
ÓÄÊ 517.9

ËÈÍÅÉÍÛÅ ÌÎÄÅËÈ ÒÅÎÐÈÈ ÂßÇÊÎÓÏÐÓÃÎÑÒÈ
ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ

Ì.Â. Ôàëàëååâ

Â ðàáîòå ìåòîäàìè òåîðèè ôóíäàìåíòàëüíûõ îïåðàòîð-ôóíêöèé è òåîðèè ïîëó-

ãðóïï îïåðàòîðâ ñ ÿäðàìè èññëåäîâàíà çàäà÷à Êîøè äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî

óðàâíåíèÿ ñîáîëåâñêîãî òèïà â áàíàõîâûõ ïðîñòðàíñòâàõ. Ïîñòðîåíà ôóíäàìåíòàëüíàÿ

îïåðàòîð-ôóíêöèÿ, ñ ïîìîùüþ êîòîðîé ïîëó÷åíà êîíñòðóêòèâíàÿ ôîðìóëà äëÿ îáîá-

ùåííîãî ðåøåíèÿ â êëàññå ðàñïðåäåëåíèé ñ îãðàíè÷åííûì ñëåâà íîñèòåëåì. Îïèñàíû

óñëîâèÿ ñîâïàäåíèÿ êëàññè÷åñêîãî è îáîáùåííîãî ðåøåíèé. Àáñòðàêòíûå ðåçóëüòàòû

ïðîèëëþñòðèðîâàíû íà ïðèìåðàõ çàäà÷ Êîøè�Äèðèõëå èç ìàòåìàòè÷åñêîé òåîðèè âÿç-

êîóïðóãîñòè.

Êëþ÷åâûå ñëîâà: áàíàõîâû ïðîñòðàíñòâà; îáîáùåííûå ôóíêöèè; âÿçêîóïðóãîñòü.

Ââåäåíèå

Íåêîòîðûå êîëåáàòåëüíûå ïðîöåññû â âÿçêîóïðóãèõ ñðåäàõ ìîäåëèðóþòñÿ íà÷àëüíî-
êðàåâûìè çàäà÷àìè äëÿ íåêëàññè÷åñêèõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ ñ íåîáðàòèìûì îïåðàòîðîì ïðè ñòàðøåé ïî âðåìåíè ïðîèçâîäíîé. Ðåäóêöèÿ òà-
êèõ çàäà÷ ê âûðîæäåííûì èíòåãðî-äèôôåðåíöèàëüíûì óðàâíåíèÿì â áàíàõîâûõ ïðîñòðàí-
ñòâàõ ïîçâîëÿåò èññëåäîâàòü èõ â íàèáîëåå îáùåé ïîñòàíîâêå ñ åäèíûõ ìåòîäîëîãè÷åñêèõ
ïîçèöèé. Òàêîâûìè â äàííîé ðàáîòå ÿâëÿþòñÿ òåîðèÿ ôóíäàìåíòàëüíûõ îïåðàòîð-ôóíêöèé
[1] è òåîðèÿ ïîëóãðóïï îïåðàòîðîâ ñ ÿäðàìè [2]. Öåëüþ ïðåäëàãàåìîé ðàáîòû ÿâëÿåòñÿ ÷åðåç
êîìáèíèðîâàíèå îñíîâíûõ èäåé ýòèõ äâóõ ïîäõîäîâ ïîëó÷èòü îáùèå òåîðåìû î ðàçðåøèìî-
ñòè â êëàññàõ ðàñïðåäåëåíèé çàäà÷è Êîøè

Bu(N)(t) = Au(t) +

t∫
0

g(t− s)Bu(s)ds+ f(t), (1)

u(0) = u0, u
′
(0) = u1, . . . , u(N−1)(0) = uN−1, (2)

ãäå B ∈ L(E1, E2), A ∈ Cl(E1, E2), B íåîáðàòèì, E1, E2 � áàíàõîâû ïðîñòðàíñòâà
g(t) : R+ → R. Íà ýòîé îñíîâå ìîæíî ïîëó÷èòü ïîëíîå ïðåäñòàâëåíèå î ñòðóêòóðå îáîáùåí-
íîãî ðåøåíèÿ è ñôîðìóëèðîâàòü óòâåðæäåíèÿ î ãëàäêèõ ðåøåíèÿõ çàäà÷è (1), (2), ÷òî â
ñâîþ î÷åðåäü ïîçâîëÿåò âñåñòîðîííå èññëåäîâàòü íåêîòîðûå çàäà÷è òåîðèè âÿçêîóïðóãîñòè.

