽ(s)

)
ds =

(
δ4
0

)
,

ãäå δ4 è δ3 - ñêàëÿðíûå ìàëûå ïàðàìåòðû.
Ïðè δ3 = δ4 ≡ 0 äàííàÿ ñèñòåìà èìååò òîëüêî òðèâèàëüíîå ðåøåíèå, íî åñëè δ3 ̸= 0, δ4 ̸=

0, òî ðåøåíèå äàííîé ñèñòåìû ïðèìåò âèä: ũ(t) = δ4e
− t

δ3 , ṽ(t) = − δ4
δ3
e
− t

δ3 .

Ïðèìåð äâà îòíîñèòñÿ ê êëàññè÷åñêèì íåêîððåêòíî ïîñòàâëåííûì çàäà÷àì: íàõîæäåíèå
ïîëóîáðàòíûõ ìàòðèö è âîññòàíîâëåíèå ïðîèçâîäíîé. Â ïðèìåðå 3 ≪õîðîøåå≫ âîçìóùåíèå
(δ3 íå ìåíÿåò ðàíã ìàòðèöû A(t)) èçìåíÿåò ñòðóêòóðó ìàòðè÷íîãî ïó÷êà λA(t) +B(t).

Â äàëüíåéøåì èçëîæåíèè íàì ïîòðåáóþòñÿ ðÿä îïðåäåëåíèé è âñïîìîãàòåëüíûå óòâåð-
æäåíèÿ.

Â 1987 ãîäó âûøëà ïåðâàÿ ðàáîòà, ïîñâÿùåííàÿ ÈÀÓ, â êîòîðîé áûëè ñôîðìóëèðîâàíû
äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî íåïðåðûâíîãî ðåøåíèÿ äëÿ ðàññìàòðè-
âàåìîãî êëàññà çàäà÷ [14].

Îïðåäåëåíèå 1. [14]. Ïó÷îê ìàòðèö λA(t) + B(t) óäîâëåòâîðÿåò êðèòåðèþ ≪ðàíã-

ñòåïåíü≫ íà îòðåçêå [0, 1] (èìååò èíäåêñ îäèí, èìååò ïðîñòóþ ñòðóêòóðó), åñëè

rankA(t) = deg(det(λA(t) +B(t))) = m = const ∀t ∈ [0, 1],

ãäå λ ñêàëÿð, ñèìâîë deg (.) îçíà÷àåò ïîêàçàòåëü ñòåïåíè ìíîãî÷ëåíà (.), à îïåðàöèÿ deg(0)

íå îïðåäåëåíà.

Òåîðåìà 1. [14]. Ïóñòü äëÿ çàäà÷è (4) âûïîëíåíû óñëîâèÿ:

1. A(t) ∈ C1
[0,1], f(t) ∈ C1

[0,1],K(t, s) ∈ C2
∆,∆ = {0 ≤ s ≤ t ≤ 1};
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2. Ïó÷îê λA(t) +K(t, t) óäîâëåòâîðÿåò êðèòåðèþ ≪ðàíã-ñòåïåíü≫ íà îòðåçêå [0, 1];
3. rankA(0) = rank(A(0) | f(0)).
Òîãäà èñõîäíàÿ ñèñòåìà èìååò åäèíñòâåííîå íåïðåðûâíîå ðåøåíèå.

Â ïðèìåðå 3, êàê îòìå÷àëîñü âûøå, ≪õîðîøèå≫ âîçìóùåíèÿ íå ìåíÿþò ðàíãà ìàòðèöû
A(t), íî ìåíÿþò ñòðóêòóðó ìàòðè÷íîãî ïó÷êà:

det(λA(t) +K(t, t)) =

∣∣∣∣ λ 1
1 δ3

∣∣∣∣ = λδ3 − 1,

òàêèì îáðàçîì, ñòåïåíü îïðåäåëèòåëÿ ïó÷êà ìàòðèö çàâèñèò îò çíà÷åíèÿ δ3:

deg(λδ3 − 1) =

{
1, δ3 ̸= 0,
0, δ3 = 0.

