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Íà îñíîâå ìåòîäîâ ðåãóëÿðèçîâàííûõ ñëåäîâ è Áóáíîâà�Ãàëåðêèíà ðàçðàáîòàí íî-

âûé ìåòîä ðåøåíèÿ îáðàòíûõ çàäà÷ ïî ñïåêòðàëüíûì õàðàêòåðèñòèêàì âîçìóùåííûõ

ñàìîñîïðÿæåííûõ îïåðàòîðîâ. Íàéäåíû ïðîñòûå ôîðìóëû äëÿ âû÷èñëåíèÿ ñîáñòâåí-

íûõ çíà÷åíèé äèñêðåòíûõ îïåðàòîðîâ, áåç íàõîæäåíèÿ êîðíåé ñîîòâåòñòâóþùåãî âå-

êîâîãî óðàâíåíèÿ. Âû÷èñëåíèå ñîáñòâåííûõ çíà÷åíèé âîçìóùåííîãî ñàìîñîïðÿæåí-

íîãî îïåðàòîðà ìîæíî íà÷èíàòü ñ ëþáîãî èõ íîìåðà íåçàâèñèìî îò òîãî, èçâåñòíû

ëè ñîáñòâåííûå çíà÷åíèÿ ñ ïðåäûäóùèìè íîìåðàìè èëè íåò. ×èñëåííûå ðàñ÷åòû íà-

õîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé äëÿ îïåðàòîðà Øòóðìà�Ëèóâèëëÿ ïîêàçûâàþò, ÷òî

ïðåäëàãàåìûå ôîðìóëû ïðè áîëüøèõ íîìåðàõ ñîáñòâåííûõ çíà÷åíèé äàþò ðåçóëüòàò

òî÷íåå, ÷åì ìåòîä Áóáíîâà�Ãàëåðêèíà. Êðîìå òîãî, ïî íàéäåííûì ôîðìóëàì ìîæíî

âû÷èñëÿòü ñîáñòâåííûå çíà÷åíèÿ âîçìóùåííîãî ñàìîñîïðÿæåííîãî îïåðàòîðà ñ î÷åíü

áîëüøèì íîìåðîì, êîãäà ïðèìåíåíèå ìåòîäà Áóáíîâà�Ãàëåðêèíà ñòàíîâèòñÿ çàòðóä-

íèòåëüíûì. Ýòîò ôàêò ìîæíî, íàïðèìåð, èñïîëüçîâàòü â çàäà÷àõ ãèäðîäèíàìè÷åñêîé

òåîðèè óñòîé÷èâîñòè, åñëè íåîáõîäèìî íàõîäèòü çíàêè äåéñòâèòåëüíîé èëè ìíèìîé

÷àñòåé ñîáñòâåííûõ çíà÷åíèé ýòèõ çàäà÷ ñ áîëüøèìè íîìåðàìè.

Ïîëó÷åíî èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà ïåðâîãî ðîäà, ïîçâîëÿþùåå âîñ-

ñòàíàâëèâàòü çíà÷åíèÿ âîçìóùàþùåãî îïåðàòîðà â óçëîâûõ òî÷êàõ äèñêðåòèçàöèè.

Ìåòîä áûë ïðîâåðåí íà îáðàòíûõ çàäà÷àõ äëÿ îïåðàòîðà Øòóðìà�Ëèóâèëëÿ. Ðå-

çóëüòàòû ìíîãî÷èñëåííûõ ðàñ÷åòîâ ïîêàçàëè åãî âû÷èñëèòåëüíóþ ýôôåêòèâíîñòü.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à; òåîðèÿ âîçìóùåíèé; äèñêðåò-

íûå è ñàìîñîïðÿæåííûå îïåðàòîðû; ñîáñòâåííûå ÷èñëà; ñîáñòâåííûå ôóíêöèè; íåêîð-

ðåêòíî ïîñòàâëåííûå çàäà÷è.

Ââåäåíèå

Èíòåðåñ ê îáðàòíûì çàäà÷àì âñå âðåìÿ âîçðàñòàåò â ñâÿçè ñ øèðîêîé îáëàñòüþ èõ ïðè-
ëîæåíèÿ, íàïðèìåð, ê çàäà÷àì ñåéñìîðàçâåäêè, èäåíòèôèêàöèÿ êîìïîçèòíûõ ìàòåðèàëîâ,
ïðîáëåìàì íåðàçðóøàþùåãî êîíòðîëÿ, íåëèíåéíûõ ýâîëþöèîííûõ óðàâíåíèé ìàòåìàòè÷å-
ñêîé ôèçèêè è äð. Èñïîëüçóÿ ìåòîäû ðåãóëÿðèçîâàííûõ ñëåäîâ (ÐÑ) è Áóáíîâà�Ãàëåðêèíà,
ïîëó÷åíû èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà, ïîçâîëÿþùèå âîññòàíîâèòü
çíà÷åíèÿ âîçìóùàþùåãî îïåðàòîðà â óçëîâûõ òî÷êàõ äèñêðåòèçàöèè. Íà îñíîâå ìåòîäà
Áóáíîâà�Ãàëåðêèíà íàéäåíû ïðîñòûå ôîðìóëû äëÿ âû÷èñëåíèÿ ñîáñòâåííûõ çíà÷åíèé äèñ-
êðåòíûõ îïåðàòîðîâ, íå íàõîäÿ êîðíè ñîîòâåòñòâóþùåãî âåêîâîãî óðàâíåíèÿ.

