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Ñòàòüÿ ñîäåðæèò îáçîð ðåçóëüòàòîâ àâòîðà â îáëàñòè ìàòåìàòè÷åñêèõ ìîäåëåé íà
îñíîâå óðàâíåíèé ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà. Òåîðèÿ ïîñòðîåíà íà îñíîâå
èçâåñòíûõ ôàêòîâ ïî ðàçðåøèìîñòè íà÷àëüíûõ (íà÷àëüíî-êîíå÷íûõ) çàäà÷ äëÿ óðàâ-
íåíèé ñîáîëåâñêîãî òèïà ïåðâîãî ïîðÿäêà. Èäåÿ áàçèðóåòñÿ íà îáîáùåíèè òåîðèè âû-
ðîæäåííûõ (ïîëó)ãðóïï îïåðàòîðîâ íà ñëó÷àé óðàâíåíèé ñîáîëåâñîãî òèïà âûñîêîãî
ïîðÿäêà: ðàñùåïëåíèè ïðîñòðàíñòâ, äåéñòâèé âñåõ îïåðàòîðîâ, ïîñòðîåíèè ïðîïàãà-
òîðîâ è ôàçîâîãî ïðîñòðàíñòâà îäíîðîäíîãî óðàâíåíèÿ, à òàêæå ìíîæåñòâà äîïóñòè-
ìûõ íà÷àëüíûõ çíà÷åíèé äëÿ íåîäíîðîäíîãî óðàâíåíèÿ. Ìû èñïîëüçóåì óæå õîðîøî
çàðåêîìåíäîâàâøèé ñåáÿ ïðè ðåøåíèè óðàâíåíèé ñîáîëåâñêîãî òèïà ìåòîä ôàçîâîãî
ïðîñòðàíñòâà, çàêëþ÷àþùèéñÿ â ðåäóêöèè ñèíãóëÿðíîãî óðàâíåíèÿ ê ðåãóëÿðíîìó,
îïðåäåëåííîìó íà íåêîòîðîì ïîäïðîñòðàíñòâå èñõîäíîãî ïðîñòðàíñòâà. Â ðàáîòå ïðî-
âîäèòñÿ ðåäóêöèÿ ìàòåìàòè÷åñêèõ ìîäåëåé ê íà÷àëüíûì (íà÷àëüíî-êîíå÷íûì) çàäà-
÷àì äëÿ àáñòðàêòíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà. Ïîëó÷åííûå
ðåçóëüòàòû ìîãóò íàéòè äàëüíåéøåå ïðèìåíåíèå ïðè èññëåäîâàíèè çàäà÷ îïòèìàëüíî-
ãî óïðàâëåíèÿ, íåëèíåéíûõ ìàòåìàòè÷åñêèõ ìîäåëåé, à òàêæå äëÿ ïîñòðîåíèÿ òåîðèè
óðàâíåíèé ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà â êâàçèáàíàõîâûõ ïðîñòðàíñòâàõ.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà; ôàçîâîå ïðî-

ñòðàíñòâî; ïðîïàãàòîðû; íà÷àëüíî-êîíå÷íàÿ çàäà÷à; îòíîñèòåëüíûé ñïåêòð.

Ââåäåíèå

Àêòóàëüíîñòü èçó÷åíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé íà îñíîâå óðàâíåíèé ñîáëåâñêîãî òèïà
âûñîêîãî ïîðÿäêà îáóñëîâëåíà íåîáõîäèìîñòüþ èññëåäîâàíèÿ âàæíûõ ïðèêëàäíûõ çàäà÷,
â ÷àñòíîñòè, â îáëàñòè ôèçèêè àòìîñôåðû, ôèçèêè ïëàçìû, òåîðèè ýëåêòðè÷åñêèõ öåïåé,
òåîðèè ïîëçó÷åñòè ìåòàëëîâ, äèíàìèêè êîëåáàíèé ñòðàòèôèöèðîâàííîé æèäêîñòè, òåîðèè
ôèëüòðàöèè, áèîëîãèè è äðóãèõ. Èìåííî ðàçâèòèå òåîðèè óðàâíåíèé ñîáîëåâñêîãî òèïà [1]
ïîçâîëèëî ïîñòàâèòü âîïðîñ îá àíàëèòè÷åñêîì è ÷èñëåííîì èññëåäîâàíèè êàê ñóùåñòâóþ-
ùèõ çàäà÷, òàê è íîâûõ â ðàìêàõ ñëîæèâøèõñÿ íàïðàâëåíèé ìàòåìàòè÷åñêîãî ìîäåëèðîâà-
íèÿ, íàïðèìåð, â òåîðèè çâóêîâûõ è ìîëåêóëÿðíûõ âîëí, ãèäðîäèíàìèêå, òåîðèè óïðóãîñòè
è äðóãèõ, îïèñûâàåìûõ óðàâíåíèÿìè âûñîêîãî ïîðÿäêà [2�8].

Íåñìîòðÿ íà òî, ÷òî ïåðâûå èññëåäîâàíèÿ óðàâíåíèé íåðàçðåøåííûõ îòíîñèòåëüíî ñòàð-
øåé ïðîèçâîäíîé ïî âðåìåíè ïîÿâèëèñü åùå â ðàáîòàõ À. Ïóàíêàðå â 1885 ãîäó [9], à ñèñòå-
ìàòè÷åñêîå èçó÷åíèå íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ òàêèõ óðàâíåíèé íà÷àëîñü â 40-õ ãîäàõ
ïðîøëîãî ñòîëåòèÿ ñ ðàáîò Ñ.Ë. Ñîáîëåâà [10], â íàñòîÿùåå âðåìÿ òåîðèÿ óðàâíåíèé ñîáî-
ëåâñêîãî òèïà àêòèâíî ðàçâèâàåòñÿ è ïåðåæèâàåò ïîðó áóðíîãî ðàñöâåòà. Ñôîðìèðîâàëèñü
íàó÷íûå íàïðàâëåíèÿ, âîêðóã êîòîðûõ ñëîæèëèñü íàó÷íûå øêîëû [11�17].

Äàííàÿ ðàáîòà ïðîâåäåíà â ðàìêàõ íàïðàâëåíèÿ, âîçãëàâëÿåìîãî Ã.À. Ñâèðèäþêîì, è
ïîñâÿùåíà èññëåäîâàíèþ ìàòåìàòè÷åñêèõ ìîäåëåé íà îñíîâå íåêëàññè÷åñêèõ óðàâíåíèé ìà-
òåìàòè÷åñêîé ôèçèêè âûñîêîãî ïîðÿäêà. Â ñòàòüå îïèñûâàþòñÿ ðàçðàáîòàííûå àâòîðîì àá-
ñòðàêòíûå ìåòîäû [18, 20], êîòîðûå ïðèìåíÿþòñÿ ê èññëåäîâàíèþ ñëåäóþùèõ ìàòåìàòè÷å-
ñêèõ ìîäåëåé:
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Ìàòåìàòè÷åñêàÿ ìîäåëü Äåæåí ëèíåéíûõ âîëí â ñìåêòèêàõ. Óðàâíåíèå ëèíåéíûõ
âîëí â ñìåêòèêàõ [21], âïåðâûå ïîëó÷åííîå P.G. de Gennes, èìååò âèä
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ñòè ïî ïåðåìåííûì {z, x1, x2} ∈ [a, b] × Ω. Â ñëó÷àå óñòàíîâèâøèõñÿ çâóêîâûõ êîëåáàíèé â
ñìåêòèêå

u(x1, x2, z, t) = v(x1, x2, z) exp(−iωt),

èñõîäíîå óðàâíåíèå ïðèìåò âèä
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∂z2
(∆2v + α2v) + α2∆2v = 0, α2 = ω2α−1

1 . (2)

Äîïîëíèì ýòî óðàâíåíèå íà÷àëüíî-êðàåâûìè óñëîâèÿìè

v(x, 0) = v0(x), vz(x, 0) = v1(x), x = (x1, x2) ∈ Ω,

v(x, z) = 0, (x, z) ∈ ∂Ω× R. (3)

Ëèíåàðèçîâàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü Benney � Luke. Â öèëèíäðå [0, l]×R ðàññìîò-
ðèì ëèíåàðèçîâàííîå óðàâíåíèå Benney � Luke [22].

utt − uxx + auxxxx − buxxtt = 0, (4)

ñ êðàåâûìè óñëîâèÿìè Áåíàðà

u(0, t) = uxx(0, t) = u(l, t) = uxx(l, t) = 0. (5)

Ìàòåìàòè÷åñêàÿ ìîäåëü (4), (5) ñ òåì èëè èíûì íà÷àëüíûì óñëîâèåì îïèñûâàåò äâóñòîðîí-
íåå ðàñïðîñòðàíåíèå äëèííûõ âîëí íà ìåëêîé âîäå ñ ó÷åòîì ïîâåðõíîñòíîãî íàòÿæåíèÿ.

Ìàòåìàòè÷åñêàÿ ìîäåëü êîëåáàíèé â êîíñòðóêöèè. Ïóñòü G = G(V; E) � êîíå÷íûé
ñâÿçíûé îðèåíòèðîâàííûé ãðàô, ãäå V = {Vi}mi=1 � ìíîæåñòâî âåðøèí, à E = {Ej}nj=1 �
ìíîæåñòâî äóã. Ìû ïðåäïîëàãàåì, ÷òî êàæäàÿ äóãà èìååò äëèíó lj > 0 è òîëùèíó dj > 0.
Íà ãðàôå G ðàññìîòðèì óðàâíåíèÿ Áóññèíåñêà � Ëÿâà [23]

λujtt − ujxxtt = α(ujxxt − λ′ujt) + β(ujxx − λ′′uj), x ∈ (0, lj), t ∈ R, j = 1, n. (6)

Äëÿ óðàâíåíèé (6) â êàæäîé âåðøèíå Vi, i = 1,m çàäàäèì êðàåâûå óñëîâèÿ∑
j:Ej∈Eα(Vi)

djujx(0, t)−
∑

k:Ek∈Eω(Vi)

dkukx(lk, t) = 0, (7)

us(0, t) = uj(0, t) = uk(lk, t) = um(lm, t), (8)

äëÿ âñåõ Es, Ej ∈ Eα(Vi), Ek, Em ∈ Eω(Vi). Çäåñü ÷åðåç E
α(ω)(Vi) îáîçíà÷åíî ìíîæåñòâî äóã

ñ íà÷àëîì (êîíöîì) â âåðøèíå Vi. Åñëè äîïîëíèòü (7), (8) íà÷àëüíûìè óñëîâèÿìè

uj(x, 0) = u0j(x), ujt(x, 0) = u1j(x), äëÿ âñåõ x ∈ (0, lj), j = 1, n, (9)

òî ïîëó÷èì ìàòåìàòè÷åñêóþ ìîäåëü, ïðåäñòàâëÿþùóþ ïðîöåññû êîëåáàíèé â êîíñòðóêöèè
èç òîíêèõ óïðóãèõ ñòåðæíåé. Ôóíêöèè uj(x, t) îïðåäåëÿþò ïðîäîëüíîå ñìåùåíèå â òî÷êå x

6 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫
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â ìîìåíò âðåìåíè t íà j-ì ýëåìåíòå êîíñòðóêöèè. Ïàðàìåòðû λ, λ′, λ′′, α è β õàðàêòåðèçóþò
ìàòåðèàë, èç êîòîðîãî èçãîòîâëåíû ñòåðæíè.