Íàðóøàåòñÿ âòîðîå óñëîâèå òåîðåìû 1, óñëîâèå ≪ðàíã-ñòåïåíü≫, îòâå÷àþùåå çà îòñóòñòèå
ñèíãóëÿðíûõ òî÷åê â ðåøåíèè. È ïðè ðåøåíèè âîçìóùåííîé çàäà÷è (ñì. âûøå ïðèìåð 3)
ïðè δ3 = 0 ðåøåíèÿ íå ñóùåñòâóåò.

2. ×èñëåííûé ìåòîä

Çàäàäèì íà îòðåçêå [0, 1] ðàâíîìåðíóþ ñåòêó ti = ih, i = 1, 2, . . . , N, h = 1
N è îáîçíà÷èì

Ai = A(ti),Ki,j = K(ti, tj), fi = f(ti), xi ≈ x(ti).
Ìíîãîøàãîâûå ìåòîäû èìåþò âèä:

Ai+1

k∑
j=0

αjxi+1−j + h

i+1∑
l=0

ωi+1,lKi+1,lxl = fi+1, i = k, k + 1, ..., N, (6)

ãäå
∑k

j=0 αjxi+1−j � àïïðîêñèìàöèÿ x(ti+1), h
∑i+1

l=0 ωi+1,lKi+1,lxl � àïïðîêñèìàöèÿ èíòå-
ãðàëüíîãî ñëàãàåìîãî, ωi+1,l � íàçûâàþòñÿ âåñàìè êâàäðàòóðíîé ôîðìóëû.

Ïðåäïîëàãàåòñÿ, ÷òî íà÷àëüíûå çíà÷åíèÿ x0, x1, ..., xk−1 çàðàíåå âû÷èñëåíû ñ äîñòàòî÷-
íîé òî÷íîñòüþ.

Ôîðìóëû (6) ìîãóò áûòü:
1) ÿâíûìè ïðè α0 ̸= 0, ωi+1,i+1 = 0;
2) íåÿâíûìè ïðè α0 ̸= 0, ωi+1,i+1 ̸= 0.

Â ñèëó âûðîæäåííîñòè ìàòðèöû A(t) ìîæíî ïðèìåíÿòü òîëüêî íåÿâíûå ìåòîäû. Îäíàêî
ðÿä òàêèõ ìåòîäîâ ïîðîæäàþò íåóñòîé÷èâûå ïðîöåññû [2, 13, 20].

Â ñòàòüå [9] ïðåäëîæåíû è îáîñíîâàíû k-øàãîâûå ìåòîäû, îñíîâàííûå íà ÿâíîì ìåòîäå
Àäàìñà (ñì., íàïðèìåð, [13, 20]) äëÿ èíòåãðàëüíîãî ñëàãàåìîãî è íà ýêñòðàïîëÿöèîííîé
ôîðìóëå äëÿ âû÷èñëåíèÿ xi+1 ïî çàðàíåå âû÷èñëåííûì çíà÷åíèÿì xi, xi−1, ..., xi−k.

Äàííûå ìåòîäû èìåþò âèä:

Ai+1

k∑
j=0

αjxi−j + h
i∑

l=0

ωi+1,lKi+1,lxl = fi+1. (7)

Ïðèâåäåì òàáë. 1 êîýôôèöèåíòîâ αj äëÿ k = 1, 2, ..., 5 (ñì. [9]) è çíà÷åíèÿ êîýôôèöèåí-
òîâ ωi+1,l äëÿ k = 1, 2, 3 (ñì. [13]):

ωi+1,l =
1

2



4
3 3
3 2 3
3 2 2 3
3 2 2 2 3
. . . . . . . . . . . . . . .

 , ωi+1,l =
1

12



9 0 27
9 5 11 23
9 5 16 7 23
9 5 16 12 7 23
9 5 16 12 12 7 23
. . . . . . . . . . . . . . . . . . . . .