1. Ìåòîä ðåãóëÿðèçîâàííûõ ñëåäîâ

Â ðàáîòàõ [1�6] áûë ðàçðàáîòàí ÷èñëåííûé ìåòîä âû÷èñëåíèÿ ñîáñòâåííûõ çíà÷åíèé ïî-
ëóîãðàíè÷åííûõ ñíèçó äèñêðåòíûõ îïåðàòîðîâ, êîòîðûé áûë íàçâàí ìåòîäîì ðåãóëÿðèçîâàí-

íûõ ñëåäîâ (ÐÑ). Èñïîëüçóÿ òåîðèþ ÐÑ, ïîñòðîèì ÷èñëåííûé ìåòîä äëÿ ðåøåíèÿ îáðàòíûõ
ñïåêòðàëüíûõ çàäà÷, ïîðîæäåííûõ äèñêðåòíûìè ïîëóîãðàíè÷åííûìè ñíèçó îïåðàòîðàìè â
ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå.
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Ðàññìîòðèì çàäà÷ó íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà T + P(
T + P

)
φ = βφ, (1)

ãäå T � äèñêðåòíûé ïîëóîãðàíè÷åííûé ñíèçó îïåðàòîð, P � îãðàíè÷åííûé îïåðàòîð, çàäàí-
íûå â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H. Äîïóñòèì, ÷òî èçâåñòíû ñîáñòâåííûå
çíà÷åíèÿ {µn}∞n=1 è îðòîíîðìèðîâàííûå ñîáñòâåííûå ôóíêöèè {ωn}∞n=1 îïåðàòîðà T , êîòî-
ðûå çàíóìåðîâàíû â ïîðÿäêå âîçðàñòàíèÿ ñîáñòâåííûõ çíà÷åíèé µn ïî âåëè÷èíå ñ ó÷åòîì
êðàòíîñòè. Îáîçíà÷èì ÷åðåç νn êðàòíîñòü ñîáñòâåííîãî çíà÷åíèÿ µn. Êîëè÷åñòâî âñåõ íåðàâ-
íûõ äðóã äðóãó ñîáñòâåííûõ çíà÷åíèé µn, êîòîðûå ëåæàò âíóòðè îêðóæíîñòè Tn0 ðàäèóñà

ρn0 =
|µn0+1 + µn0 |

2
ñ öåíòðîì â íà÷àëå êîîðäèíàò êîìïëåêñíîé ïëîñêîñòè, îáîçíà÷èì ÷å-

ðåç n0. Ïóñòü {βn}∞n=1�ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà T + P , çàíóìåðîâàííûå â ïîðÿäêå
âîçðàñòàíèÿ èõ äåéñòâèòåëüíûõ ÷àñòåé ñ ó÷åòîì àëãåáðàè÷åñêîé êðàòíîñòè. Åñëè äëÿ âñåõ

n ∈ N âûïîëíÿþòñÿ íåðàâåíñòâà qn =
2∥P∥

|µn+νn − µn|
< 1, òî ïåðâûå m0 =

n0∑
n=1

νn ñîáñòâåííûå

çíà÷åíèÿ {βn}m0
n=1 îïåðàòîðà T +P ÿâëÿþòñÿ ðåøåíèÿìè ñèñòåìû m0 íåëèíåéíûõ óðàâíåíèé

âèäà [7]
m0∑
n=1

βp
n =

m0∑
n=1

µp
n +

∞∑
n=1

α(p)
n (m0), p = 1,m0. (2)

Çäåñü α
(p)
n (m0) =

(−1)np

2πni
Sp

∫
Tn0

µp−1
[
PRµ(T )

]n
dµ�n-å ïîïðàâêè òåîðèè âîçìóùåíèé îïåðà-

òîðà T + P öåëîãî ïîðÿäêà p, Rµ(T ) � ðåçîëüâåíòà îïåðàòîðà T .
Èçâåñòíî, ÷òî â ýòîì ñëó÷àå êîíòóð Tn0 ñîäåðæèò îäèíàêîâîå êîëè÷åñòâî ñîáñòâåííûõ

çíà÷åíèé îïåðàòîðîâ T è T + P [7].
Ñèñòåìà óðàâíåíèé (2) ëåæèò â îñíîâå ìåòîäà ÐÑ, ïîçâîëÿþùåãî íàõîäèòü ñîáñòâåííûå

çíà÷åíèÿ âîçìóùåííûõ ñàìîñîïðÿæåííûõ îïåðàòîðîâ â ñëó÷àå, êîãäà ñàìîñîïðÿæåííûå îïå-
ðàòîðû èìåþò ñîáñòâåííûå çíà÷åíèÿ ñ ïðîèçâîëüíîé êðàòíîñòüþ.

Â ñòàòüå [5] áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü T � äèñêðåòíûé ïîëóîãðàíè÷åííûé ñíèçó îïåðàòîð, à P �îãðàíè÷åííûé

îïåðàòîð, äåéñòâóþùèå â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H. Åñëè äëÿ âñåõ

n ∈ N âûïîëíÿþòñÿ íåðàâåíñòâà qn < 1, è ñèñòåìà ñîáñòâåííûõ ôóíêöèé {ωn}∞n=1 îïåðà-

òîðà T ÿâëÿåòñÿ áàçèñîì â H, òî ñîáñòâåííûå çíà÷åíèÿ {βn}m0
n=1 îïåðàòîðà T + P âû÷èñ-

ëÿþòñÿ ïî ôîðìóëàì:

βn = µn + (Pωn, ωn) + δ̃1(n), n = 1,m0, (3)

ãäå δ̃1(n) = δ1(n)− δ1(n− 1), δ1(n) =
n∑

k=1

[βk − β̃k(n)], {β̃k(n)}nk=1 � ïðèáëèæåííûå çíà÷åíèÿ

ïî Áóáíîâó�Ãàëåðêèíó ñîîòâåòñòâóþùèõ ñîáñòâåííûõ çíà÷åíèé {βk}nk=1 îïåðàòîðà T +P .