1. Ïîñòðîåíèå îáîáùåííîãî ðåøåíèÿ

Â îáîáùåííûõ ôóíêöèÿõ [1] çàäà÷à (1), (2) ïåðåïèñûâàåòñÿ â âèäå(
B
(
δ(N)(t)− g(t)θ(t)

)
−Aδ(t)

)
∗ ũ(t) =

= f(t)θ(t) +BuN−1δ(t) +BuN−2δ
′
(t) + . . .+Bu0δ

(N−1)(t). (3)

Â êëàññå K
′
+(E1) îáîáùåííûõ ôóíêöèé ñ îãðàíè÷åííûì ñëåâà íîñèòåëåì åäèíñòâåííûì ðå-

øåíèåì óðàâíåíèÿ (3) ÿâëÿåòñÿ ôóíêöèÿ

ũ(t) = EN (t) ∗ (f(t)θ(t) +BuN−1δ(t) +BuN−2δ
′
(t) + . . .+Bu0δ

(N−1)(t)). (4)
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Çäåñü EN (t) � ôóíäàìåíòàëüíàÿ îïåðàòîð-ôóíêöèÿ [1] èíòåãðî-äèôôåðåíöèàëüíîãî îïåðà-
òîðà LN (δ(t)) = B

(
δ(N)(t)− g(t)θ(t)

)
−Aδ(t), óäîâëåòâîðÿþùàÿ ñëåäóþùåé ïàðå óðàâíåíèé

LN (δ(t)) ∗ EN (t) ∗ v(t) = v(t), ∀ v(t) ∈ K
′
+(E2),

EN (t) ∗ LN (δ(t)) ∗ w(t) = w(t), ∀ w(t) ∈ K
′
+(E1).

Ïóñòü îïåðàòîð A ñïåêòðàëüíî îãðàíè÷åí îòíîñèòåëüíî îïåðàòîðà B (èëè (B, σ)-
îãðàíè÷åí) [2], ò.å. âíå íåêîòîðîãî êðóãà ðàäèóñà a íåïðåðûâíî îáðàòèì îïåðàòîð (µB−A).
Òîãäà ïðîåêòîðû

P =
1

2πi

∮
Γ

(µB −A)−1Bdµ : E1 → E1, Q =
1

2πi

∮
Γ

B(µB −A)−1dµ : E2 → E2,

Γ = {µ ∈ C : |µ| = r > a} , ïîðîæäàþò ðàçëîæåíèÿ ïðîñòðàíñòâ â ïðÿìûå ñóììû E1 = E0
1 ⊕

E1
1 = N(P )⊕R(P ) è E2 = E0

2⊕E1
2 = N(Q)⊕R(Q). Äåéñòâèÿ îïåðàòîðîâ A è B ðàñùåïëÿþòñÿ

òàêèì îáðàçîì, ÷òî íåïðåðûâíî îáðàòèìû A0 : E0
1 → E0

2 è B1 : E1
1 → E1

2 , îãðàíè÷åí A1 :
E1

1 → E1
2 , QB = BP è QA = AP. Îòñþäà åñòåñòâåííûì îáðàçîì âûòåêàþò âñïîìîãàòåëüíûå

òîæäåñòâà

BB−1
1 Q = Q, AA−1

0 (I −Q) = I −Q,
(
A1B

−1
1

)k
BP =

(
A1B

−1
1

)k−1
A1P,

A
(
A−1

0 B0

)k
A0(I −Q) = B0

(
A−1

0 B0

)k−1
A0(I −Q), k ≥ 1.