Ìàòåìàòè÷åñêèå ìîäåëè (2), (3) è (4), (5) ñ òåì èëè èíûì íà÷àëüíûì (íà÷àëüíî-
êîíå÷íûì) óñëîâèåì â ïîäõîäÿùèõ áàíàõîâûõ ïðîñòðàíñòâàõ ìîãóò áûòü ðåäóöèðîâàíû ê
ñîîòâåòñòâóþùèì çàäà÷àì äëÿ íåïîëíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà

Lu(n) =Mu+ f (10)

ñ îòíîñèòåëüíî p-îãðàíè÷åííûì èëè îòíîñèòåëüíî p-ñåêòîðèàëüíûì îïåðàòîðîì â ïðàâîé
÷àñòè.

Ðàçðàáîòàííàÿ àâòîðîì òåîðèÿ ïîëíûõ óðàâíåíèé ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà

Au(n) = Bn−1u
(n−1) + ...+B0u+ f (11)

ñ îòíîñèòåëüíî ïîëèíîìèàëüíî îãðàíè÷åííûì ïó÷êîì îïåðàòîðîâ ïîçâîëÿåò èññëåäîâàòü
ìàòåìàòè÷åñêóþ ìîäåëü (6)�(9).

Ñòàíäàðòíîé çàäà÷åé äëÿ óðàâíåíèé (10), (11) ÿâëÿåòñÿ çàäà÷à Êîøè

u(m)(0) = um, m = 0, . . . , n− 1. (12)

Íàðÿäó ñ çàäà÷åé (12) äëÿ óðàâíåíèé ñîáîëåâñêîãî òèïà ñòàâèòñÿ óñëîâèå Øîóîëòåðà �
Ñèäîðîâà [24]

L(u(m)(0)− um) = 0,m = 0, . . . , n− 1. (13)

Îáå çàäà÷è â çàâèñèìîñòè îò ìåòîäîâ èññëåäîâàíèÿ ìîãóò ïîíèìàòüñÿ â ðàçëè÷íûõ ñìûñëàõ
(êëàññè÷åñêîì, îáîáùåííîì, îñëàáëåííîì, ñèëüíîì è ò.ä.), îäíàêî î÷åâèäíî, ÷òî çàäà÷à (13)
áîëåå îáùàÿ, íåæåëè (12). Â òðèâèàëüíîì ñëó÷àå (ñóùåñòâîâàíèå îáðàòíîãî îïåðàòîðà L) îáå
çàäà÷è ñîâïàäàþò, à çíà÷èò, ñîâïàäàþò è èõ ðåøåíèÿ. Îäíàêî, çàäà÷àØîóîëòåðà � Ñèäîðîâà
äëÿ óðàâíåíèé ñîáîëåâñêîãî òèïà áîëåå åñòåñòâåííà, íåæåëè çàäà÷à Êîøè. Â äàííîé ðàáîòå
ðàññìàòðèâàåòñÿ çàäà÷à Øîóîëòåðà � Ñèäîðîâà â áîëåå îáùåé ïîñòàíîâêå:

P (u(m)(0)− um) = 0, m = 0, . . . , n− 1, (14)

ãäå P � ñïåêòðàëüíûé ïðîåêòîð. Ïðè ïðîâåäåíèè âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ óñëîâèÿ
Øîóîëòåðà � Ñèäîðîâà ïðåäïî÷òèòåëüíåå, íåæåëè óñëîâèÿ Êîøè, òàê êàê íå âîçíèêàåò íåîá-
õîäèìîñòè ïðîâåðêè ïðèíàäëåæíîñòè íà÷àëüíûõ çíà÷åíèé ôàçîâîìó ïðîñòðàíñòâó óðàâíå-
íèÿ.

Åñòåñòâåííûì îáîáùåíèåì çàäà÷è (14) ÿâëÿåòñÿ íà÷àëüíî-êîíå÷íàÿ çàäà÷à [25]

Pin(u
(m)(0)− u0m) = 0, Pfin(u

(m)(T )− uTm) = 0, m = 0, . . . , n− 1. (15)

Çäåñü Pin è Pfin � ñïåöèàëüíûì îáðàçîì ïîñòðîåííûå îòíîñèòåëüíî ñïåêòðàëüíûå ïðîåêòî-
ðû. Òåðìèí ≪íà÷àëüíî-êîíå÷íàÿ çàäà÷à≫ ïîÿâèëñÿ îòíîñèòåëüíî íåäàâíî è îòðàæàåò òîò
ôàêò, ÷òî äëÿ óðàâíåíèÿ (10) èëè (11) ÷àñòü äàííûõ çàäàåòñÿ â íà÷àëå âðåìåíí�îãî ïðî-
ìåæóòêà [0,T], à äðóãàÿ ÷àñòü � â êîíöå. Ïåðâîíà÷àëüíî îíà íàçûâàëàñü ≪çàäà÷åé ñîïðÿ-
æåíèÿ≫ è ðàññìàòðèâàëàñü êàê îáîáùåíèå çàäà÷è ñ äàííûìè íà ñâîáîäíîé ïîâåðõíîñòè.
Èìåííî â ýòîì êîíòåêñòå áûëà ïîñòðîåíà òåîðèÿ òàêèõ çàäà÷ äëÿ ëèíåéíûõ óðàâíåíèé ñîáî-
ëåâñêîãî òèïà ïåðâîãî ïîðÿäêà, è ðàçðàáîòàíû ïðèëîæåíèÿ ýòîé òåîðèè.Â äàííîé ðàáîòå ýòè
èäåè è ìåòîäû ðàñïðîñòðàíåíû íà ñëó÷àé óðàâíåíèé ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà.
Íåîáõîäèìî îòìåòèòü, ÷òî â íàñòîÿùåå âðåìÿ íà÷àëüíî-êîíå÷íûå çàäà÷è äëÿ íåêëàññè÷å-
ñêèõ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè àêòèâíî èçó÷àþòñÿ, â òîì ÷èñëå è íà ìíîæåñòâàõ
ðàçëè÷íîé ãåîìåòðè÷åñêîé ñòðóêòóðû [26].
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Íàø ïîäõîä îñíîâàí íà êîíöåïöèè îòíîñèòåëüíîãî ñïåêòðà, ïðåäëîæåííîé Ã.À. Ñâè-
ðèäþêîì [1, 27], è ðàçâèòîé åãî ó÷åíèêàìè [28�30]. Êðîìå òîãî, ìåòîäû, ïðåäëîæåííûå
Ã.À. Ñâèðèäþêîì, ëåãëè â îñíîâó òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ [43, 32], ñòàëè ôóíäà-
ìåíòîì àëãîðèòìîâ ÷èñëåííîãî ðåøåíèÿ óðàâíåíèé ëåîíòüåâñêîãî òèïà (ò.å. êîíå÷íîìåðíûõ
óðàâíåíèé ñîáîëåâñêîãî òèïà) [33], êîòîðûå â ñâîþ î÷åðåäü ñûãðàëè âàæíóþ ðîëü â ÷èñëåí-
íûõ èññëåäîâàíèÿõ ýêîíîìè÷åñêèõ [34, 35] è òåõíè÷åñêèõ ìîäåëåé [36, 37].

Ðåçóëüòàòû, ïðåäñòàâëåííûå àâòîðîì, ëåãëè â îñíîâó àíàëèòè÷åñêèõ è ÷èñëåííûõ èñ-
ñëåäîâàíèé ïîëóëèíåéíûõ óðàâíåíèé ñîáîëåâñêîãî òèïà âòîðîãî ïîðÿäêà [38, 44], íàõîäÿò
ñâîå ïðèìåíåíèå ïðè èññëåäîâàíèè ñòîõàñòè÷åñêèõ óðàâíåíèé [40, 41].

Ñòàòüÿ êðîìå ââîäíîé ÷àñòè è ñïèñêà ëèòåðàòóðû ñîäåðæèò øåñòü ïàðàãðàôîâ. Ïåð-
âûé ïàðàãðàô ïîñâÿùåí èçó÷åíèþ àáñòðàêòíîé çàäà÷è Êîøè äëÿ óðàâíåíèÿ ñîáîëåâñêîãî
òèïà âûñîêîãî ïîðÿäêà ñ îòíîñèòåëüíî p-îãðàíè÷åííûì îïåðàòîðîì [19]. Ýòè ðåçóëüòàòû
ïðèìåíÿþòñÿ âî âòîðîì ïàðàãðàôå äëÿ èññëåäîâàíèÿ ìàòåìàòè÷åñêîé ìîäåëè ëèíåéíûõ
âîëí â ñìåêòèêàõ [42]. Â-òðåòüåì ïàðàãðàôå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè è íà÷àëüíî-
êîíå÷íàÿ çàäà÷à äëÿ óðàâíåíèÿ ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà (10) â ñëó÷àå (L, n, p)-
ñåêòîðèàëüíîñòè îïåðàòîðà M . Äàííûå àáñòðàêòíûå ðåçóëüòàòû ïðîèëëþñòðèðîâàíû êîí-
êðåòíûì ïðèìåðîì, ïðèâåäåííûì â ÷åòâåðòîì ïàðàãðàôå. Çäåñü èññëåäóåòñÿ ìàòåìàòè÷å-
ñêàÿ ìîäåëü Áåííè � Ëþêà ñ íà÷àëüíûì (íà÷àëüíî-êîíå÷íûì) óñëîâèåì [43]. Â ïÿòîì ïàðà-
ãðàôå ïðèâîäèòñÿ ðàçðàáîòàííàÿ àâòîðîì òåîðèÿ îòíîñèòåëüíî ïîëèíîìèàëüíî îãðàíè÷åí-
íûõ ïó÷êîâ îïåðàòîðîâ [29], êîòîðàÿ èñïîëüçóåòñÿ â øåñòîì ïàðàãðàôå ïðè èññëåäîâàíèè
ìàòåìàòè÷åñêîé ìîäåëè ïðîäîëüíûõ êîëåáàíèé â êîíñòðóêöèè íà îñíîâå óðàâíåíèé Áóññè-
íåñêà � Ëÿâà íà êîíå÷íîì ñâÿçíîì îðèåíòèðîâàííîì ãðàôå, ðåçóëüòàòû êîòîðîé îïóáëèêî-
âàíû â [44].

Íàêîíåö çàìåòèì, ÷òî âñå ðàññìîòðåíèÿ ïðîâîäÿòñÿ â âåùåñòâåííûõ áàíàõîâûõ ïðî-
ñòðàíñòâàõ, îäíàêî ïðè ðàññìîòðåíèè ≪ñïåêòðàëüíûõ âîïðîñîâ≫ ââîäèòñÿ èõ åñòåñòâåííàÿ
êîìïëåêñèôèêàöèÿ. Âñå êîíòóðû îðèåíòèðîâàííû äâèæåíèåì ïðîòèâ ÷àñîâîé ñòðåëêè è
îãðàíè÷èâàþò îáëàñòè, ëåæàùèå ñëåâà ïðè òàêîì äâèæåíèè.