 ,
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ωi+1,l =
1

24



64 −32 64
55 5 5 55
55 −4 42 −4 55
55 −4 33 33 −4 55
55 −4 33 24 33 −4 55
55 −4 33 24 24 33 −4 55
. . . . . . . . . . . . . . . . . . . . . . . .


.

Òàáëèöà 1

k α0 α1 α2 α3 α4 α5

1 2 �1 � � � �

2 3 �3 1 � � �

3 4 �6 4 �1 � �

4 5 �10 10 �5 1 �

5 6 �15 20 �15 6 �1

Îòíîñèòåëüíî ñõîäèìîñòè ïðåäëîæåííûõ ìåòîäîâ (7) â [9] áûëà äîêàçàíà ñëåäóþùàÿ
òåîðåìà.

Òåîðåìà 2. [9]. Ïóñòü äëÿ çàäà÷è (4) âûïîëíåíû óñëîâèÿ:

1. ýëåìåíòû x(t), A(t), f(t) ∈ C
(k+1)
[0,1] , K(t, s) ∈ C

(k+2)
∆ ,∆ = {0 ≤ s ≤ t ≤ 1};

2. ïó÷îê λA(t) + K(t, t) óäîâëåòâîðÿåò êðèòåðèþ ≪ðàíã-ñòåïåíü≫ íà âñåì îòðåçêå

[0, 1];
3. rankA(0) = rank(A(0) | f(0)).
4. äëÿ íà÷àëüíûõ çíà÷åíèé ñïðàâåäëèâî ||xj − x(tj)|| ≤ Rhk+1, R < ∞, j = 0, 1, · · · , k− 1
Òîãäà ìåòîä (7) ïðè k ≤ 5 ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ ñ ïîðÿäêîì k + 1, òî åñòü,

ñïðàâåäëèâà îöåíêà

||xi − x(ti)|| = O(hk+1), i = k, k + 1, ..., N − 1.

3. Óñòîé÷èâîñòü ìåòîäà ê âîçìóùåíèÿì èñõîäíûõ äàííûõ

Ðàññìîòðèì âîçìóùåííóþ çàäà÷ó

A(t)x̃(t) +

t∫
0

K(t, s)x̃(s)ds = f̃(t), 0 ≤ s ≤ t ≤ 1. (8)

Êàê óæå îòìå÷àëîñü âûøå, ðàññìàòðèâàåìûå çàäà÷è îòíîñÿòñÿ ê êëàññó óñëîâíî êîð-
ðåêòíûõ çàäà÷ è ||x̃(t)− x(t)|| → ∞, ïðè δ → 0.

Ïîêàæåì, ÷òî (7) ÿâëÿåòñÿ ðåãóëÿðèçèðóþùèì àëãîðèòìîì, åñëè ñâÿçàòü h è δ îïðåäå-
ëåííûì îáðàçîì. Âûïèøåì äëÿ (8) ñõåìó (7):

Ai+1

k∑
j=0

αj x̃i−j + h

i∑
l=0

ωi+1,lKi+1,lx̃l = f̃i+1, i = 1, 2, .... (9)

Ââåäåì âåêòîð ïîãðåøíîñòè ðåøåíèÿ ϵ̃j = x̃i − x(ti) è îöåíèì åãî íîðìó â ìåòðèêå C.
Äàííûé âåêòîð óäîâëåòâîðÿåò ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ)
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Ai+1

k∑
j=0

αj ϵ̃i−j + h
i∑

l=0

ωi+1,lKi+1,lϵ̃l = r̃i+1, (10)

ãäå r̃i+1 = ri+1 + fi+1 − f̃i+1, i = 1, ..., N, ri+1− ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû.
Ïðîâîäÿ âûêëàäêè, àíàëîãè÷íûå [9], ïîëó÷èì

||ϵ̃i|| ≤ L1h
k+1 +

2δ

h
.