Â äàëüíåéøåì èçëîæåíèè ïîòðåáóåòñÿ ñëåäóþùàÿ âñïîìîãàòåëüíàÿ ëåììà èç [3]

Ëåììà 1. Ïóñòü R(t) � ðåçîëüâåíòà ÿäðà k(t) = tN−1

(N−1)!θ(t) ∗ g(t)θ(t), òîãäà â ñâåðòî÷íîé
àëãåáðå D′

+ ñïðàâåäëèâû ðàâåíñòâà

tN−1

(N − 1)!
θ(t) ∗

(
δ(t) +R(t)θ(t)

)
∗
(
δ(N)(t)− g(t)θ(t)

)
= δ(t),

t(k+1)N−1

((k + 1)N − 1)!
θ(t) ∗

(
δ(t) +R(t)θ(t)

)k+1
∗
(
δ(N)(t)− g(t)θ(t)

)
=

=
tkN−1

(kN − 1)!
θ(t) ∗

(
δ(t) +R(t)θ(t)

)k
, k ≥ 1,

çäåñü ïîä ñòåïåíüþ îáîáùåííîé ôóíêöèè ïîíèìàåòñÿ åå êðàòíàÿ ñâåðòêà ñ ñîáîé, íóëåâàÿ

ñòåïåíü îáîáùåííîé ôóíêöèè åñòü δ(t).

Â ââåäåííûõ çäåñü îáîáçíà÷åíèÿõ ñôîðìóëèðóåì ñëåäóþùóþ

Òåîðåìà 1. Ïóñòü îïåðàòîð A ñïåêòðàëüíî îãðàíè÷åí îòíîñèòåëüíî B, òîãäà èíòåãðî-
äèôôåðåíöèàëüíûé îïåðàòîð LN (δ(t)) èìååò ôóíäàìåíòàëüíóþ îïåðàòîð-ôóíêöèþ âèäà

EN (t) = B−1
1

+∞∑
k=1

tkN−1

(kN − 1)!
θ(t) ∗

(
δ(t) +R(t)θ(t)

)k (
A1B

−1
1

)k−1
Q−

−
+∞∑
q=0

(
A−1

0 B0

)q
A−1

0 (I −Q)
(
δ(N)(t)− g(t)θ(t)

)q
. (5)
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Äîêàçàòåëüñòâî. Â ñîîòâåòñòâèè ñ îïðåäåëåíèåì ôóíäàìåíòàëüíîé îïåðàòîð-ôóíêöèè ïðî-
âåðèì ñïðàâåäëèâîñòü ñëåäóþùèõ äâóõ ñâåðòî÷íûõ ðàâåíñòâ

LN (δ(t)) ∗ EN (t) = I2δ(t), EN (t) ∗ LN (δ(t)) = I1δ(t),

ãäå I1, I2 � òîæäåñòâåííûå îïåðàòîðû áàíàõîâûõ ïðîñòðàíñòâ E1 è E2 ñîîòâåòñòâåííî.
Ñïðàâåäëèâà ñëåäóþùàÿ öåïî÷êà ðàâåíñòâ

LN (δ(t)) ∗ EN (t) = BB−1
1

tN−1

(N − 1)!
θ(t) ∗

(
δ(N)(t)− g(t)θ(t)

)
∗
(
δ(t) +R(t)θ(t)

)
Q+

+BB−1
1

+∞∑
k=1

t(k+1)N−1

((k + 1)N − 1)!
θ(t) ∗

(
δ(N)(t)− g(t)θ(t)

)
∗
(
δ(t) +R(t)θ(t)

)k+1 (
A1B

−1
1

)k
Q−

−B

+∞∑
q=0

(
A−1

0 B0

)q
A−1

0 (I −Q)
(
δ(N)(t)− g(t)θ(t)

)q+1
−

−
+∞∑
k=1

tkN−1

(kN − 1)!
θ(t) ∗

(
δ(t) +R(t)θ(t)

)k (
A1B

−1
1

)k
Q+

+AA−1
0 (I −Q)δ(t) +A

+∞∑
q=0

(
A−1

0 B0

)q+1
A−1

0 (I −Q)
(
δ(N)(t)− g(t)θ(t)

)q+1
.