1. Îòíîñèòåëüíî p-îãðàíè÷åííûå îïåðàòîðû

Ïóñòü U, F � áàíàõîâû ïðîñòðàíñòâà è îïåðàòîðû L, M ∈ L(U;F) (ëèíåéíû è íåïðåðûâ-
íû).

Îïðåäåëåíèå 1. Ìíîæåñòâî

ρL(M) = {µ ∈ C : (µL−M)−1 ∈ L(F;U)}

íàçûâàåòñÿ ðåçîëüâåíòíûì ìíîæåñòâîì îïåðàòîðà M îòíîñèòåëüíî îïåðàòîðà L (êîðî-
÷å, L-ðåçîëüâåíòíûì ìíîæåñòâîì îïåðàòîðà M). Ìíîæåñòâî C\ρL(M) = σL(M) íàçû-
âàåòñÿ ñïåêòðîì îïåðàòîðà M îòíîñèòåëüíî îïåðàòîðà L (êîðî÷å, L-ñïåêòðîì îïåðàòîðà
M).

Çàìå÷àíèå 1. L-ðåçîëüâåíòíîå ìíîæåñòâî îïåðàòîðàM âñåãäà îòêðûòî, è, ñëåäîâàòåëü-
íî, L-ñïåêòð îïåðàòîðà M âñåãäà çàìêíóò.

Îïðåäåëåíèå 2. Îïåðàòîð-ôóíêöèè

(µL−M)−1, RL
µ = (µL−M)−1L, LL

µ = L(µL−M)−1

ñ îáëàñòüþ îïðåäåëåíèÿ ρL(M) íàçûâàþòñÿ ñîîòâåòñòâåííî ðåçîëüâåíòîé, ïðàâîé ðå-
çîëüâåíòîé, ëåâîé ðåçîëüâåíòîé îïåðàòîðà M îòíîñèòåëüíî îïåðàòîðà L (êîðî÷å, L-
ðåçîëüâåíòîé, ïðàâîé L-ðåçîëüâåíòîé, ëåâîé L-ðåçîëüâåíòîé îïåðàòîðà M).
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Òåîðåìà 1. [1] L-ðåçîëüâåíòà, ïðàâàÿ è ëåâàÿ L-ðåçîëüâåíòà îïåðàòîðà àíàëèòè÷íû â
ñâîåé îáëàñòè îïðåäåëåíèÿ.

Îïðåäåëåíèå 3. Îïåðàòîð M íàçûâàåòñÿ ñïåêòðàëüíî îãðàíè÷åííûì îòíîñèòåëüíî îïå-
ðàòîðà L (êîðî÷å, (L, σ)-îãðàíè÷åííûì), åñëè

∃a > 0 ∀µ ∈ C : (|µ| > a) ⇒ (µ ∈ ρL(M)).

Çàìå÷àíèå 2. Ïóñòü ñóùåñòâóåò îïåðàòîð L−1 ∈ L(F,U). Îïåðàòîð M (L, σ)−îãðàíè÷åí
òî÷íî òîãäà, êîãäà îãðàíè÷åí îïåðàòîð L−1M ( èëè ML−1).

Ëåììà 1. [1] Ïóñòü îïåðàòîð M (L, σ)-îãðàíè÷åí. Òîãäà îïåðàòîðû

P =
1

2πi

∫
Γ

RL
λ (M)dλ è Q =

1

2πi

∫
Γ

LL
λ (M)dλ

ÿâëÿþòñÿ ïðîåêòîðàìè, ïðè÷åì P : U → U è Q : F → F. Çäåñü Γ = {λ ∈ C : |λ| = r > a}.

Ïîëîæèì U0 = kerP , F0 = kerQ, U1 = imP , F1 = imQ. Îáîçíà÷èì ÷åðåç Lk(Mk)
ñóæåíèå îïåðàòîðà L (M) íà ïîäïðîñòðàíñòâî Uk, k = 0, 1.

Òåîðåìà 2. [1] Ïóñòü îïåðàòîð M (L, σ)-îãðàíè÷åí. Òîãäà
(i) îïåðàòîðû Lk,Mk : Uk → Fk, k = 0, 1;
(ii) ñóùåñòâóåò îïåðàòîð M−1

0 ∈ L(F0,U0);
(iii) ñóùåñòâóåò îïåðàòîð L−1

1 ∈ L(F1,U1);
(iv) îïåðàòîð M1 ∈ L(U1,F1).

Â óñëîâèÿõ òåîðåìû 2 ïîñòðîèì îïåðàòîðû H = M−1
0 L0 ∈ L(U0) è S = L−1

1 M1 ∈ L(U1).
Òîãäà

(µL−M)−1 =

(
−

∞∑
k=0

µkHk

)
M−1

0 (I−Q) +

∞∑
k=1

µ−kSk−1L−1
1 Q. (16)

Îïðåäåëåíèå 4. Áåñêîíå÷íî óäàëåííàÿ òî÷êà L-ðåçîëüâåíòû îïåðàòîðà M íàçûâàåòñÿ
(i) óñòðàíèìîé îñîáîé òî÷êîé, åñëè H ≡ O;
(ii) ïîëþñîì ïîðÿäêà, åñëè Hp ̸= O,Hp+1 ≡ O; p ∈ N,
(iii) ñóùåñòâåííî îñîáîé òî÷êîé, åñëè Hq ̸= O, ∀q ∈ N.

Äàëåå óñòðàíèìóþ îñîáóþ òî÷êó òàê æå áóäåì íàçûâàòü ïîëþñîì ïîðÿäêà íóëü.

Çàìå÷àíèå 3. Â äàëüíåéøåì (L, σ)-îãðàíè÷åííûé îïåðàòîð M , áóäåì íàçûâàòü (L, p)-
îãðàíè÷åííûì, åñëè òî÷êà ∞ ÿâëÿåòñÿ ïîëþñîì ïîðÿäêà p ∈ {0} ∪ N åãî L-ðåçîëüâåíòû.

Îïðåäåëåíèå 5. Îáîçíà÷èì ÷åðåç φ0 ∈ kerL\{0} ñîáñòâåííûé âåêòîð îïåðàòîðà L. Óïî-
ðÿäî÷åííîå ìíîæåñòâî {φ1, φ2, . . .} ⊂ imL íàçûâàåòñÿ öåïî÷êîé M -ïðèñîåäèíåííûõ âåê-
òîðîâ ñîáñòâåííîãî âåêòîðà φ0, åñëè

Lφq+1 =Mφq, q = 0, 1, 2 . . . , φq ̸∈ kerL ïðè q = 1, 2, . . .

Ãîâîðÿò, ÷òî öåïî÷êà êîíå÷íà, åñëè ñóùåñòâóåò òàêîéM -ïðèñîåäèíåííûé âåêòîð φp, ÷òî
ëèáî φp ̸∈ domM , ëèáî Mφp ̸∈ imL. Ìîùíîñòü êîíå÷íîé öåïî÷êè íàçûâàåòñÿ åå äëèíîé.

Ëèíåéíàÿ îáîëî÷êà âñåõ ñîáñòâåííûõ èM -ïðèñîåäèíåííûé âåêòîðîâ îïåðàòîðà L íàçû-
âàåòñÿ M -êîðíåâûì ëèíåàëîì îïåðàòîðà L.
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Òåîðåìà 3. [1] Ïóñòü îïåðàòîð L � ôðåäãîëüìîâ (ò.å. indL = 0). Òîãäà ñëåäóþùèå óòâåð-
æäåíèÿ ýêâèâàëåíòíû

(i) îïåðàòîð M (L, p)-îãðàíè÷åí;
(ii) ëþáîé ñîáñòâåííûé âåêòîð îïåðàòîðà L íå èìååò M -ïðèñîåäèíåííûõ âåêòîðîâ

âûñîòû áîëüøå p.

Îïðåäåëåíèå 6. Îïåðàòîð-ôóíêöèþ V • ∈ C∞(R;L(U)) áóäåì íàçûâàòü ïðîïàãàòîðîì îä-
íîðîäíîãî óðàâíåíèÿ (10), åñëè äëÿ ëþáîãî v ∈ U âåêòîð-ôóíêöèÿ u(t) = V tv áóäåò ðåøå-
íèåì ýòîãî óðàâíåíèÿ.

Òåîðåìà 4. Ïóñòü îïåðàòîð M(L, σ)-îãðàíè÷åí. Òîãäà ôîðìóëû

U t
m =

1

2πi

∫
Γ

µn−m−1(µnL−M)−1Leµtdµ, (17)

ãäå êîíòóð Γ = {µ ∈ C : |µ| = R > a}, îïðåäåëÿþò ïðîïàãàòîðû óðàâíåíèÿ (10) ïðè âñåõ
t ∈ R.

Ëåììà 2. (i) U•
m ∈ C∞(R;L(U;U1)),

(
U t
m

)(l)
t

= U t
m−l, ãäå m = 0, 1, . . . , n− 1, l = 0, 1, . . . ,m;

(ii)
(
U t
m

)(l)
t

∣∣∣
t=0

= O ïðè m ̸= l,
(
U t
m

)(m)

t

∣∣∣
t=0

= U0
0 = P . (Íàïîìíèì, ÷òî ïðîåêòîð

P ∈ L(U) îïðåäåëåí â ëåììå 1).

Îïðåäåëåíèå 7. Ïîäïðîñòðàíñòâî P ⊂ U íàçûâàåòñÿ ôàçîâûì ïðîñòðàíñòâîì îäíîðîäíîãî
óðàâíåíèÿ (10), åñëè
(i) ëþáîå ðåøåíèå u = u(t) óðàâíåíèÿ (10) ëåæèò â P, ò.å. u(t) ∈ P ∀t ∈ R.
(ii) ïðè ëþáûõ um,m = 0, ..., n− 1 ∈ P ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (10), (12).

Çàìå÷àíèå 4. Åñëè ñóùåñòâóåò îïåðàòîð L−1 ∈ L(U), òî â ñèëó íåïðåðûâíîñòè îïåðàòîðà
M ôàçîâûì ïðîñòðàíñòâîì óðàâíåíèÿ (10) ñëóæèò âñå ïðîñòðàíñòâî U.

Òåîðåìà 5. Ïóñòü îïåðàòîð M(L, p)-îãðàíè÷åí, p ∈ {0} ∪ N. Òîãäà ïîäïðîñòðàíñòâî U1

ÿâëÿåòñÿ ôàçîâûì ïðîñòðàíñòâîì îäíîðîäíîãî óðàâíåíèÿ (10).

Ðàññìîòðèì çàäà÷ó Êîøè (12) äëÿ íåîäíîðîäíîãî íåïîëíîãî óðàâíåíèÿ ñîáîëåâñêîãî
òèïà (10), ãäå âåêòîð-ôóíêöèþ f : (−τ, τ) → F îïðåäåëèì ïîçæå.