Âûáèðàÿ h ñëåäóþùèì îáðàçîì:

L1h
k+1 +

2δ

h
→ min,

h(δ) ≍ δ
1

k+2 , (11)

ïîëó÷èì:

||x̃j − x(tj)|| = O(δ
k+1
k+2 ). (12)

Èç (11), (12) âûòåêàåò, ÷òî ìåòîä (7) ìîæíî ðàññìàòðèâàòü êàê ðåãóëÿðèçèðóþùèé àë-
ãîðèòì, â êîòîðîì øàã ñåòêè ÿâëÿåòñÿ ïàðàìåòðîì ðåãóëÿðèçàöèè.

Òî çíà÷åíèå h, ïðè êîòîðîì ||x̃j −x(tj)|| ïðèíèìàåò ìèíèìàëüíûå çíà÷åíèÿ áóäåì íàçû-
âàòü, ïî àíàëîãèè ñ [1], êâàçèîïòèìàëüíûì øàãîì è îáîçíà÷àòü hk.o..

4. ×èñëåííûå ýêñïåðèìåíòû

×èñëåííûå ðàñ÷åòû ïðîâîäèëèñü íà íåñêîëüêèõ òåñòîâûõ ÈÀÓ ñ ïèëîîáðàçíûì âîç-
ìóùåíèåì ïðàâîé ÷àñòè, ò.å. âìåñòî òî÷íîãî çíà÷åíèÿ âåêòîð-ôóíêöèè f(ti) ìû âçÿëè
f̂i = fi + δ(̇− 1)i.

Ïðèìåð 4.(
1 1
1 1

)(
x1(t)
x2(t)

)
+

t∫
0

(
1 0
0 1

)(
x1(s)
x2(s)

)
ds =

( 3
2 t

2 + t
t3

3 + t2 + t

)
, t ∈ [0, 1].

Òî÷íîå ðåøåíèå: x(t) =

(
t
t2

)
. Ðåçóëüòàòû ðàñ÷åòîâ ïðèâåäåíû â òàáë. 2.

Ïðèìåð 5.(
1 t
t t2

)(
x1(t)
x2(t)

)
+

t∫
0

(
et−s 0
e−2s et+s

)(
x1(s)
x2(s)

)
ds =

(
t · e−t + et(t+ 1)

2t · et + 1 + e−t(t2 − 1)

)
, t ∈ [0, 1].

Òî÷íîå ðåøåíèå: x(t) =

(
et

e−t

)
. Ðåçóëüòàòû ðàñ÷åòîâ ïðèâåäåíû â òàáë. 3.

Ïðèìåð 6.(
1 1
et et

)(
x1(t)
x2(t)

)
+

t∫
0

(
t+ 2s t− s
1 + s 2et+s

)(
x1(s)
x2(s)

)
ds =

(
2t+ 1 + e−t(1− 3t)

2t · et + 4− e−t(2 + t)

)
,

t ∈ [0, 1].

Òî÷íîå ðåøåíèå: x(t) =

(
e−t

e−t

)
. Ðåçóëüòàòû ðàñ÷åòîâ ïðèâåäåíû â òàáë. 4.
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Òàáëèöà 2

k = 0 k = 1 k = 2

δ hk.o err δ hk.o err δ hk.o err

0, 1 0, 3162 0, 46 0, 1 0, 46416 0, 22135 0, 1 0, 5623 0, 01376
0,1
4 0, 1581 0, 2561 0,1

8 0, 2321 0, 0662 0,1
16 0, 2812 0, 13 · 10−3

0,1
42

0, 0791 0, 1228 0,1
82

0, 11604 0, 016804 0,1
162

0, 1406 0, 35 · 10−4

0,1
43

0, 0395 0, 0603 0,1
83

0, 05802 0, 00402 0,1
163

0, 0703 0, 16 · 10−5

0,1
44

0, 0198 0, 0307 0,1
84

0, 0290 0, 00101 0,1
164

0, 0352 0, 1 · 10−6

Òàáëèöà 3

k = 0 k = 1 k = 2

δ hk.o err δ hk.o err δ hk.o err

0, 1 0, 3162 0, 242 0, 1 0, 46416 0, 1950 0, 1 0, 5623 0, 0684
0,1
4 0, 1581 0, 11304 0,1