Îòñþäà â ñîîòâåòñòâèè ñî âñïîìîãàòåëüíûìè òîæäåñòâàìè è ëåììîé ïîëó÷àåì

LN (δ(t)) ∗ EN (t) = Qδ(t) +
+∞∑
k=1

tkN−1

(kN − 1)!
θ(t) ∗

(
δ(t) +R(t)θ(t)

)k (
A1B

−1
1

)k
Q−

−B0

+∞∑
q=0

(
A−1

0 B0

)q
A−1

0 (I −Q)
(
δ(N)(t)− g(t)θ(t)

)q+1
−

−
+∞∑
k=1

tkN−1

(kN − 1)!
θ(t) ∗

(
δ(t) +R(t)θ(t)

)k (
A1B

−1
1

)k
Q+

+(I −Q)δ(t) +B0

+∞∑
q=0

(
A−1

0 B0

)q
A−1

0 (I −Q)
(
δ(N)(t)− g(t)θ(t)

)q+1
=

= Qδ(t) + (I −Q)δ(t) = Iδ(t).

Àíàëîãè÷íî äîêàçûâàåòñÿ âòîðîå ðàâåíñòâî

EN (t) ∗ LN (δ(t)) = B−1
1 QBδ(t) +B−1

1

+∞∑
k=1

tkN−1

(kN − 1)!
θ(t) ∗

(
δ(t) +R(t)θ(t)

)k (
A1B

−1
1

)k
QB−

−
+∞∑
q=0

(
A−1

0 B0

)q
A−1

0 (I −Q)B
(
δ(N)(t)− g(t)θ(t)

)q+1
−

−B−1
1

+∞∑
k=1

tkN−1

(kN − 1)!
θ(t) ∗

(
δ(t) +R(t)θ(t)

)k (
A1B

−1
1

)k−1
QA+
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+A−1
0 (I −Q)Aδ(t) +

+∞∑
q=0

(
A−1

0 B0

)q+1
A−1

0 (I −Q)A
(
δ(N)(t)− g(t)θ(t)

)q+1
.

Ïîñêîëüêó

B−1
1 QB = B−1

1 BP = P,
(
A1B

−1
1

)k
QB =

(
A1B

−1
1

)k
BP =

(
A1B

−1
1

)k−1
A1P,(

A1B
−1
1

)k−1
QA =

(
A1B

−1
1

)k−1
A1P, A−1

0 (I −Q)A = A−1
0 A0(I − P ) = I − P,

òîãäà
EN (t) ∗ LN (δ(t)) = Pδ(t) + (I − P )δ(t) = Iδ(t).

Çàìå÷àíèå 1. Åñëè áåñêîíå÷íîñòü ÿâëÿåòñÿ óñòðàíèìîé îñîáîé òî÷êîé [2] äëÿ (µB −A)−1

(B-ðåçîëüâåíòû îïåðàòîðà A), ò.å. A−1
0 B0 ≡ 0, òî ïðåäñòàâëåíèå (5) äëÿ ôóíäàìåíòàëüíîé

îïåðàòîð-ôóíêöèè EN (t) èìååò ñëåäóþùèé íàèáîëåå ïðîñòîé âèä

ẼN (t) = B−1
1

+∞∑
k=1

tkN−1

(kN − 1)!
θ(t) ∗

(
δ(t) +R(t)θ(t)

)k (
A1B

−1
1

)k−1
Q−A−1

0 (I −Q)δ(t).