Ïóñòü îïåðàòîðM(L, p)-îãðàíè÷åí, òîãäà â ñèëó òåîðåìû 2 çàäà÷à (10), (12) ðàñïàäàåòñÿ
íà äâå íåçàâèñèìûå çàäà÷è

H(u0)(n) = u0 +M−1
0 f0, (u0)(m)(0) = u0m, m = 0, 1, . . . , n− 1, (18)

(u1)(n) = Su1 + L−1
1 f1, (u1)(m)(0) = u1m, m = 0, 1, . . . , n− 1, (19)

ãäå îïåðàòîðû H = M−1
0 L0 ∈ L(U0), S = L−1

1 M1 ∈ L(U1); âåêòîð-ôóíêöèè u0 = (I − P )u,
f0 = (I −Q)f , u1 = Pu, f1 = Qf ; âåêòîðû ukm ∈ Uk, k = 0, 1,m = 0, ..., n− 1.

Ðàññìîòðèì ñíà÷àëà çàäà÷ó (18). Ïóñòü f0 ∈ Cn(p+1)((−τ, τ);F0), òîãäà ïðîñòîé ïîäñòà-
íîâêîé ìîæíî óáåäèòüñÿ, ÷òî âåêòîð-ôóíêöèÿ

u0(t) = −
p∑

q=0

HqM−1
0 (I−Q)f (qn)(t) (20)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (18). Åñëè âäîáàâîê

u0m = −
p∑

q=0

HqM−1
0

dnq+m

dt2q+m
f0(0),m = 0, . . . , n− 1, (21)
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òî âåêòîð-ôóíêöèÿ (20) ñëóæèò ðåøåíèåì çàäà÷è (18).
Ïåðåéäåì ê çàäà÷å (19). Ïóñòü âåêòîð-ôóíêöèÿ f1 ∈ C((−τ, τ);F1), òîãäà âåêòîð-

ôóíêöèÿ

u1(t) =
n−1∑
m=0

V t
mu

1
m +

t∫
0

V t−s
n−1L

−1
1 Qf(s)ds, t ∈ (−τ, τ) (22)

áóäåò ðåøåíèåì çàäà÷è (19).

Òåîðåìà 6. Ïóñòü îïåðàòîð M(L, p)-îãðàíè÷åí, p ∈ {0} ∪ N. Ïóñòü âåêòîð-ôóíêöèÿ f :
(−τ, τ) → F òàêîâà, ÷òî f0 ∈ Cn(p+1)((−τ, τ);F0), è f1 ∈ C((−τ, τ);F1). Ïóñòü íà÷àëüíûå
çíà÷åíèÿ óäîâëåòâîðÿþò ñîîòíîøåíèÿì

(I − U0
0 )um = −

p∑
q=0

HqM−1
0

dnq+m

dtnq+m
f0(0), m = 0, 1, . . . , n− 1.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (10), (12), êîòîðîå ìîæíî ïðåäñòàâèòü
â âèäå u(t) = u0(t) + u1(t), ãäå u0(t) îïðåäåëåíî ôîðìóëîé (20), à u1(t) � ôîðìóëîé (22).

2. Ìàòåìàòè÷åñêàÿ ìîäåëü Äåæåí ëèíåéíûõ âîëí â ñìåêòèêàõ

Íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ (2) ìîæíî îïèñàòü â òåðìèíàõ çàäà÷è (12) äëÿ
óðàâíåíèÿ (10). Ðåäóöèðóÿ ìàòåìàòè÷åñêóþ ìîäåëü (2), (3) ê çàäà÷å (10), (12), ïîëîæèì

U = {v ∈W l+2
q (Ω) : v(x) = 0, x ∈ ∂Ω}, F =W l

q(Ω)

èëè

U = {v ∈ C l+2+γ(Ω) : v(x) = 0, x ∈ ∂Ω}, F = C l+γ(Ω),

ãäå W l
q(Ω) � ïðîñòðàíñòâà Ñîáîëåâà 2 ≤ q < ∞, C l+γ(Ω) � ïðîñòðàíñòâà Ãåëüäåpà 0 < γ <

1, l = 0, 1, . . . . Ïîëîæèì äëÿ óäîáñòâà α = −α2, ∆ = ∆2. Îïåðàòîðû L è M çàäàäèì
ôîðìóëàìè L = ∆− α, M = α∆. Ïðè ëþáîì l ∈ {0} ∪ N îïåðàòîðû L,M ∈ L(U;F).

Îáîçíà÷èì ÷åðåç {λk} ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé îäíîðîäíîé çàäà÷è Äèðèõëå â
îáëàñòè Ω äëÿ îïåðàòîðà Ëàïëàñà ∆, çàíóìåðîâàííîå ïî íåâîçðàñòàíèþ ñ ó÷åòîì êpàòíî-
ñòè, à ÷åðåç {φk} � ñåìåéñòâî ñîîòâåòñòâóþùèõ ñîáñòâåííûõ ôóíêöèé, îðòîíîðìèðîâàííûõ
îòíîñèòåëüíî ñêàëÿðíîãî ïðîèçâåäåíèÿ < ·, · > èç L2(Ω).

Ëåììà 3. Ïóñòü α ∈ R. Òîãäà îïåðàòîð M (L, 0)-îãðàíè÷åí.

Èòàê, â ñèëó òåîðåìû 6 ñïðàâåäëèâà

Òåîðåìà 7. (i) Ïóñòü α ̸∈ σ(∆). Òîãäà ïðè ëþáûõ v0, v1 ∈ U ñóùåñòâóåò åäèíñòâåííîå
ðåøåíèå çàäà÷è (2), (3), êîòîðîå ê òîìó æå èìååò âèä

v(z) =
∑
α<λk

< v0, φk > φkch

√
αλk
λk − α

z +
∑
α>λk

< v0, φk > φkcos

√
αλk
α− λk

z+

+
∑
α<λk

< v1, φk > φk

√
λk − α

αλk
sh

√
αλk
λk − α

z+

+
∑
α>λk

< v1, φk > φk

√
α− λk
αλk

sin

√
αλk
α− λk

z. (23)
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(ii) Ïóñòü α ∈ σ(∆). Òîãäà ïðè ëþáûõ

v0, v1 ∈ U
1 = {v ∈ U :< v, φk >= 0, λ = λk}

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3),(2), èìåþùåå âèä (23).

Çàìå÷àíèå 5. Ðåçóëüòàòû ýòîé òåîðåìû ëåãêî òðàíñêðèáèðóþòñÿ â òåðìèíàõ èñõîäíîãî
óðàâíåíèÿ (1), åñëè ó÷åñòü ñâÿçü ìåæäó ôóíêöèÿìè u è v.

3. Îòíîñèòåëüíî p-ñåêòîðèàëüíûå îïåðàòîðû

Îñíîâû òåîðèè îòíîñèòåëüíî p-ñåêòîðèàëüíûõ îïåðàòîðîâ áûëè çàëîæåíû Ã.À. Ñâèðè-
äþêîì è ðàçâèòû â ðàáîòàõ åãî ó÷åíèêîâ. Ìû ðàñïðîñòðàíèì ýòè èäåè è ìåòîäû íà ñëó-
÷àé óðàâíåíèÿ ïðîèçâîëüíîãî ïîðÿäêà. Ïóñòü U è F � áàíàõîâû ïðîñòðàíñòâà, îïåðàòîðû
L ∈ L(U;F), M ∈ Cl(U;F) (ëèíååí, çàìêíóò, ïëîòíî îïðåäåëåí â U). Ïîñòðîèì ìíîæåñòâà
σLn (M) = {µ ∈ C : µn ∈ σL(M)}, ρLn(M) = C \ σLn (M).

Îïðåäåëåíèå 8. ÎïåðàòîðM íàçîâåì (n, p)-ñåêòîðèàëüíûì îòíîñèòåëüíî îïåðàòîðà L èëè
(L, n, p)-ñåêòîðèàëüíûì, åñëè ñóùåñòâóþò êîíñòàíòû K > 0, θ ∈ (π/2, π) òàêèå, ÷òî ìíîæå-
ñòâî

SL
θ,n(M) = {µ ∈ C : | arg(µn)| < θ, µ ̸= 0} ⊂ ρLn(M), (24)

ïðè÷åì

max
{
∥RL

(µn,p)(M)∥L(U), ∥L
L
(µn,p)(M)∥L(F)

}
≤ K

p∏
k=0

|µnk |
∀µk ∈ SL

θ,n(M), k = 0, p. (25)

Ëåììà 4. [1] Ïóñòü îïåðàòîð M (L, n, p)-ñåêòîðèàëåí. Òîãäà äëèíû âñåõ öåïî÷åê M -
ïðèñîåäèíåííûõ âåêòîðîâ îãðàíè÷åíû ÷èñëîì p.

Âîçüìåì α ∈ ρL(M) è ðåäóöèðóåì îäíîðîäíîå óðàâíåíèå (10) ê ïàðå ýêâèâàëåíòíûõ åìó
óðàâíåíèé

RL
α(M)u(n) = (αL−M)−1Mu, (26)

LL
α(M)f (n) =M(αL−M)−1f. (27)

Îïåðàòîðû â ïðàâûõ ÷àñòÿõ (26), (27) ìîæíî îòîæäåñòâèòü ñ íåïðåðûâíûìè îïåðàòîðàìè,
îïðåäåëåííûìè íà ïðîñòðàíñòâàõ U è F ñîîòâåòñòâåííî. Ïîýòîìó óðàâíåíèÿ (26), (27) óäîáíî
ðàññìàòðèâàòü êàê êîíêðåòíûå èíòåðïðåòàöèè óðàâíåíèÿ

Av(n) = Bv, (28)

îïðåäåëåííîãî íà áàíàõîâîì ïðîñòðàíñòâå V, ïðè÷åì îïåðàòîðû A,B ∈ L(V). Âåêòîð-
ôóíêöèþ v ∈ Cn(R+;V), óäîâëåòâîðÿþùóþ óðàâíåíèþ (28), áóäåì íàçûâàòü ðåøåíèåì ýòîãî
óðàâíåíèÿ.

Îïðåäåëåíèå 9. Îïåðàòîð-ôóíêöèþ V • ∈ C∞(R+;L(V)) áóäåì íàçûâàòü ïðîïàãàòîðîì
óðàâíåíèÿ (28), åñëè äëÿ ëþáîãî v ∈ V âåêòîð-ôóíêöèÿ v(t) = V tv áóäåò ðåøåíèåì ýòîãî
óðàâíåíèÿ.

Ëåììà 5. Ïóñòü îïåðàòîð M (L, n, p)-ñåêòîðèàëåí. Òîãäà èíòåãðàëû òèïà Äàíôîðäà-
Øâàðöà

U t
m =

1

2πi

∫
γ

µn−m−1(µnL−M)−1Leµtdµ, (29)
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F t
m =

1

2πi

∫
γ

µn−m−1L(µnL−M)−1eµtdµ, (30)

ãäå t ∈ R+,m = 0, 1, . . . , n− 1, à γ ⊂ ρLn(M)-êîíòóð, îáðàçîâàííûé ëó÷àìè, âûõîäÿùèìè èç
íà÷àëà êîîðäèíàò ïîä óãëàìè θ è −θ, îïðåäåëÿþò ïðîïàãàòîðû îäíîðîäíîãî óðàâíåíèÿ (26)
è (27) ñîîòâåòñòâåííî.