Äëÿ δ̃1(n) ñïðàâåäëèâû îöåíêè |δ̃1(n)| ≤ (2n− 1)ρn
q2

1− q
.

Â ñëó÷àå, åñëè îïåðàòîð T+P çàäàí â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå L2[a, b],
à P�îãðàíè÷åííûé îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ p(s), òî, èñïîëüçóÿ ôîðìóëû (3) ìîæ-
íî âîññòàíîâèòü ïðèáëèæåííûå çíà÷åíèÿ âîçìóùàþùåãî îïåðàòîðà p(s) â óçëîâûõ òî÷êàõ
îòðåçêà [a, b] ïðè äèñêðåòèçàöèè çàäà÷è.
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2. Ìåòîä Áóáíîâà�Ãàëåðêèíà

Äëÿ íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà T + P âîñïîëüçóåìñÿ ìåòîäîì
Áóáíîâà�Ãàëåðêèíà.

Òåîðåìà 2. Ïóñòü T � äèñêðåòíûé ïîëóîãðàíè÷åííûé ñíèçó îïåðàòîð, à P �îãðàíè÷åííûé

îïåðàòîð, äåéñòâóþùèå â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H. Åñëè îïåðàòîð

T + P ïîëîæèòåëüíî îïðåäåëåííûé â H, è ñèñòåìà êîîðäèíàòíûõ ôóíêöèé {φn}∞n=1 ÿâ-

ëÿåòñÿ áàçèñîì H, òî ìåòîä Áóáíîâà�Ãàëåðêèíà â ïðèìåíåíèè ê çàäà÷å îá îòûñêàíèè

ñîáñòâåííûõ ÷èñåë ñïåêòðàëüíîé çàäà÷è (1), ïîñòðîåííûé íà ýòîé ñèñòåìå ôóíêöèé, ñõî-

äèòñÿ.

Äîêàçàòåëüñòâî. Çàïèøåì óðàâíåíèå (1) â âèäå

(T + P − λE)φ = (β − λ)φ. (4)

Äëÿ äèñêðåòíîãî îïåðàòîðà T + P ñóùåñòâóåò ðåçîëüâåíòíûé îïåðàòîð Rλ(T + P ) = (T +
P − λE)−1, êîòîðûé âïîëíå íåïðåðûâíûé â H [7]. Äåéñòâóÿ ñëåâà íà îáå ÷àñòè óðàâíåíèÿ
(4) îïåðàòîðîì Rλ(T + P ), ïîëó÷èì

φ = (β − λ)Rλ(T + P )φ.

Íà îñíîâàíèè [8] ìåòîä Áóáíîâà�Ãàëåðêèíà â ïðèìåíåíèè ê çàäà÷å îá îòûñêàíèè ñîáñòâåí-
íûõ ÷èñåë óðàâíåíèÿ (4), à ñëåäîâàòåëüíî, è óðàâíåíèÿ (1), ñõîäèòñÿ. 2

Ïðåäïîëîæèì, ÷òî âûïîëíåíû òðåáîâàíèÿ òåîðåìû 2, è ñèñòåìà {ωn}∞n=1 ôóíêöèé ÿâ-
ëÿåòñÿ áàçèñîì ïðîñòðàíñòâà H.

Ñëåäóÿ ìåòîäó Áóáíîâà�Ãàëåðêèíà, áóäåì èñêàòü ðåøåíèå ñïåêòðàëüíîé çàäà÷è (1) â
âèäå

φn =

n∑
k=1

ak(n)ωk. (5)

Ïîäñòàâëÿÿ (5) â óðàâíåíèå (1), ïîëó÷èì

n∑
k=1

ak(n)(T + P )ωk = β̃(n)
n∑

k=1

ak(n)ωk.

Çäåñü β̃(n) � n-å ïðèáëèæåíèÿ ïî Áóáíîâó�Ãàëåðêèíó ê ñîîòâåòñòâóþùèì ñîáñòâåííûì ÷èñ-
ëàì {βk}∞k=1 îïåðàòîðà T + P . Òàê êàê Tωk = µkωk, òî

n∑
k=1

ak(n)(µk + P )ωk = β̃(n)

n∑
k=1

ak(n)ωk.

Êîýôôèöèåíòû {ak(n)}nk=1 îïðåäåëÿþòñÿ èç òðåáîâàíèÿ, ÷òîáû ëåâàÿ ÷àñòü ïîñëåäíåãî
óðàâíåíèÿ áûëà îðòîãîíàëüíà ê ôóíêöèÿì {ωl}nl=1. Â ðåçóëüòàòå ïîëó÷àåì ñèñòåìó ëèíåé-
íûõ óðàâíåíèé äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ {ak(n)}nk=1

n∑
k=1

ak(n)
{
[β̃(n)− µk]δkl − (Pωk, ωl)

}
= 0, l = 1, n.

Ïðèðàâíÿâ îïðåäåëèòåëü ýòîé ñèñòåìû ê íóëþ, ïðèõîäèì ê óðàâíåíèþ

det ∥β̃(n)E−A∥ = 0,
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îïðåäåëÿþùåìó ïðèáëèæåííûå çíà÷åíèÿ n ïåðâûõ ñîáñòâåííûõ ÷èñåë {β̃k(n)}nk=1 îïåðàòîðà
T + P . Çäåñü E � åäèíè÷íàÿ ìàòðèöà ðàçìåðà n × n, A = ∥akl∥nk,l=1 � ìàòðèöà, ãäå akl =
µkδkl + (Pωk, ωl), δkl � ñèìâîë Êðîíåêåðà.