Çàìå÷àíèå 2. Åñëè â óñëîâèÿõ òåîðåìû 1 áåñêîíå÷íîñòü ÿâëÿåòñÿ óñòðàíèìîé îñîáîé
òî÷êîé äëÿ (µB − A)−1, òî îáîáùåííîå ðåøåíèå (4) çàäà÷è (1), (2) ÿâëÿåòñÿ ðåãóëÿðíîé
îáîáùåííîé ôóíêöèåé è èìååò âèä

ũ(t) = B−1
1

+∞∑
k=1

tkN−1

(kN − 1)!
θ(t)∗

(
δ(t)+R(t)θ(t)

)k
∗
(
A1B

−1
1

)k−1
Qf(t)θ(t)−A−1

0 (I−Q)f(t)θ(t)

+
N−1∑
j=0

B−1
1

+∞∑
k=1

tkN−1−j

(kN − 1− j)!
θ(t) ∗

(
δ(t) +R(t)θ(t)

)k
∗
(
A1B

−1
1

)k−1
QBuN−1−jδ(t). (6)

Äàëåå èç ôîðìóëû (6) ïðÿìûìè âû÷èñëåíèÿìè íàõîäèì

dj

dtj
ũ(t)

∣∣∣∣
t=0

= −A−1
0 (I −Q)f (j)(0) +B−1

1 QBuj = Puj −A−1
0 (I −Q)f (j)(0).

Ïîñêîëüêó ôóíêöèÿ ũ(t) óäîâëåòâîðÿåò óðàâíåíèþ (1), òî ïîòðåáîâàâ âûïîëíåíèÿ óñëîâèé
ũ(j)(0) = uj , ïîëó÷èì

Òåîðåìà 2. Ïóñòü îïåðàòîð A ñïåêòðàëüíî îãðàíè÷åí îòíîñèòåëüíî B, áåñêîíå÷íîñòü
ÿâëÿåòñÿ óñòðàíèìîé îñîáîé òî÷êîé äëÿ B-ðåçîëüâåíòû îïåðàòîðà A, f(t) � äîñòàòî÷íî

ãëàäêàÿ, òî çàäà÷à Êîøè (1), (2) èìååò åäèíñòâåííîå ðåøåíèå êëàññà CN
+ (t ≥ 0, E1) âèäà

(6), åñëè âûïîëíåíû óñëîâèÿ

(I −Q)
(
Auj + f (j)(0)

)
= 0, j = 0, 1, . . . , N − 1.

2. Ïðèëîæåíèÿ

Ðàññìîòðèì äâå íà÷àëüíî-êðàåâûå çàäà÷è òåîðèè âÿçêîóïðóãîñòè [4].

Ïðèìåð 1. Ðàññìîòðèì óðàâíåíèå

(λ−∆)ut −∆u−
t∫

0

g(t− s) (α−∆)u(s, x̄)ds = f(t, x̄), (7)
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â êîòîðîì u = u(t, x̄) � èñêîìàÿ ôóíêöèÿ, x̄ ∈ Ω ⊂ Rm � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé
∂Ω êëàññà C∞. Áóäåì èñêàòü ôóíêöèþ u = u(t, x̄), îïðåäåëåííóþ íà öèëèíäðå R+ × Ω è
óäîâëåòâîðÿþùóþ íà÷àëüíî-êðàåâûì óñëîâèÿì

u

∣∣∣∣
t=0

= u0(x̄), x̄ ∈ Ω, u

∣∣∣∣
x̄∈∂Ω

= 0, t ≥ 0. (8)

Çàäà÷à Êîøè�Äèðèõëå (7), (8) ðåäóöèðóåòñÿ ê çàäà÷å Êîøè (1), (2) åñëè ïîëîæèòü α = λ,
ïðîñòðàíñòâà E1 è E2 âûáðàòü êàê ñîáîëåâñêèå

E1 ≡
{
v(x̄ ∈ W 2

2 (Ω) : v

∣∣∣∣
∂Ω

= 0)

}
, E2 ≡ W2(Ω), (9)

îïåðàòîðû A è B îïðåäåëèòü ôîðìóëàìè

B = λ−∆, A = ∆, λ ∈ σ(B). (10)

Â ýòîì ñëó÷àå îïåðàòîð A ÿâëÿåòñÿ ñïåêòðàëüíî îãðàíè÷åí îòíîñèòåëüíî B, è áåñêîíå÷íîñòü
ÿâëÿåòñÿ óñòðàíèìîé îñîáîé òî÷êîé B-ðåçîëüâåíòû îïåðàòîðà A. Â ñîîòâåòñòâèè ñ òåîðåìîé
2 ïîëó÷àåì ñëåäóþùóþ