8 0, 2321 0, 0563 0,1
16 0, 2812 0, 011

0,1
42

0, 0791 0, 055 0,1
82

0, 11604 0, 01251 0,1
162

0, 1406 0, 00218
0,1
43

0, 0395 0, 0257 0,1
83

0, 05802 0, 00312 0,1
163

0, 0703 0, 26 · 10−3

0,1
44

0, 0198 0, 01391 0,1
84

0, 0290 0, 79 · 10−3 0,1
164

0, 0352 0, 32 · 10−4

Òàáëèöà 4

k = 0 k = 1 k = 2

δ hk.o err δ hk.o err δ hk.o err

0, 1 0, 3162 0, 12 0, 1 0, 46416 0, 0758 0, 1 0, 5623 0, 011
0.1
4 0, 1581 0, 0324 0.1

8 0, 2321 0, 0149 0.1
16 0, 2812 0, 0084

0.1
42

0, 0791 0, 0174 0.1
82

0, 11604 0, 0002 0.1
162

0, 1406 0, 00037
0.1
43

0, 0395 0, 0089 0.1
83

0, 05802 0, 47 · 10−3 0.1
163

0, 0703 0, 47 · 10−4

0.1
44

0, 0198 0, 0042 0.1
84

0, 0290 0, 28 · 10−4 0.1
164

0, 0352 0, 71 · 10−5

Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ õîðîøî ñîãëàñóþòñÿ ñ òåîðåòè÷åñêèå âûêëàäêàìè.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ íîìåð 11-01-00639-a è 13-01-93002-

Âüåò-a.

Ëèòåðàòóðà

1. Àïàðöèí, À.Ñ. Íåêëàññè÷åñêèå óðàâíåíèÿ Âîëüòåððà I ðîäà: òåîðèÿ è ÷èñëåííûå ìåòî-
äû / À.Ñ. Àïàðöèí. � Íîâîñèáèðñê: Íàóêà. Ñèá. èçä. ôèðìà ÐÀÍ, 1999.

2. Àïàðöèí, À.Ñ. Ïðèáëèæåííîå ðåøåíèå èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà 1 ðîäà ìå-
òîäîì êâàäðàòóð / À.Ñ. Àïàðöèí, À.Á. Áàêóøèíñêèé // Äèôôåðåíöèàëüíûå è èíòå-
ãðàëüíûå óðàâíåíèÿ. � Èðêóòñê: ÈÃÓ, 1972. � Âûï. 1. � Ñ. 248�258.

3. Áîÿðèíöåâ, Þ.Å. Ðåãóëÿðíûå è ñèíãóëÿðíûå ñèñòåìû ëèíåéíûõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé / Þ.Å. Áîÿðèíöåâ. � Íîâîñèáèðñê: Íàóêà, 1980. � 222 ñ.

4. Áîÿðèíöåâ, Þ.Å. Ïðèìåíåíèå îáîáùåííûõ îáðàòíûõ ìàòðèö ê ðåøåíèþ è èññëåäîâàíèþ
ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà /
Þ.Å. Áîÿðèíöåâ // Ìåòîäû îïòèìèçàöèè è èññëåäîâàíèÿ îïåðàöèé. � Èðêóòñê: ÑÝÈ
ÑÎ ÀÍ ÑÑÑÐ, 1984. � Ñ. 123�141.

5. Áîÿðèíöåâ, Þ.Å. Ìåòîäû ðåøåíèÿ âûðîæäåííûõ ñèñòåì îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé / Þ.Å. Áîÿðèíöåâ. � Íîâîñèáèðñê: Íàóêà, 1988. � 158 ñ.