Èçâåñòíî [9], ÷òî äëÿ ñîáñòâåííûõ ÷èñåë {β̃k(n)}nk=1 ìàòðèöû A ñïðàâåäëèâû ðàâåíñòâà

n∑
k=1

β̃p
k(n) = SpAp, p = 1, n, (6)

ãäå SpAp � ñëåä p-é ñòåïåíè ìàòðèöû A.
Ñëåä p-é ñòåïåíè ìàòðèöû A âû÷èñëÿåòñÿ ïî ôîðìóëå

SpAp =
n∑

j1,j2,...,jp=1

p∏
s=1

ajsjr . (7)

Çäåñü r =

{
s+ 1, s ̸= p,
1, s = p.

Ôîðìóëû (7) áûëè íàéäåíû ïðè ÷èñëåííûõ ðàñ÷åòàõ âåëè÷èí

SpAp è ìíîãîêðàòíî ïðîâåðÿëèñü ïðè ðàçëè÷íûõ p. Ïðè p = 1 èç (7) ïîëó÷èì èçâåñòíîå
ðàâåíñòâî

n∑
k=1

β̃k(n) = SpA.

Èñïîëüçóÿ (6) è (7), ïðè p = 1 íàéäåì

n∑
k=1

β̃k(n) =

n∑
k=1

akk.

Ââîäÿ îáîçíà÷åíèÿ εk(n) = βk − β̃k(n), èìååì

n∑
k=1

βk =
n∑

k=1

[akk + εk(n)]. (8)

Çàïèøåì óðàâíåíèå (8) äëÿ n− 1

n−1∑
k=1

βk =

n−1∑
k=1

[akk + εk(n− 1)]. (9)

Âû÷èòàÿ (9) èç (8), íàéäåì
βk = µk + (Pωk, ωk) + ηk(n), (10)

ãäå

ηk(n) = εk(n)−
n−1∑
k=1

[β̃k(n)− β̃k(n− 1)].

Íå òðóäíî ïîêàçàòü, ÷òî ÷èñëà δ̃1(n) è ηk(n) ïðè k = n ñîâïàäàþò. Ýòî îçíà÷àåò, ÷òî ïðè

âûïîëíåíèè óñëîâèé qn =
2∥P∥

|µn+νn − µn|
< 1 äëÿ ∀n ∈ N ôîðìóëû (3) è (10) ýêâèâàëåíòíû. Â

ñëó÷àå, êîãäà qn ≥ 1, äëÿ íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé ñïåêòðàëüíîé çàäà÷è (1) íàäî
èñïîëüçîâàòü ôîðìóëû (10).

Åñëè â (10) ïîäñòàâèòü εk(n) = βk−β̃k(n), òî ïîëó÷èì ôîðìóëû, óäîáíûå äëÿ ÷èñëåííûõ
ðàñ÷åòîâ

β̃k(n) = µk + (Pωk, ωk)−
n−1∑
k=1

[β̃k(n)− β̃k(n− 1)], k = 1, n. (11)
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Â äàëüíåéøåì, àëãîðèòì ÷èñëåííîãî ðåøåíèÿ îáðàòíûõ çàäà÷, ïîðîæäåííûõ âîçìóùåííûìè
ñàìîñîïðÿæåííûìè îïåðàòîðàìè, áóäåò ñòðîèòüñÿ íà ôîðìóëàõ (11).

Äîïóñòèì, ÷òî îïåðàòîð T+P çàäàí â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå L2[a, b],
à P�îãðàíè÷åííûé îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ p(s), òîãäà

β̃k(n) = µk +

∫ b

a
p(s)ω2

k(s)ds−
n−1∑
k=1

[β̃k(n)− β̃k(n− 1)], k = 1, n. (12)

Ôîðìóëû (11) ïîëó÷åíû, èñïîëüçóÿ äèàãîíàëüíûå ýëåìåíòû ak = µk + (Pωk, ωk) (k =
1, n) ìàòðèöû A = ∥akl∥nk,l=1 ðàçìåðíîñòè n× n. Â ñëó÷àå, åñëè n íå âåëèêî, îøèáêà íàõîæ-

äåíèÿ ñîáñòâåííûõ çíà÷åíèé {β̃k}nk=1, íàéäåííûõ ìåòîäîì Áóáíîâà�Ãàëåðêèíà, ìîæåò áûòü
áîëüøîé, ñëåäîâàòåëüíî, èñïîëüçîâàòü ôîðìóëû (11) â ýòîì ñëó÷àå íàäî ñ îñòîðîæíîñòüþ.

Ïðè âûïîëíåíèè òðåáîâàíèé òåîðåìû 1 ìåòîä Áóáíîâà�Ãàëåðêèíà ñõîäèòñÿ, ïîýòîìó ïðè
óâåëè÷åíèè çíà÷åíèé n òî÷íîñòü âû÷èñëåíèé ñîáñòâåííûõ çíà÷åíèé {β̃k}nk=1 ïî ôîðìóëàì
(11) âîçðàñòàåò. Â ýòîì ñëó÷àå, èñïîëüçîâàíèå ôîðìóë (11) äëÿ íàõîæäåíèÿ ñîáñòâåííûõ
çíà÷åíèé îïåðàòîðà T +P ñòàíîâèòñÿ âû÷èñëèòåëüíî ýôôåêòèâíûì â ñèëó äîñòàòî÷íî ïðî-
ñòûõ âû÷èñëåíèé.