Ïîëîæèì U0 =
n−1∩
m=0

kerU•
m =

n−1∩
m=0

{φ ∈ U : U t
0φ = 0 ∃t ∈ R+}, F0 =

n−1∩
m=0

kerF •
0 =

n−1∩
m=0

{ψ ∈

F : F t
0ψ = 0 ∃t ∈ R}+ è ÷åðåç L0 (M0) îáîçíà÷èì ñóæåíèå îïåðàòîðà L (M) íà U0 (U0 ∩

dom M).

Ñëåäñòâèå 1. Â óñëîâèÿõ ëåììû 5 îïåðàòîðû L0 ∈ L(U0;F0), M0 ∈ Cl(U0;F0), ïðè÷åì
ñóùåñòâóåò îïåðàòîð M−1

0 ∈ L(F0;U0).

Ïîëîæèì U1 = im U•
0 = {u ∈ U : lim

t→0+
U t
0u = u}, F1 = im F •

0 = {f ∈ F : lim
t→0+

F t
0f = f} è

÷åðåç L1 (M1) îáîçíà÷èì ñóæåíèå îïåðàòîðà L (M) íà U1 (U1 ∩ dom M).

Ñëåäñòâèå 2. Â óñëîâèÿõ ëåììû 5 îïåðàòîðû L1 ∈ L(U1;F1), M1 ∈ Cl(U1;F1).

Î÷åâèäíî, U0 ⊕ U1 ⊂ U è F0 ⊕ F1 ⊂ F. Â äàëüíåéøåì íàì ïîòðåáóþòñÿ äâå ãèïîòåçû:

U0 ⊕ U1 = U (F0 ⊕ F1 = F), (31)

ñóùåñòâóåò îïåðàòîð L−1
1 ∈ L(F1;U1). (32)

Ãèïîòåçà (31) èìååò ìåñòî, íàïðèìåð, â ñëó÷àå ðåôëåêñèâíîñòè ïðîñòðàíñòâà U (F) (òåîðåìà
ßãè � Ôåäîðîâà [45]). Ãèïîòåçà (32) ñïðàâåäëèâà, åñëè âûïîëíåíî (31) è im L1 = F1 (òåîðåìà
Áàíàõà). Çàìåòèì åùå, ÷òî èç (31) âûòåêàåò ñóùåñòâîâàíèå ïðîåêòîðîâ P = s − lim

t→0+
U t
0 è

Q = s− lim
t→0+

F t
0 â ïðîñòðàíñòâàõ U, F ñîîòâåòñòâåííî.

Ñëåäñòâèå 3. Ïóñòü îïåðàòîð M (L, n, p)-ñåêòîðèàëåí, ïðè÷åì âûïîëíåíû (31), (32). Òî-
ãäà îïåðàòîð H =M−1

0 L0 ∈ L(U0) íèëüïîòåíòåí ñòåïåíè p.

Òåïåðü ó íàñ âñå ãîòîâî äëÿ èññëåäîâàíèÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è Êîøè

lim
t→0+

u(m)(t) = um, m = 0, 1, ..., n− 1 (33)

äëÿ óðàâíåíèÿ (10), êîòîðîå â ñèëó (L, n, p)-ñåêòîðèàëüíîñòè îïåðàòîðà M , óñëîâèé (31),
(32) ðåäóöèðóåòñÿ ê âèäó

H(u0)(n) = u0 +M−1
0 f0, (34)

(u1)(n) = Su1 + L−1
in f

1, (35)

ãäå f0 = (I−Q)f , f1 = Qf , u0 = (I− P )u, u1 = Pu.
Ïóñòü âåêòîð-ôóíêöèÿ

f0 ∈ Cn(p+1)([0, T ];F0),

òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (34), êîòîðîå ê òîìó æå èìååò âèä

u0(t) = −
p∑

q=0

HqM−1
0 f0(nq)(t).
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Îòñþäà íåïîñðåäñòâåííî ñëåäóåò, ÷òî íà÷àëüíûå çíà÷åíèÿ um ñ íåîáõîäèìîñòüþ äîëæíû
ïðèíàäëåæàòü ìíîæåñòâàì

Mk
f = {u ∈ U : (I−P )u = −

p∑
q=0

HqM−1
0 f0(nq+k)(0)}, k = 0, . . . , n− 1. (36)

Ïåðåéäåì ê óðàâíåíèþ (35). Ìîæíî ïîêàçàòü, ÷òî äëÿ ëþáûõ u1m ∈ U1, m = 0, ..., n − 1
è f1 ∈ C([0, T ];F1) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (35),
êîòîðîå ê òîìó æå èìååò âèä

u1(t) =
n−1∑
m=0

V t
mvm +

t∫
0

V t−s
n−1L

−1
1 f1(s)ds.

Òàêèì îáðàçîì èìååò ìåñòî

Òåîðåìà 8. Ïóñòü îïåðàòîð M (L, n, p)-ñåêòîðèàëåí, âûïîëíåíû óñëîâèÿ (31), (32). Òîãäà
äëÿ ëþáûõ uk ∈ Mk

f , k = 0, . . . , n − 1 è âåêòîð-ôóíêöèè f = f(t), t ∈ [0, T ], óêàçàííîé
âûøå, ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (34), (35), êîòîðîå ê òîìó æå èìååò
âèä u(t) = u0(t) + u1(t).

Ïåðåéäåì ê ðàññìîòðåíèþ íà÷àëüíî-êîíå÷íîé çàäà÷è äëÿ óðàâíåíèÿ ñîáîëåâñêîãî òèïà
âûñîêîãî ïîðÿäêà ñ îòíîñèòåëüíî (n, p)-ñåêòîðèàëüíûì îïåðàòîðîì.

Òåîðåìà 9. Ïóñòü σL(M) = σLin(M)∪σLin(M), ïðè÷åì σLfin(M) ñîäåðæèòñÿ â îãðàíè÷åííîé

îáëàñòè Ω ⊂ C ñ êóñî÷íî ãëàäêîé ãðàíèöåé ∂Ω è ∂Ω ∩ σL(M) = ∅. Òîãäà ñóùåñòâóþò
ïðîåêòîðû Pfin ∈ L(U) è Qfin ∈ L(F) òàêèå, ÷òî îïåðàòîðû L ∈ L(kerPfin; kerQfin) ∩
L(imPfin; imQfin) è M ∈ Cl(kerPfin; kerQfin) ∩ Cl(imPfin; imQfin).

Ïîëîæèì Pin = P −Pfin, î÷åâèäíî, Pin ∈ L(U) � ïðîåêòîð. Âîçüìåì T ∈ R+, u
0
m, u

T
m ∈ U

è ðàññìîòðèì çàäà÷ó

lim
t→0+

Pin(u
(m)(t)− u0m) = 0, Pfin(u

(m)(T )− uTm) = 0 m = 0, . . . , n− 1 (37)

äëÿ ëèíåéíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà (10).
Òåïåðü ïóñòü îïåðàòîð M (L, n, p)-ñåêòîðèàëåí, âûïîëíåíû óñëîâèÿ (31), (32) è óñëîâèÿ

òåîðåìû 9. Òîãäà U t
m = PfinU

t
m + PinU

t
m = U t

m(fin) + U t
m(in), F

t
m = QfinF

t
m + QinF

t
m =

F t
m(fin) + F t

m(in), ïðè÷åì U t
m(fin) è F

t
m(fin) ìîæíî ïðåäñòàâèòü â âèäå

U t
m(fin) =

1

2πi

∫
Γ
µn−m−1RL

µ2(M)eµtdµ, F t
fin =

1

2πi

∫
Γ
µn−m−1LL

µ2(M)eµtdµ, (38)

ãäå êîíòóð Γ = ∂Ω.
Äàëåå, ïîëîæèì im Pfin(in) = U1

fin(in), im Qfin(in) = F1
fin(in). Ïî ïîñòðîåíèþ Ufin⊕Uin =

U1 è Ffin⊕Fin = F1. Îáîçíà÷èì ÷åðåç Lfin(in) (Mfin(in)) ñóæåíèå îïåðàòîðà L (M) íà Ufin(in)

(domM ∩ Ufin(in)). Àíàëîãè÷íî ñëåäñòâèþ 2 íåòðóäíî ïîêàçàòü, ÷òî îïåðàòîðû Lfin(in) ∈
L(Ufin(in);Ffin(in)), Mfin(in) ∈ Cl(Ufin(in);Ffin(in)), ïðè÷åì ñóùåñòâóåò îïåðàòîð L−1

fin(in) ∈
L(Ffin(in);Ufin(in)), à îïåðàòîð Sin = L−1

in Min ∈ Cl(Uin) áóäåò n-ñåêòîðèàëüíûì, à îïåðàòîð

Sfin = L−1
finMfin : Ufin → Ufin � îãðàíè÷åííûì.
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Òåïåðü ó íàñ âñå ãîòîâî äëÿ èññëåäîâàíèÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (37) äëÿ
óðàâíåíèÿ (10), êîòîðîå â ñèëó (L, n, p)-ñåêòîðèàëüíîñòè îïåðàòîðà M , óñëîâèé (31), (32) è
óñëîâèé òåîðåìû 9 ðåäóöèðóåòñÿ ê âèäó

H(u0)(n) = u0 +M−1
0 f0, (39)

(ufin)(n) = Sfinu
fin + L−1

finf
fin, (40)

(uin)(n) = Sinu
in + L−1

in f
in, (41)

ãäå f0 = (I−Q)f , ffin(in) = Qfin(in)f , u
0 = (I− P )u, ufin(in) = Pfin(in)u.

Òåîðåìà 10. Ïóñòü îïåðàòîð M (L, n, p)-ñåêòîðèàëåí, âûïîëíåíû óñëîâèÿ (31), (32) è
óñëîâèÿ òåîðåìû 9. Òîãäà äëÿ ëþáûõ u0m, u

T
m ∈ U è âåêòîð-ôóíêöèè f = f(t), t ∈ [0, T ],

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (37), (10), êîòîðîå èìååò âèä u(t) = u0(t) +
ufin(t) + uin(t), ãäå

u0(t) = −
∑p

q=0H
qM−1

0 f0(nq)(t) � ðåøåíèå óðàâíåíèÿ (39);

ufin(t) =
n−1∑
m=0

V t−T
m(fin)v

T
m−

∫ T
t V t−s

(n−1)(fin)L
−1
(fin)f

fin(s)ds � ðåøåíèå óðàâíåíèÿ (40) ñ êîíå÷-

íûì óñëîâèåì ufin(m)(T ) = Pfin(u
T
m);

uin(t) =
n−1∑
m=0

V t
m(in)v

0
m+

∫ t
0 V

t−s
(n−1)(in)L

−1
1(in)f

in(s)ds � ðåøåíèå óðàâíåíèÿ (41) ñ íà÷àëüíûì

óñëîâèåì uin(m)(0) = Pin(u
0
m).