Òåîðåìà 3. Ïóñòü äëÿ çàäà÷è Êîøè�Äèðèõëå (7), (8) ïðîñòðàíñòâà E1 è E2 îïðåäå-

ëåíû êàê â (9), îïåðàòîðû A è B êàê â (10), òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

u(t, x̄) ∈ C1(t ≥ 0, E1) çàäà÷è (7), (8) åñëè íà÷àëüíî-êðàåâûå óñëîâèÿ (8) óäîâëåòâîðÿþò

ñîîòíîøåíèÿì

(λu0(x̄) + f(0, x̄), φi(x̄)) = 0,

çäåñü φi(x̄) ñîáñòâåííûå ôóíêöèè îïåðàòîðà Ëàïëàñà, ñîîòâåòñòâóþùèå ñîáñòâåííîìó

çíà÷åíèþ λ ∈ σ(B).

Ïðèìåð 2. Äëÿ óðàâíåíèÿ

(λ−∆)utt − β∆ut −∆u+

t∫
0

g(t− s) (α−∆)u(s, x̄)ds = f(t, x̄), (11)

c íà÷àëüíî-êðàåâûìè óñëîâèÿìè

u

∣∣∣∣
t=0

= u0(x̄), ut

∣∣∣∣
t=0

= u1(x̄), x̄ ∈ Ω, u

∣∣∣∣
x̄∈∂Ω

= 0, t ≥ 0, (12)

ïîëîæèì β = 0, α = λ, ïðîñòðàíñòâà E1 è E2 âûáðåì êàê â (9), îïåðàòîðû A è B êàê â (10),
òîãäà ñïðàâåäëèâà

Òåîðåìà 4. Åñëè äëÿ çàäà÷è Êîøè-Äèðèõëå (11), (12), β = 0, ïðîñòðàíñòâà E1 è E2 è

îïåðàòîðû A è B âûáðàòü êàê â (9) è (10), òî çàäà÷à Êîøè-Äèðèõëå îäíîçíà÷íî ðàçðåøèìà

â êëàññå C2(t ≥ 0, E1), åñëè íà÷àëüíî-êðàåâûå óñëîâèÿ (12) óäîâëåòâîðÿþò ñîîòíîøåíèÿì

(λu0(x̄) + f(0, x̄), φi(x̄)) = 0,

(λu1(x̄) + ft(0, x̄), φi(x̄)) = 0,

çäåñü φi(x̄) òå æå, ÷òî â òåîðåìå 3.

Çàìå÷àíèå 3. Ïðåäñòàâëåííûå çäåñü ðåçóëüòàòû äîïóñêàþò îáîáùåíèå íà ñëó÷àè ñåêòî-
ðèàëüíîé è ðàäèàëüíîé îãðàíè÷åííîñòè [5] îïåðàòîðíîãî ïó÷êà (µB −A)−1.

Ðàáîòà ïðîâîäèëàñü ïðè ôèíàíñîâîé ïîääåðæêå Ôåäåðàëüíîé öåëåâîé ïðîãðàììû ≪Íà-

ó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè≫íà 2009�2013 ãîäû, ãîñêîí-

òðàêò � 14.Â37.21.0365
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Linear Models in Theory of Viscoelasticity of Sobolev Type

M.V. Falaleev, Irkutsk State University, Irkutsk, Russian Federation, mihail@ic.isu.ru

In this paper the Cauchy problem for integral di�erential equation in Banach spaces of a

Sobolev type is analyzed by the methods of fundamental operator-functions theory and the

theory of operator semigroups with kernels. Fundamental operator-function is constructed

and with its help constructive formulae for generalized solution in class of distributions

with left-bounded support are obtained. Equal conditions for generalized and classical

solutions are described. Abstract results are illustrated by Cauchy�Dirichle problems arised

in mathematical theory of viscoelasticity.

Keywords: Banach spaces; generalized functions; viscoelasticity.
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