3. Ðåøåíèå îáðàòíûõ çàäà÷, ïîðîæäåííûõ âîçìóùåííûìè
ñàìîñîïðÿæåííûìè îïåðàòîðàìè

Ðàññìîòðèì çàäà÷ó âîññòàíîâëåíèÿ ïîòåíöèàëà P ïî ñîáñòâåííûì çíà÷åíèÿì {βk}∞k=1

îïåðàòîðà T + P â ãèëüáåðòîâîì ïðîñòðàíñòâå L2[a, b], èñïîëüçóÿ ôîðìóëû (10), ãäå [a, b]
îòðåçîê èçìåíåíèÿ ïåðåìåííîé s. Ïóñòü T � äèñêðåòíûé ïîëóîãðàíè÷åííûé ñíèçó îïåðàòîð,
P� îãðàíè÷åííûé îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ p(s). Äîïóñòèì, ÷òî èçâåñòíû ñîáñòâåí-
íûå çíà÷åíèÿ {µk}∞k=1 è îðòîíîðìèðîâàííûå ñîáñòâåííûå ôóíêöèè {ωk}∞k=1 îïåðàòîðà T ,
îáðàçóþùèå áàçèñ ïðîñòðàíñòâà L2[a, b].

Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà ïåðâîãî ðîäà

Ap ≡
∫ b

a
K(x, s)p(s)ds = f(x), c ≤ x ≤ d, (13)

ãäå ôóíêöèè f(x) è K(x, s) òàêèå, ÷òî

f(xk) = β̃k − µk +

n−1∑
k=1

[β̃k(n)− β̃k(n− 1)], K(xk, s) = ω2
k(s), c ≤ xk ≤ d, k = 1, n.

Ïóñòü ÿäðî èíòåãðàëüíîãî óðàâíåíèÿ (13) K(x, s) íåïðåðûâíî è çàìêíóòî â êâàäðàòå Π =
[a, b]× [c, d], à ôóíêöèè p(s) ∈ W 1

2 [a, b] è f(x) ∈ L2[c, d].
Çàäà÷à ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà (13) ÿâëÿåòñÿ

íåêîððåêòíî ïîñòàâëåííîé. Åå ïðèáëèæåííûå ðåøåíèÿ ìîãóò áûòü íàéäåíû ñ ïîìîùüþ ìå-
òîäà ðåãóëÿðèçàöèè Í.À. Òèõîíîâà. ×èñëåííîå ðåøåíèå óðàâíåíèÿ (13) áóäåò îïðåäåëÿòü
ïðèáëèæåííûå çíà÷åíèÿ ôóíêöèè p(s) â óçëîâûõ òî÷êàõ si, i = 1, I, a = s1 < s2 < ... < sI =
b. ×èñëî óçëîâûõ òî÷åê I ìîæíî âûáðàòü äîñòàòî÷íî áîëüøèì, ÷òîáû ïîëó÷èòü õîðîøóþ
òî÷íîñòü ïðè èíòåðïîëÿöèè ôóíêöèè p(s).

Îòðåçîê [c, d] âûáèðàåòñÿ òàê, ÷òîáû òî÷íîñòü íàõîæäåíèÿ ñîáñòâåííûõ ÷èñåë β̃n îïåðà-
òîðà T + P , ïðèíàäëåæàùèõ ýòîìó îòðåçêó è íàéäåííûõ ïî ôîðìóëàì (11), óäîâëåòâîðÿëà
òðåáîâàíèÿì èññëåäîâàòåëÿ.
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4. ×èñëåííûé ýêñïåðèìåíò

Ïðîèëëþñòðèðóåì ðàçðàáîòàííûé ìåòîä íà ñïåêòðàëüíîé çàäà÷å Øòóðìà�Ëèóâèëëÿ
−u′′ + p(s) u = β u, a < s < b;
cosα u′(a) + sinα u(a) = 0;
cosγ u′(b) + sinγ u(b) = 0, α, γ ∈ [0, 2π].

(14)

Ðàññìîòðèì îïåðàòîð Tω ≡ −ω′′. Ïðè÷åì ôóíêöèÿ ω óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì
(14). Íåòðóäíî ïîêàçàòü, ÷òî îïåðàòîð T ñàìîñîïðÿæeííûé, è åãî ñîáñòâåííûå ÷èñëà {µk}∞k=1

ÿâëÿþòñÿ êîðíÿìè òðàíñöåíäåíòíîãî óðàâíåíèÿ

[sinα sin(
√
µa) +

√
µ cosα cos(

√
µa)]× [sin γ cos(

√
µb)−√

µ cos γ sin(
√
µb)]+

+[
√
µ cosα sin(

√
µa)− sinα cos(

√
µa)]× [sin γ sin(

√
µb) +

√
µ cos γ cos(

√
µb)] = 0.

Ñîáñòâåííûå ôóíêöèè èìåþò âèä:

ωk(s) = Ck{[sinα sin(
√
µka) +

√
µk cosα cos(

√
µka)] cos(

√
µks)+

+[
√
µk cosα sin(

√
µka)− sinα cos(

√
µka)] sin(

√
µks)}, k = 1,∞.

Ïîñòîÿííûå Ck íàõîäÿòñÿ èç óñëîâèÿ íîðìèðîâêè.
Äëÿ ïðîâåðêè ïîëó÷åííûõ ðåçóëüòàòîâ, ñðàâíèì ñîáñòâåííûå çíà÷åíèÿ β̃k(n) ñïåêòðàëü-

íîé çàäà÷è Øòóðìà�Ëèóâèëëÿ (14), íàéäåííûå ïî ôîðìóëàì (11), è ìåòîäîì Áóáíîâà�
Ãàëåðêèíà β̂k(n). Â òàáë. 1 ïðèâåäåí ïðèìåð ÷èñëåííûõ ðàñ÷åòîâ ñîáñòâåííûõ çíà÷åíèé
çàäà÷è (14) ïðè a = 1, b = 2, α = π/3, γ = π/5, p(s) = s2 + 15s + (s2 − 10s)i. Ðàñ÷åòû
ïðîâîäèëèñü ïðè óñëîâèè, ÷òî β̃k(n)− β̃k(n− 1) = 0 äëÿ k = 1, 41 è n = 41.