4. Ëèíåàðèçîâàííàÿ ìîäåëü Áåííè � Ëþêà

Ðåäóöèðóåì ìàòåìàòè÷åñêóþ ìîäåëü (4), (5) ê óðàâíåíèþ ñîáîëåâñêîãî òèïà (10) âòîðîãî
ïîðÿäêà. Ïîëîæèì U = {v ∈ W 2

2 (0, l) : v(0, t) = v(l, t) = 0}, F = L2(Ω); îïåðàòîðû L è M
çàäàäèì ôîðìóëàìè:

L = I−b
∂2

∂x2
, M =

∂2

∂x2
− a

∂4

∂x4

ñîîòâåòñòâåííî, domM = {v ∈ W 4
2 (0, l) : v(0, t) = vxx(0, t) = v(l, t) = vxx(l, t) = 0} Î÷åâèäíî,

îïåðàòîð L ∈ L(U;F), à îïåðàòîð M ∈ Cl(U;F).

Ëåììà 6. Ïðè ëþáûõ a, b ∈ R, îïåðàòîð M (L, 2, 0)-ñåêòîðèàëåí, ïðè÷åì âûïîëíåíû óñëî-
âèÿ (31), (32).

Äîêàçàòåëüñòâî. Ââåäåì â ðàññìîòðåíèå ñîáñòâåííûå ôóíêöèè îäíîðîäíîé çàäà÷è Äèðè-
õëå äëÿ îïåðàòîðà Ëàïëàñà ∆ = ∂2

∂x2 , îïðåäåëåííîãî â îáëàñòè Ω = [0, l]. Îáîçíà÷èì ÷åðåç

φk = sin πkx
l ñîáñòâåííûå ôóíêöèè, ñîîòâåòñòâóþùèå ñîáñòâåííûì çíà÷åíèÿì λk = −

(
πk
l

)2
.

L-ñïåêòð îïåðàòîðà M èìååò âèä

σL(M) =

{
µk =

λk − aλ2k
1− bλk

, k ∈ N \ {l : λl = λ}
}
. (42)

Ïîñêîëüêó λk ∼ −k2 ïðè k → ∞, òî çíà÷èò, âî-ïåðâûõ, ñóùåñòâóåò ñåêòîð òðåáóåìîãî
ðàñòâîðà, ñîäåðæàùèé σL(M), è ñëåäîâàòåëüíî, ìíîæåñòâî

SL
θ,2(M) = {µ ∈ C : | arg(µ2)| < θ, µ ̸= 0} ⊂ ρL2 (M).

Âî-âòîðûõ, ïðè äîñòàòî÷íûõ áîëüøèõ |µ|, ëåæàùèõ âíå ýòîãî ìíîæåñòâà, èìååì

max
{
∥RL

µ2(M)∥L(U), ∥L
L
µ2(M)∥L(F)

}
≤ const |µ|−2
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∀µ ∈ SL
θ,2(M).

Ñëåäîâàòåëüíî, îïåðàòîð M (L, 2, 0)-ñåêòîðèàëåí.
Âûÿñíèì, âûïîëíÿþòñÿ ëè óñëîâèÿ (31), (32). Ïîñêîëüêó ïðîñòðàíñòâà U è F ðåôëåê-

ñèâíû, òî â ñèëó ëåììû 6 è òåîðåìû ßãè � Ôåäîðîâà [45] óñëîâèÿ (31) âûïîëíÿþòñÿ, ïðè÷åì
(i) U0 = F0 = {0}, U1 = U, F1 = F, åñëè 1− bλk ̸= 0;
(ii) U0 = F0 = kerL = span {φj}, U1 = {u ∈ U : ⟨u, φj⟩ = 0},
F1 = {f ∈ F : ⟨f, φj⟩ = 0} = imL, åñëè 1− bλj = 0.
Óñëîâèå (32) òîæå âûïîëíÿåòñÿ, ïðè÷åì îïåðàòîð L−1

1 ìîæíî ïðåäñòàâèòü â âèäå

L−1
1 =

∑
k

′ ⟨·, φk⟩φk

(1− bλk)
.

Øòðèõ ó çíàêà ñóììû îçíà÷àåò îòñóòñòâèå ñëàãàåìûõ, äëÿ êîòîðûõ 1 − bλk = 0. Òàêèì
îáðàçîì, ëåììà äîêàçàíà.

Òåîðåìà 11. Ïðè ëþáûõ a, b ∈ R, T ∈ R+, uk ∈ U1, cóùåñòâóåò åäèíñòâåííîå ðåøåíèå
çàäà÷è

u(k)(0) = uk, k = 0, 1

äëÿ óðàâíåíèÿ (4) ñ êðàåâûìè óñëîâèÿìè (5).

Â ñèëó äèñêðåòíîñòè L-ñïåêòðà σL(M) îïåðàòîðà M óñëîâèÿ òåîðåìû 9 òîæå âûïîëíÿ-
þòñÿ, ïðè÷åì äëÿ ëþáîãî çàìêíóòîãî êîíòóðà γ ∈ C, îãðàíè÷èâàþùåãî îáëàñòü, ñîäåðæà-
ùóþ êîíå÷íîå ìíîæåñòâî òî÷åê èç σL(M), è íå ïåðåñåêàþùåãîñÿ ñ σL(M). Èòàê, âñå óñëîâèÿ
òåîðåìû 10 âûïîëíåíû, è ïîýòîìó ñïðàâåäëèâà

Òåîðåìà 12. Ïðè ëþáûõ a, b ∈ R, T ∈ R+, u
0
m, u

T
m ∈ U, m = 0, 1 ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå

u ∈ C2((0, T );U) ∩ C1([0, T ];U)

çàäà÷è

Pin(u
(m)(0)− u0m) = 0, Pfin(u

(m)(T )− uTm) = 0, m = 0, 1

äëÿ óðàâíåíèÿ (4) ñ êðàåâûìè óñëîâèÿìè (5).

5. Îòíîñèòåëüíî ïîëèíîìèàëüíî îãðàíè÷åííûå

ïó÷êè îïåðàòîðîâ

Ïóñòü U, F � áàíàõîâû ïðîñòðàíñòâà, îïåðàòîðû A, B0, . . . , Bn−1 ∈ L(U;F). Îáîçíà÷èì
÷åðåç

→
B ïó÷îê îïåðàòîðîâ Bn−1, . . . , B0.

Îïðåäåëåíèå 10. Ìíîæåñòâà

ρA(
→
B) = {µ ∈ C : (µnA− µn−1Bn−1 − ...− µB1 −B0)

−1 ∈ L(F;U)}

è σA(
→
B) = C \ ρA(

→
B) áóäåì íàçûâàòü, ñîîòâåòñòâåííî, A - ðåçîëüâåíòíûì ìíîæåñòâîì è

A � ñïåêòðîì ïó÷êà
→
B.

Îïðåäåëåíèå 11. Îïåðàòîð-ôóíêöèþ êîìïëåêñíîé ïåðåìåííîé RA
µ (

→
B) = (µnA −

µn−1Bn−1− ...−µB1−B0)
−1 ñ îáëàñòüþ îïðåäåëåíèÿ ρA(

→
B) áóäåì íàçûâàòü A-ðåçîëüâåíòîé

ïó÷êà
→
B.
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Ëåììà 7. Ïóñòü îïåðàòîðû A,Bn−1, . . . , B0 ∈ L(U;F). Òîãäà A-ðåçîëüâåíòíîå ìíîæåñòâî

ïó÷êà îïåðàòîðîâ
→
B ρA(

→
B) îòêðûòî, A-ñïåêòð ïó÷êà

→
B âñåãäà çàìêíóò.

Òåîðåìà 13. RA
µ (

→
B) àíàëèòè÷íà â ñâîåé îáëàñòè îïðåäåëåíèÿ.

Îïðåäåëåíèå 12. Ïó÷îê îïåðàòîðîâ
→
B íàçûâàåòñÿ ïîëèíîìèàëüíî îãðàíè÷åííûì îòíîñè-

òåëüíî îïåðàòîðà A (èëè ïðîñòî ïîëèíîìèàëüíî A-îãðàíè÷åííûì), åñëè

∃a ∈ R+ ∀µ ∈ C (|µ| > a) ⇒ (RA
µ (

→
B) ∈ L(F;U)).

Ïóñòü ïó÷îê
→
B ïîëèíîìèàëüíî A-îãðàíè÷åí. Ââåäåì îäíî âàæíîå â äàëüíåéøåì óñëîâèå:∫

γ

µkRA
µ (

→
B)dµ ≡ O, k = 0, 1, ..., n− 2, (A)

ãäå êîíòóð γ = {µ ∈ C : |µ| = r > a}.

Çàìå÷àíèå 6. Ïóñòü ñóùåñòâóåò îïåðàòîð A−1 ∈ L(F;U), òîãäà óñëîâèå (A) âûïîëíÿåò-
ñÿ.

Ëåììà 8. Ïóñòü ïó÷îê
→
B ïîëèíîìèàëüíî A-îãðàíè÷åí, è âûïîëíåíî óñëîâèå (A). Òîãäà

îïåðàòîðû

P =
1

2πi

∫
γ

RA
µ (

→
B)µn−1Adµ, Q =

1

2πi

∫
γ

µn−1ARA
µ (

→
B)dµ (43)

ÿâëÿþòñÿ ïðîåêòîðàìè â ïðîñòðàíñòâàõ U è F ñîîòâåòñòâåííî.

Ïîëîæèì U0 = kerP, F0 = kerQ, U1 = imP, F1 = imQ. Èç ïðåäûäóùåé ëåììû ñëåäóåò,
÷òî U = U0 ⊕ U1, F = F0 ⊕ F1. ×åðåç Ak (Bk

l ) îáîçíà÷èì ñóæåíèå îïåðàòîðà A (Bl) íà

Uk, k = 0, 1; l = 0, 1, . . . , n− 1.

Òåîðåìà 14. Ïóñòü ïó÷îê
→
B ïîëèíîìèàëüíî A-îãðàíè÷åí, è âûïîëíåíî óñëîâèå (A). Òîãäà

äåéñòâèÿ îïåðàòîðîâ ðàñùåïëÿþòñÿ:
(i) Ak ∈ L(Uk;Fk), k = 0, 1;
(ii) Bk

l ∈ L(Uk;Fk), k = 0, 1, l = 0, 1, ..., n− 1;
(iii) ñóùåñòâóåò îïåðàòîð (A1)−1 ∈ L(F1;U1).
(iv) ñóùåñòâóåò îïåðàòîð (B0

0)
−1 ∈ L(F0;U0).

Îáîçíà÷èì H0 = (B0
0)

−1A0,Hk = (B0
0)

−1B0
n−k, k = 1, n− 1, Sk = (A1)−1B1

k, k = 0, n− 1.

Ñëåäñòâèå 4. Ïóñòü ïó÷îê
→
B ïîëèíîìèàëüíî A-îãðàíè÷åí, è âûïîëíåíî (A). Òîãäà ñóùå-

ñòâóåò êîíñòàíòà b ∈ R+ (b ≥ a) ∀µ ∈ C (|µ| > b) ⇒

RA
µ (

→
B) = −

∞∑
k=0

(µnH0− ...−µHn−1)
k (B0

0)
−1(I−Q)+µ−n

∞∑
k=0

(µ−1Sn−1+ ...+µ
−nS0)

k (A1)−1Q.