2013, òîì 6, � 4 11



Ì.Â. Áóëàòîâ, Î.Ñ. Áóäíèêîâà

6. Áîÿðèíöåâ, Þ.Å. Ìåòîäû ðåøåíèÿ íåïðåðûâíûõ è äèñêðåòíûõ çàäà÷ äëÿ ñèíãóëÿðíûõ
ñèñòåì óðàâíåíèé / Þ.Å. Áîÿðèíöåâ. � Íîâîñèáèðñê: Íàóêà, 1996. � 261 ñ.

7. Áîÿðèíöåâ, Þ.Å. Ïðèìåíåíèå ðàçíîñòíûõ ìåòîäîâ ê ðåøåíèþ ðåãóëÿðíûõ ñèñòåì îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé / Þ.Å. Áîÿðèíöåâ, Â.Ì. Êîðñóêîâ // Âîïð.
ïðèêëàä. ìàòåìàòèêè. � Èðêóòñê: ÑÝÈ ÑÎ ÀÍ ÑÑÑÐ, 1975. � Ñ. 140�152.

8. Áîÿðèíöåâ, Þ.Å. Ïó÷êè ìàòðèö è àëãåáðî-äèôôåðåíöèàëüíûå ñèñòåìû / Þ.Å. Áî-
ÿðèíöåâ, È. Â. Îðëîâà. � Íîâîñèáèðñê: Íàóêà, 2006. � 124 ñ.

9. Áóäíèêîâà, Î.Ñ. ×èñëåííîå ðåøåíèå èíòåãðî-àëãåáðàè÷åñêèõ óðàâíåíèé ìíîãîøàãîâû-
ìè ìåòîäàìè / Î.Ñ. Áóäíèêîâà, Ì.Â. Áóëàòîâ //Æóðíàë âû÷èñëèòåëüíîé ìàòåìàòèêè
è ìàòåìàòè÷åñêîé ôèçèêè. � 2012. � Ò. 52, �5. � Ñ. 829�839.

10. Áóëàòîâ, Ì.Â. Ðåøåíèå àëãåáðî-äèôôåðåíöèàëüíûõ ñèñòåì ìåòîäîì íàèìåíüøèõ êâàä-
ðàòîâ / Ì.Â. Áóëàòîâ, Â.Ô. ×èñòÿêîâ // Òð. XI Ìåæäóíàð. Áàéêàë. øê.-ñåìèíàðà
≪Ìåòîäû îïòèìèçàöèè è ïðèëîæåíèÿ≫. � Èðêóòñê: ÈÑÝÌ ÑÎ ÐÀÍ, 1998. � Ò. 4. �
Ñ. 72�75.

11. Áóëàòîâ, Ì.Â. Ðåãóëÿðèçàöèÿ âûðîæäåííûõ ñèñòåì èíòåãðàëüíûõ óðàâíåíèé Âîëüòåð-
ðà / Ì.Â. Áóëàòîâ // Æóðíàë âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîé ôèçèêè.
� 2002. � Ò. 42, � 3. � Ñ. 330�335.

12. Âåðëàíü, À.Ô. Èíòåãðàëüíûå óðàâíåíèÿ: ìåòîäû, àëãîðèòìû, ðåøåíèÿ / À.Ô. Âåðëàíü,
Â.Ñ. Ñèçèêîâ. � Êèåâ: Íàóêîâà äóìêà, 1986.

13. Òåí Ìåí ßí Ïðèáëèæåííîå ðåøåíèå ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà I
ðîäà: äèñ. . . . êàíä. ôèç. ìàò. íàóê / Òåí Ìåí ßí. � Èðêóòñê, 1985. � 215 ñ.

14. ×èñòÿêîâ, Â.Ô. Î ñèíãóëÿðíûõ ñèñòåìàõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
è èõ èíòåãðàëüíûõ àíàëîãàõ / Â.Ô. ×èñòÿêîâ //Ôóíêöèè Ëÿïóíîâà è èõ ïðèìåíåíèÿ. �
Íîâîñèáèðñê: Íàóêà, 1987. � Ñ. 231�239.