Èç òàáë. 1 âèäíî, ÷òî ïðè óâåëè÷åíèè ðàçìåðíîñòè ìàòðèöû A ñîîòâåòñòâóþùèå âåëè-
÷èíû |β̃k(n)− β̂k(n)| óìåíüøàþòñÿ. Èñêëþ÷åíèå ñîñòàâëÿåò ïîñëåäíÿÿ ñòðîêà (k = 41). Äëÿ
ñðàâíåíèÿ òî÷íîñòè âû÷èñëåíèÿ ñîáñòâåííûõ çíà÷åíèé ñïåêòðàëüíîé çàäà÷è (14) ïî ôîðìó-
ëàì (11) è ìåòîäîì Áóáíîâà�Ãàëåðêèíà ïðèâåäåì òàáë. 2, çíà÷åíèÿ êîòîðîé ïîëó÷åíû ïðè
n = 81.

Âåëè÷èíû ñîáñòâåííûõ β̃k(41) è β̃k(81) çíà÷åíèé çàäà÷è (14) ïðè k = 1, 41 íå ìåíÿþòñÿ,
à âåëè÷èíû β̂k(41) è β̂k(81), êàê ýòî âèäíî èç òàáë. 2, ðàçëè÷íû ïðè k = 35, 41. Ýòî ãîâîðèò
î òîì, ÷òî ôîðìóëû (11) òî÷íåå, ÷åì ìåòîä Áóáíîâà�Ãàëåðêèíà. Äàííûé ôàêò íàäî èìåòü
ââèäó ïðè âûáîðå îòðåçêà [c, d].

Ïðîâåäåííûå ìíîãî÷èñëåííûå ðàñ÷åòû ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ
a, b, c, d, α, β, p(s) ñïåêòðàëüíîé çàäà÷è (14) ïîêàçàëè âûñîêóþ òî÷íîñòü è âû÷èñ-
ëèòåëüíóþ ýôôåêòèâíîñòü ïîëó÷åííûõ ôîðìóë (11).

Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ íàõîæäåíèÿ ïðèáëèæåííûõ çíà÷åíèé p̃(s) ôóíêöèè p(s)
â óçëîâûõ òî÷êàõ {sk}41k=1 ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ a = 1, d = 2, α = Pi/3,

γ = Pi/5, f̃(xk) = βk−µk−2−3i, k = 1, 41 è âîçìóùàåìûì îïåðàòîðîì p(s) = s2+s+(s2−s)i
ïðèâåäåíû â òàáë. 3.

Ìíîãî÷èñëåííûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî ïðèáëèæåííûå çíà÷åíèÿ p̃(s) ïîòåíöèàëà
p(s) â óçëîâûõ òî÷êàõ {sk}nk=1 íàõîäÿòñÿ ñ çàäàííîé òî÷íîñòüþ íåâÿçîê ||Ap̃− f̃ || â áîëüøîì
äèàïàçîíå èçìåíåíèÿ ïàðàìåòðîâ è ôóíêöèîíàëüíûõ çàâèñèìîñòåé ïîòåíöèàëà p̃(s) ñïåê-
òðàëüíîé çàäà÷è (14).

Âåëè÷èíû ζk = |f̃(xk)−
∫ b
a K(xk, s)p̃(s)ds| îïðåäåëÿþò ïîòî÷å÷íóþ àáñîëþòíóþ ïîãðåø-

íîñòü ðåøåíèÿ. Íåâÿçêà, íàéäåííàÿ â óçëîâûõ òî÷êàõ sk ïðèáëèæåííîãî ðåøåíèÿ p̃(sk),
ðàâíà ||Ap̃− f̃ || = 0, 000332. Ïàðàìåòð ðåãóëÿðèçàöèè α ïðè ÷èñëåííîì ðåøåíèè èíòåãðàëü-
íîãî óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà (13) ìåòîäîì ðåãóëÿðèçàöèè Òèõîíîâà âû÷èñëÿëñÿ
ñ ïîìîùüþ ìåòîäà íåâÿçêè. Â íàøåì ñëó÷àå α = 0, 00167.
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Òàáëèöà 1