(44)

Çàìå÷àíèå 7. Ïðè n = 1 ïðåäñòàâëåíèå (44) ñîâïàäàåò ñ ðàçëîæåíèåì îòíîñèòåëüíîé ðå-
çîëüâåíòû îïåðàòîðà â ðÿä Ëîðàíà (16).
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Îïðåäåëåíèå 13. Ïóñòü kerA ̸= {0}, âåêòîð φ0 ∈ kerA \ {0} áóäåì íàçûâàòü ñîáñòâåííûì
âåêòîðîì îïåðàòîðà A. Óïîðÿäî÷åííîå ìíîæåñòâî âåêòîðîâ {φ1, φ2, ...} íàçûâàåòñÿ öåïî÷êîé
B⃗-ïðèñîåäèíåííûõ âåêòîðîâ ñîáñòâåííîãî âåêòîðà φ0, åñëè

Aφ0 = 0;

Aφ1 = Bn−1φ0;

Aφ2 = Bn−1φ1 +Bn−2φ0;

...

Aφn = Bn−1φn−1 +Bn−2φn−2 + ...+B1φ1 +B0φ0;

Aφn+q = Bn−1φn+q−1 +Bn−2φn+q−2 + ...+B1φq+1 +B0φq;

q = 1, 2.., φl ̸∈ kerA \ {0}, l = 1, 2, ... (45)

Äëÿ ïðèñîåäèíåííîãî âåêòîðà φq îïðåäåëèì âûñîòó, ðàâíîé ïîðÿäêîâîìó íîìåðó âåê-

òîðà â öåïî÷êå. Ëèíåéíóþ îáîëî÷êó âñåõ ñîáñòâåííûõ è B⃗-ïðèñîåäèíåííûõ âåêòîðîâ îïå-
ðàòîðà A íàçîâåì åãî B⃗-êîðíåâûì ëèíåàëîì. B⃗- êîðíåâûì ïðîñòðàíñòâîì áóäåì íàçûâàòü
çàìêíóòûé B⃗-êîðíåâîé ëèíåàë îïåðàòîðà A.

Öåïî÷êà B⃗-ïðèñîåäèíåííûõ âåêòîðîâ ìîæåò áûòü áåñêîíå÷íîé. Â ÷àñòíîñòè, îíà ìîæåò
áûòü çàïîëíåíà íóëÿìè, åñëè φ0 ∈ kerA ∩ kerBn−1 ∩ kerBn−2 ∩ ... ∩ kerB1 ∩ kerB0. Íî îíà
áóäåò êîíå÷íîé â ñëó÷àå ñóùåñòâîâàíèÿ òàêîãî B⃗-ïðèñîåäèíåííîãî âåêòîðà φq, ÷òî Bn−1φq+

Bn−2φq−1+...+B0φq−n+1 ̸∈ imA. Âûñîòó q ïîñëåäíåãî B⃗-ïðèñîåäèíåííîãî âåêòîðà â êîíå÷íîé
öåïî÷êå {φ1, φ2, ..., φq} áóäåì íàçûâàòü äëèíîé ýòîé öåïî÷êè.

Òåîðåìà 15. Ïóñòü îïåðàòîðû A,Bn−1, ..., B0 ∈ L(U,F), ïðè÷åì îïåðàòîð A ôðåäãîëüìîâ.
Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû.

(i) Äëèíû âñåõ öåïî÷åê
→
B-ïðèñîåäèíåííûõ âåêòîðîâ îïåðàòîðà A îãðàíè÷åíû ÷èñëîì

p ∈ {0} ∪ N.
(ii) Ïó÷îê îïåðàòîðîâ

→
B ïîëèíîìèàëüíî A-îãðàíè÷åí, ïðè÷åì òî÷êà ∞ ÿâëÿåòñÿ ïî-

ëþñîì ïîðÿäêà íå áîëåå p A-ðåçîëüâåíòû ïó÷êà îïåðàòîðîâ
→
B.

Îïðåäåëåíèå 14. Îïðåäåëèì ñåìåéñòâî îïåðàòîðîâ {K1
q ,K

2
q , . . . ,K

n
q } ñëåäóþùèì îáðàçîì:

Ks
0 = O, s ̸= n, Kn

0 = I
K1

1 = H0, K
2
1 = −Hn−1, . . . , K

s
1 = −Hn+1−s, . . . , K

n
1 = −H1

K1
q = Kn

q−1H0, K
2
q = K1

q−1 −Kn
q−1Hn−1, ..., K

s
q = Ks−1

q−1 −Kn
q−1Hn+1−s, . . . ,

Kn
q = Kn−1

q−1 −Kn
q−1H1, q = 1, 2, ... (46)

Îïðåäåëåíèå 15. Òî÷êà ∞ íàçûâàåòñÿ

(i) óñòðàíèìîé îñîáîé òî÷êîé A-ðåçîëüâåíòû ïó÷êà
→
B, åñëè K1

1 = K2
1 = ... = Kn

1 ≡ O;
(ii) ïîëþñîì ïîðÿäêà p ∈ N A-ðåçîëüâåíòû ïó÷êà

→
B, åñëè Ks

p ̸= O, ïðè íåêîòîðîì s, íî
Ks

p+1 ≡ O, ïðè ëþáîì s;

(iii) ñóùåñòâåííî îñîáîé òî÷êîé A-ðåçîëüâåíòû ïó÷êà
→
B, åñëè Kn

p ̸≡ O ïðè ëþáîì
p ∈ N.

Òåîðåìà 16. Ïóñòü ïó÷îê
→
B ïîëèíîìèàëüíî A-îãðàíè÷åí, è òî÷êà ∞ ÿâëÿåòñÿ

(i) óñòðàíèìîé îñîáîé òî÷êîé ôóíêöèè Rµ(
→
B). Òîãäà îïåðàòîð A íå èìååò

→
B-

ïðèñîåäèíåííûõ âåêòîðîâ âûñîòû q > n− 1, kerA = U0, imA = F1.

(ii) ïîëþñîì ïîðÿäêà p ∈ N ôóíêöèè RA
µ (

→
B). Òîãäà äëèíà ëþáîé öåïî÷êè

→
B-ïðèñîåäè-

íåííûõ âåêòîðîâ îïåðàòîðà A îãðàíè÷åíà ÷èñëîì p + n − 1 (öåïî÷êè äëèíû p + n − 1 ïðè

ýòîì ñóùåñòâóþò), è
→
B-êîðíåâîé ëèíåàë îïåðàòîðà A ñîâïàäàåò ñ ïîäïðîñòðàíñòâîì U0.
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Ïóñòü ïó÷îê
→
B ïîëèíîìèàëüíî A-îãðàíè÷åí è âûïîëíÿåòñÿ (A). Ôèêñèðóåì êîíòóð γ =

{µ ∈ C : |µ| = r > a} è ðàññìîòðèì ñåìåéñòâà îïåðàòîðîâ

V t
k =

1

2πi

∫
γ

RA
µ (

→
B)(µn−k−1A−µn−k−2Bn−1− ...−Bk+1)e

µtdµ, k = 0, 1, . . . , n−1, t ∈ R . (47)

Ëåììà 9. (i) Ïðè ëþáîì k = 0, 1, ..., n − 1 îïåðàòîð-ôóíêöèÿ V t
k ÿâëÿåòñÿ ïðîïàãàòîðîì

óðàâíåíèÿ (11).
(ii) Ïðè ëþáîì k = 0, 1, . . . , n− 1 îïåðàòîð-ôóíêöèÿ V t

k ÿâëÿåòñÿ öåëîé ôóíêöèåé.
(iii)

dl

dtl
V t
k

∣∣∣∣
t=0

=

{
P, l = k;

O, l ̸= k;
ïðè âñåõ k = 0, 1, . . . , n− 1, l = 0, 1, . . . .

Òåîðåìà 17. Ïóñòü ïó÷îê
→
B ïîëèíîìèàëüíî A-îãðàíè÷åí è âûïîëíÿåòñÿ (A), ïðè÷åì ∞ �

ïîëþñ ïîðÿäêà p ∈ {0} ∪N åãî A-ðåçîëüâåíòû. Òîãäà ôàçîâîå ïðîñòðàíñòâî óðàâíåíèÿ (11)
ñîâïàäàåò ñ îáðàçîì ïðîåêòîðà P .

Ïåðåéäåì ê èññëåäîâàíèþ çàäà÷è Êîøè (12) íåîäíîðîäíîãî óðàâíåíèÿ (11). Âåêòîð-
ôóíêöèþ u ∈ Cn((−τ, τ);U) íàçîâåì ðåøåíèåì çàäà÷è (11), (12), åñëè îíà óäîâëåòâîðÿåò

ðàâåíñòâàì (11), (12). Ïóñòü ïó÷îê îïåðàòîðîâ
→
B ïîëèíîìèàëüíî A-îãðàíè÷åí è âûïîëíÿåò-

ñÿ óñëîâèå (A), òîãäà, â ñèëó òåîðåìû 14, çàäà÷à (11), (12) ðàñïàäàåòñÿ íà äâå íåçàâèñèìûå
çàäà÷è

H0u
(n) = Hn−1u

(n−1) +Hn−2u
(n−2) + ...+H1u

′ + u+ (B0
0)

−1f0, (48)

u(0) = v00, u
′(0) = v01, ..., u

(n−1)(0) = v0n−1.

w(n) = Sn−1w
(n−1) + Sn−2w

(n−2) + ...+ S0w + (A1)−1f1, (49)

w(0) = v10, w
′(0) = v11, ..., w

(n−1)(0) = v1n−1,

ãäå îïåðàòîðû H0 = (B0
0)

−1A0, H1 = (B0
0)

−1B0
1 , ...,Hn−1 = (B0

0)
−1B0

n−1 ∈ L(U0),

S0 = (A1)−1B1
0 , S1 = (A1)−1B1

1 , ..., Sn−1 = (A1)−1B1
n−1 ∈ L(U1); âåêòîð-ôóíêöèè u =

(I − P )v,f0 = (I −Q)f , w = Pu, f1 = Qf ; âåêòîðû vkl ∈ Uk, k, l = 0, 1, . . . , n− 1.
Ðàññìîòðèì ñíà÷àëà çàäà÷ó (48). Ïóñòü ∞ � ïîëþñ ïîðÿäêà p ∈ {0} ∪ N ðåçîëüâåíòû

RA
µ (

→
B), òîãäà, â ñèëó îïðåäåëåíèÿ 15, îïåðàòîðû Ks

p+1 ≡ O ∀s. Ïóñòü f0 ∈ Cp+n((−τ, τ);F0).
Òîãäà âåêòîð-ôóíêöèÿ

u(t) = −
p∑

q=0

Kn
q (B

0
0)

−1 d
q

dtq
f0(t) (50)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (48). Äåéñòâèòåëüíî, ïðîäèôôåðåíöèðóåì óðàâíåíèå (48)
(p− 1) ðàç, ó÷èòûâàÿ, ÷òî

u(k) = H0u
(n+k) −Hn−1u

((n+k−1) − ...−H1u
(k+1) − (B0

0)
−1 d

k

dtk
f0(t).