15. Õàéðåð, Ý. Ðåøåíèå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Æåñòêèå è
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèå çàäà÷è: ïåð. ñ àíãë. / Ý. Õàéðåð, Ã. Âàííåð. � Ì.:
Ìèð, 1999. � 685 ñ.

16. Brenan, K.F. Numercal Solution of Initial-Value Problems in Di�erental-Algebraic Equations
/K.F. Brenan, S.L. Campbell, L.R. Petzold // Appl. Math. � Philadelphia, 1996.

17. Brunner, H. The Numercal Solution of Volterra Equations / H. Brunner, P. J. van der
Houwen. � Amsterdam: North-Holland, CWI Monographs 3, 1986.

18. Brunner, H. Collocation Methods for Volterra Integral and Related Functioal Equations /
H. Brunner. � Cambridge: Unversity Press, 2004.

19. Kauthen, J.P. The Numerical Solution of Integral-Algebraic Equations of Index-1 by
Pollinomial Spline Collocation Methods / J.P. Kauthen // Math. Comp. � 2000. � V. 236. �
P. 1503�1514.

20. Linz, P. A Survey of Methods for the Solution of Volterra Integral Equations of the First Kind
/ P. Linz //Collocation Methods for Volterra Integral and Related Functional Equations. �
University Press, Cambridge, 2004.

21. Hadizadeh, M. Jacobi Spectral Solution for Integral Algebraic Equations of Index-2 /
M. Hadizadeh, F. Ghoreishi, S. Pishbin // Appl. Numer. Math. � 2011. � V. 61, issue 1. �
P. 131�148.

Ìèõàèë Âàëåðüÿíîâè÷ Áóëàòîâ, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð, ãëàâ-
íûé íàó÷íûé ñîòðóäíèê, Èíñòèòóò äèíàìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ ÑÎ ÐÀÍ (ã. Èð-
êóòñê, Ðîññèéñêàÿ Ôåäåðàöèÿ), Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Èðêóòñêèé ãîñóäàðñòâåí-
íûé òåõíè÷åñêèé óíèâåðñèòåò (ã. Èðêóòñê, Ðîññèéñêàÿ Ôåäåðàöèÿ), mvbul@icc.ru.

12 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

Îëüãà Ñåðãååâíà Áóäíèêîâà, àññèñòåíò, êàôåäðà ≪Ìàòåìàòèêà è ìåòîäèêà îáó÷åíèÿ
ìàòåìàòèêå≫, ÔÃÁÎÓ ÂÏÎ ≪Âîñòî÷íî-Ñèáèðñêàÿ ãîñóäàðñòâåííàÿ àêàäåìèÿ îáðàçîâàíèÿ≫

(ã. Èðêóòñê, Ðîññèéñêàÿ Ôåäåðàöèÿ), osbud@mail.ru.

Bulletin of the South Ural State University.

Series ≪Mathematical Modelling, Programming & Computer Software≫,

2013, vol. 6, no. 4, pp. 5�14.

MSC 65R20

On Stable Algorithms for Numerical Solution
of Integral-Algebraic Equations
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Russian Academy of Sciences, Irkutsk State Technical University, Irkutsk, Russian Federation,
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osbud@mail.ru

There is the necessity to study integral-algebraic equations if a prototype process has
an aftere�ect at the analysis of various areas of science. Particularly, a system of interrelated
Volterra equations of the �rst and second kind and algebraic equations can be written as
integral-algebraic equation. In this paper linear integral-algebraic equations are considered.
We have constructed multistep methods for numerical solutions of IAEs. These methods
are based on Adams quadrature formulas and on extrapolation formulas as well. We have
proven suggested algorithms convergence. In this paper we show that our multistep methods
have a property of self-regularizing; and regularization parameter is the step of a grid, which
is connected with the level of accuracy of right-part error of the system under consideration.
The results of numerical experiments illustrate theoretical computations.

Keywords: integral-algebraic equations; multistep methods; self-regularization.
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