k β̃k(41) β̂k(41) |β̃k(41)− β̂k(41)|

1 35, 544313− 13, 634443i 35, 095744− 13, 222069i 0, 609316
2 62, 950802− 12, 885344i 63, 153968− 13, 074541i 0, 277618
3 111, 931462− 12, 761626i 112, 005121− 12, 828291i 0, 099348
4 180, 893757− 12, 719634i 180, 933740− 12, 755878i 0, 053965
5 269, 663026− 12, 700433i 269, 687656− 12, 722813i 0, 033279
6 378, 197795− 12, 690065i 378, 214659− 12, 705422i 0, 022809
7 506, 484092− 12, 683835i 506, 496324− 12, 694988i 0, 016553
8 654, 516136− 12, 679800i 654, 525442− 12, 688294i 0, 012599
9 822, 291180− 12, 677037i 822, 298490− 12, 683714i 0, 009900
10 1009, 807782− 12, 675064i 1009, 813683− 12, 680457i 0, 007995
11 1217, 065125− 12, 673604i 1217, 069987− 12, 678049i 0, 006588
12 1444, 062720− 12, 672495i 1444, 066798− 12, 676224i 0, 005526
13 1690, 800258− 12, 671632i 1690, 803726− 12, 674804i 0, 004700
14 1957, 277537− 12, 670947i 1957, 280524− 12, 673680i 0, 004048
15 2243, 494419− 12, 670395i 2243, 497018− 12, 672773i 0, 003523
16 2549, 450809− 12, 669943i 2549, 453091− 12, 672032i 0, 003094
17 2875, 146638− 12, 669569i 2875, 148658− 12, 671418i 0, 002738
18 3220, 581857− 12, 669255i 3220, 583658− 12, 670903i 0, 002441
19 3585, 756429− 12, 668990i 3585, 758045− 12, 670468i 0, 002190
20 3970, 670326− 12, 668763i 3970, 671783− 12, 670097i 0, 001976
21 4375, 323525− 12, 668568i 4375, 324846− 12, 669778i 0, 001791
22 4799, 716010− 12, 668399i 4799, 717214− 12, 669501i 0, 001632
23 5243, 847769− 12, 668252i 5243, 848870− 12, 669259i 0, 001492
24 5707, 718790− 12, 668122i 5707, 719801− 12, 669048i 0, 001370
25 6191, 329066− 12, 668008i 6191, 329997− 12, 668861i 0, 001263
26 6694, 678589− 12, 667907i 6694, 679449− 12, 668695i 0, 001167
27 7217, 767353− 12, 667817i 7217, 768151− 12, 668548i 0, 001082
28 7760, 595355− 12, 667736i 7760, 596097− 12, 668415i 0, 001006
29 8323, 162589− 12, 667664i 8323, 163281− 12, 668297i 0, 000938
30 8905, 469054− 12, 667598i 8905, 469700− 12, 668190i 0, 000876
31 9507, 514746− 12, 667539i 9507, 515352− 12, 668093i 0, 000821
32 10129, 299664− 12, 667485i 10129, 300232− 12, 668005i 0, 000770
33 10770, 823804− 12, 667436i 10770, 824338− 12, 667926i 0, 000724
34 11432, 087166− 12, 667392i 11432, 087669− 12, 667853i 0, 000682
35 12113, 089748− 12, 667351i 12113, 090224− 12, 667787i 0, 000645
36 12813, 831549− 12, 667314i 12813, 831998− 12, 667725i 0, 000610
37 13534, 312567− 12, 667279i 13534, 312997− 12, 667673i 0, 000584
38 14274, 532802− 12, 667247i 14274, 533210− 12, 667621i 0, 000553
39 15034, 492254− 12, 667218i 15034, 492699− 12, 667626i 0, 000605
40 15814, 190920− 12, 667191i 15814, 191344− 12, 667577i 0, 000574
41 16613, 628801− 12, 667165i 16613, 642998− 12, 680169i 0, 019252

Çíà÷åíèÿ ïîòî÷å÷íîé àáñîëþòíîé ïîãðåøíîñòè ζk è íåâÿçêè ||Ap̃−f̃ || ïîçâîëÿþò ñäåëàòü
âûâîä î õîðîøåé òî÷íîñòè íàõîæäåíèÿ ïðèáëèæåííûõ çíà÷åíèé ôóíêöèè p(s) â óçëîâûõ
òî÷êàõ {sk}41k=1 äèñêðåòèçàöèè.

Çàêëþ÷åíèå

Íà îñíîâå ìåòîäîâ ðåãóëÿðèçîâàííûõ ñëåäîâ è Áóáíîâà�Ãàëåðêèíà â ðàáîòå ðàçðàáîòàí
âû÷èñëèòåëüíî ýôôåêòèâíûé ÷èñëåííûé ìåòîä ðåøåíèÿ îáðàòíûõ ñïåêòðàëüíûõ çàäà÷, ïî-
ðîæäåííûõ âîçìóùåííûìè ñàìîñîïðÿæåííûìè îïåðàòîðàìè. Â ñðåäå Maple íàïèñàí ïàêåò
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Òàáëèöà 2

k β̃k(81) β̂k(81) |β̃k(81)− β̂k(81)| |β̃k(41)− β̂k(41)|

1 35, 544313− 13, 634443i 35, 095744− 13, 222069i 0, 609316 0, 609316
2 62, 950802− 12, 885344i 63, 153968− 13, 074541i 0, 277618 0, 277618
3 111, 931462− 12, 761626i 112, 005121− 12, 828291i 0, 099347 0, 099348
4 180, 893757− 12, 719634i 180, 933740− 12, 755878i 0, 053965 0, 053965
5 269, 663026− 12, 700433i 269, 687656− 12, 722813i 0, 033279 0, 033279
. . . . . . . . . . . . . . .
35 12113, 089748− 12, 667351i 12113, 090222− 12, 667786i 0, 000643 0, 000645
36 12813, 831549− 12, 667314i 12813, 831997− 12, 667724i 0, 000608 0, 000610
37 13534, 312567− 12, 667279i 13534, 312992− 12, 667668i 0, 000576 0, 000584
38 14274, 532802− 12, 667247i 14274, 533205− 12, 667616i 0, 000546 0, 000553
39 15034, 492254− 12, 667218i 15034, 492636− 12, 667568i 0, 000518 0, 000605
40 15814, 190920− 12, 667191i 15814, 191283− 12, 667523i 0, 000492 0, 000574
41 16613, 628801− 12, 667165i 16613, 629147− 12, 667482i 0.000469 0, 019252

ïðîãðàìì, ïîçâîëÿþùèé âîññòàíàâëèâàòü ïîòåíöèàë p(x) ïî ñïåêòðàëüíûì õàðàêòåðèñòè-
êàì îïåðàòîðîâ T è T + P . Ìåòîä äîñòàòî÷íî ïðîñò â ïðèìåíåíèè.
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Òàáëèöà 3

k sk p̃(sk) ζ(sk)

1 1, 00 −0, 171367− 3, 264364i 0, 000263
2 1, 02 −0, 160810− 3, 257749i 0, 000414
3 1, 05 −0, 159809− 3, 259522i 0, 000416
4 1, 08 −0, 127397− 3, 239065i 0, 000383
5 1, 10 −0, 073524− 3, 209196i 0, 000340
6 1, 12 −0, 000780− 3, 168803i 0, 000291
7 1, 15 0, 088559− 3, 118688i 0, 000239
8 1, 18 0, 192973− 3, 059556i 0, 000187
9 1, 20 0, 310316− 2, 992326i 0, 000139
10 1, 22 0, 439103− 2, 917834i 0, 000097
11 1, 25 0, 577139− 2, 837348i 0, 000063
12 1, 28 0, 722921− 2, 751879i 0, 000039
13 1, 30 0, 874160− 2, 663079i 0, 000026
14 1, 32 1, 029362− 2, 572065i 0, 000020
15 1, 35 1, 186250− 2, 480701i 0, 000013
16 1, 38 1, 343431− 2, 390057i 0, 000011
17 1, 40 1, 498856− 2, 301886i 0, 000032
18 1, 42 1, 651343− 2, 217039i 0, 000056
19 1, 45 1, 799317− 2, 136803i 0, 000112
20 1, 48 1, 941899− 2, 061682i 0, 000129
21 1, 50 2, 078157− 1, 992246i 0, 000147
22 1, 52 2, 207546− 1, 928612i 0, 000213
23 1, 55 2, 329831− 1, 870574i 0, 000244
24 1, 58 2, 444754− 1, 817935i 0, 000280
25 1, 60 2, 552672− 1, 769869i 0, 000309
26 1, 62 2, 653515− 1, 726022i 0, 000333
27 1, 65 2, 748016− 1, 685267i 0, 000349
28 1, 68 2, 836163− 1, 647283i 0, 000360
29 1, 70 2, 918806− 1, 611015i 0, 000365
30 1, 72 2, 995881− 1, 576331i 0, 000365
31 1, 75 3, 068142− 1, 542541i 0, 000361
32 1, 78 3, 135405− 1, 509778i 0, 000355
33 1, 80 3, 198232− 1, 477837i 0, 000347
34 1, 82 3, 256321− 1, 447088i 0, 000339
35 1, 85 3, 310072− 1, 417720i 0, 000332
36 1, 88 3, 359118− 1, 390223i 0, 000327
37 1, 90 3, 403846− 1, 364925i 0, 000324
38 1, 92 3, 443919− 1, 342275i 0, 000323
39 1, 95 3, 479684− 1, 322542i 0, 000327
40 1, 98 3, 511869− 1, 305460i 0, 000329
41 2, 00 3, 529356− 1, 297436i 0, 000332

9. Äåìèäîâè÷, Á.Ï. Îñíîâû âû÷èñëèòåëüíîé ìàòåìàòèêè / Á.Ï. Äåìèäîâè÷, È.À. Ìàðîí.
Ì.: Íàóêà, 1966. � 659 ñ.

10. Âàñèëüåâà, À.Á. Èíòåãðàëüíûå óðàâíåíèÿ / À.Á. Âàñèëüåâà, Í.À. Òèõîíîâ. � Ì.: ÌÃÓ,
1989. � 156 ñ.

11. Âåðëàíü, À.Ô. Èíòåãðàëüíûå óðàâíåíèÿ: ìåòîäû, àëãîðèòìû, ïðîãðàììû / À.Ô. Âåð-
ëàíü, Â.Ñ. Ñèçèêîâ. � Êèåâ: Íàóêîâà äóìêà, 1986. � 542 ñ.

2013, òîì 6, � 4 23



Ñ.È. Êàä÷åíêî

Ñåðãåé Èâàíîâè÷ Êàä÷åíêî, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð, êàôåäðà
≪Ïðèêëàäíàÿ ìàòåìàòèêà è âû÷èñëèòåëüíàÿ òåõíèêà≫, Ìàãíèòîãîðñêèé ãîñóäàðñòâåííûé
óíèâåðñèòåò (ã. Ìàãíèòîãîðñê, Ðîññèéñêàÿ Ôåäåðàöèÿ), kadchenko@masu.ru.

Bulletin of the South Ural State University.

Series ≪Mathematical Modelling, Programming & Computer Software≫,

2013, vol. 6, no. 4, pp. 15�25.

MSC 47A75

A Numerical Method for Solving Inverse Problems Generated
by the Perturbed Self-Adjoint Operators

S.I. Kadchenko, Magnitogorsk State University, Magnitogorsk, Russian Federation,
kadchenko@masu.ru

Based on the methods of regularized traces and Bubnov�Galerkin's method a new

method for the solution of inverse problems is developed in spectral characteristics perturbed

self-adjoint operators. Simple formulas for calculating the eigenvalues of discrete operators

without the roots of the corresponding secular equation are found. Computation of

eigenvalues of a perturbed self-adjoint operator can be started with any of their numbers,

regardless of whether the previous numbers of eigenvalues are known or not. Numerical

calculations for eigenvalues of the Sturm�Liouville's operator show that the proposed

formulas for large numbers of eigenvalues give more accurate results than the Bubnov�

Galerkin's method. In addition, the obtained formulas allow us to calculate the eigenvalues

of perturbed self-adjoint operator with very large numbers, where the use of the Bubnov�

Galerkin's method becomes di�cult. It can be used in problems of hydrodynamic stability

theory, if you want to �nd signs of the real or imaginary parts of the eigenvalues with large

numbers.

An integral Fredholm equation of the �rst kind, restoring the value of the perturbing

operator in the nodal points of the sample, is obtained.

The method is tested on inverse problems for the Sturm�Liouville's problem. The

results of numerous calculations have shown its computational e�ciency.

Keywords: the inverse spectral problem; perturbation theory; discrete and self-adjoint

operators; eigenvalues; eigenfunctions; incorrectly formulated problems.
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