Ïîëó÷èì

u(t) = K1
pu

(p+n−1) +K2
pu

(p+n−2) + ...+Kn
p u

p −
p−1∑
q=0

Kn
q (B

0
0)

−1 d
q

dtq
f0(t).

Ïðîäèôôåðåíöèðîâàâ ïîñëåäíåå ðàâåíñòâî ïî t, ó÷èòûâàÿ, ÷òî îïåðàòîðû Ks
p+1 ≡ O, ∀s,

ïîëó÷èì òðåáóåìîå.
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Åñëè

v0k = −
p∑

q=0

Kn
q (B

0
0)

−1 d
q+k

dtq+k
f0(0), (51)

òî âåêòîð-ôóíêöèÿ (50) ñëóæèò ðåøåíèåì çàäà÷è (48).
Òàêèì îáðàçîì, äîêàçàíà

Ëåììà 10. Ïóñòü ïó÷îê îïåðàòîðîâ
→
B ïîëèíîìèàëüíî A-îãðàíè÷åí, è âûïîëíåíî óñëîâèå

(A), ïðè÷åì ∞ � ïîëþñ ïîðÿäêà p ∈ {0}∪N A-ðåçîëüâåíòû ïó÷êà
→
B. Ïóñòü âåêòîð-ôóíêöèÿ

f0 ∈ Cp+n((−τ, τ);F0), à íà÷àëüíûå çíà÷åíèÿ v0k ∈ U0 óäîâëåòâîðÿþò (51) k = 0, 1, ..., n− 1.
Òîãäà ñóùåñòâóåò ðåøåíèå u ∈ Cn((−τ, τ);U0) çàäà÷è (48), êîòîðîå ìîæíî ïðåäñòàâèòü
â âèäå (50).

Ïåðåéäåì ê çàäà÷å (49). Ïóñòü âåêòîð-ôóíêöèÿ f1 ∈ C([−τ, τ ];F1), òîãäà âåêòîð-
ôóíêöèÿ

w(t) =

n−1∑
k=0

V t
kv

1
k +

t∫
0

V t−s
n−1(A

1)−1f1(s)ds, t ∈ (−τ, τ) (52)

áóäåò ðåøåíèåì çàäà÷è (49).

Ëåììà 11. Ïóñòü ïó÷îê îïåðàòîðîâ
→
B ïîëèíîìèàëüíî A-îãðàíè÷åí, âûïîëíåíî (A) è

âåêòîð-ôóíêöèÿ f1 ∈ C((−τ, τ);F1). Òîãäà ñóùåñòâóåò ðåøåíèå çàäà÷è (49), êîòîðîå ìîæ-
íî ïðåäñòàâèòü â âèäå (52).

Ðàññìîòðèì ìíîæåñòâà

Mk
f = {v ∈ U : (I− P )v = −

p∑
l=0

Kn
l (B

0
0)

−1 d
l+k

dtl+k
(I−Q)f(0)}, k = 0, 1, ..., n− 1.

Òåîðåìà 18. Ïóñòü ïó÷îê îïåðàòîðîâ
→
B ïîëèíîìèàëüíî A-îãðàíè÷åí, âûïîëíåíî (A), ïðè-

÷åì ∞ � ïîëþñ ïîðÿäêà p ∈ {0} ∪ N A-ðåçîëüâåíòû ïó÷êà
→
B. Ïóñòü âåêòîð-ôóíêöèÿ

f : (−τ, τ) → F òàêîâà, ÷òî f0 ∈ Cp+n((−τ, τ);F0), è f1 ∈ C((−τ, τ);F1). Òîãäà ïðè ëþáûõ
vk ∈ Mk

f , k = 0, 1, ..., n − 1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (12), (11), êîòîðîå
ìîæíî ïðåäñòàâèòü â âèäå v(t) = u(t) + w(t), ãäå u(t) îïðåäåëåíî ôîðìóëîé (50), à w(t) �
ôîðìóëîé (52).

6. Ìàòåìàòè÷åñêàÿ ìîäåëü ïðîäîëüíûõ êîëåáàíèé

â êîíñòðóêöèè

Ïðîâåäåì ðåäóêöèþ çàäà÷è (7) � (9) äëÿ óðàâíåíèé (6) ê çàäà÷å Êîøè

u(0) = u0, u
′(0) = u1 (53)

äëÿ ëèíåéíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà âòîðîãî ïîðÿäêà

Au′′ = B1u
′ +B0u. (54)

×åðåç L2(G) îáîçíà÷èì ìíîæåñòâî

L2(G) = {g = (g1, g2, ..., gj , ...) : gj ∈ L2(0, lj)}.
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Ìíîæåñòâî L2(G) ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì ñî ñêàëÿðíûì ïðîèçâåäåíèåì

< g, h >=
∑
Ej∈E

dj

lj∫
0

gj(x)hj(x)dx.

×åðåç U îáîçíà÷èì ìíîæåñòâî U = {u = (u1, u2, ..., uj , ...) : uj ∈ W 1
2 (0, lj), è âûïîëíåíî

óñëîâèå (8)}. Ìíîæåñòâî U ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì ñ íîðìîé

∥u∥2U =
∑
Ej∈E

dj

lj∫
0

(u2jx(x) + u2j (x))dx.

Â ñèëó òåîðåì âëîæåíèÿ Ñîáîëåâà ïðîñòðàíñòâî W 1
2 (0, lj) ñîñòîèò èç àáñîëþòíî íåïðåðûâ-

íûõ ôóíêöèé, à çíà÷èò, U êîððåêòíî îïðåäåëåíî, ïëîòíî è êîìïàêòíî âëîæåíî â L2(G).
Îòîæäåñòâèì L2(G) ñî ñâîèì ñîïðÿæåííûì, è ÷åðåç F îáîçíà÷èì ñîïðÿæåííîå îòíîñèòåëü-
íî äâîéñòâåííîñòè < ·, · > ïðîñòðàíñòâî ê U. Î÷åâèäíî, F � áàíàõîâî ïðîñòðàíñòâî, ïðè÷åì
âëîæåíèå U â F êîìïàêòíî.

Ôîðìóëîé

< Du, v >=
∑
Ej∈E

dj

lj∫
0

(ujx(x)vjx(x) + auj(x)vj(x))dx,

ãäå a > 0, u, v ∈ U, çàäàäèì îïåðàòîð, îïðåäåëåííûé íà ïðîñòðàíñòâå U. Ôèêñèðóåì α, β > 0
è λ, λ′, λ′′ ∈ R è ïîñòðîèì îïåðàòîðû

A = (λ− a)I +D, B1 = α((a− λ′)I +D), B0 = β((a− λ′′)I +D).

Òåîðåìà 19. Îïåðàòîðû A,B1, B0 ∈ L(U;F), ïðè÷åì ñïåêòð σ(A) îïåðàòîðà A âåùåñòâå-
íåí, äèñêðåòåí, êîíå÷íîêðàòåí è ñãóùàåòñÿ òîëüêî ê +∞.

Èòàê, ðåäóêöèÿ çàäà÷è (6) � (9) ê çàäà÷å (53) � (54) çàêîí÷åíà.
Èç òåîðåìû 19 âûòåêàåò, ÷òî îïåðàòîð A � ôðåäãîëüìîâ, ïðè÷åì kerA = {0}, åñëè

0 ̸∈ σ(A).

Ëåììà 12. Ïóñòü ïàðàìåòðû α, λ, λ′, λ′′ ∈ R \ {0}, òîãäà ïó÷îê îïåðàòîðîâ
−→
B ïîëèíî-

ìèàëüíî A-îãðàíè÷åí, ïðè÷åì ∞ ÿâëÿåòñÿ íåñóùåñòâåííîé îñîáîé òî÷êîé A-ðåçîëüâåíòû

ïó÷êà
−→
B .

Çàìå÷àíèå 8. Êàê íåòðóäíî âèäåòü, â ñëó÷àå 0 ∈ σ(A) è λ = λ′ = λ′′ ïó÷îê îïåðàòîðîâ
−→
B

íå áóäåò ïîëèíîìèàëüíî A-îãðàíè÷åí.

Çàìå÷àíèå 9. Â ñëó÷àå 0 ̸∈ σ(A) èëè (0 ∈ σ(A)) ∧ (λ = λ′ ̸= λ′′) èìååò ìåñòî âûïîëíåíèå
óñëîâèÿ ∫

γ

(µ2A− µB1 −B0)
−1dµ = 0, (A)

ãäå γ = {|µ| = r > a}, a � êîíñòàíòà èç îïðåäåëåíèÿ ïîëèíîìèàëüíîé A-îãðàíè÷åííîñòè.
Ýòî óñëîâèå ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì ïðè ïîñòðîåíèè ôàçîâîãî ïðîñòðàíñòâà.
Â ñëó÷àå (0 ∈ σ(A)) ∧ (λ ̸= λ′) ∫

γ

(µ2A− µB1 −B0)
−1dµ ̸= 0,

ïîýòîìó îí èñêëþ÷àåòñÿ èç äàëüíåéøèõ ðàññìîòðåíèé.
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Ïóñòü {λk} � ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà D, çàíóìåðîâàííûå ïî íåóáûâàíèþ ñ
ó÷åòîì èõ êðàòíîñòè, à {φk} � ñîîòâåòñòâóþùèå èì îðòîíîðìèðîâàííûå â ñìûñëå L2(G)
ôóíêöèè. Ïîñòðîèì ïðîåêòîðû

P =

{
I, 0 ̸∈ σ(A);
I −

∑
λk=λ−a

< ·, φk > φk, 0 ∈ σ(A);

Q =

{
I, 0 ̸∈ σ(A);
I −

∑
λk=λ−a

< ·, φk > φk, 0 ∈ σ(A),

îïðåäåëåííûå íà ïðîñòðàíñòâàõ U è F ñîîòâåòñòâåííî, è ïðîïàãàòîðû óðàâíåíèÿ (54)

V t
0 =

1

2πi

∫
γ

(µ2A− µB1 −B0)
−1(µA−B1)e

µtdµ =

=
∑

′
[
µ1k(λ− (a+ λk)) + α(λ′ − (a+ λk))

(λ− (a+ λk))(µ
1
k − µ2k)

eµ
1
kt +

+
µ2k(λ− (a+ λk)) + α(λ′ − (a+ λk))

(λ− (a+ λk))(µ
2
k − µ1k)

eµ
2
kt

]
< ·, φk > φk;

V t
1 (t) =

1

2πi

∫
γ

(µ2A− µB1 −B0)
−1Aeµtdµ =

∑
′ e

µ1
kt − eµ

2
kt

(µ1k − µ2k)
< ·, φk > φk,

ãäå σA(B⃗) = {µ1,2k : k ∈ N}, à µ1,2k � êîðíè óðàâíåíèÿ

(λ− (a+ λk))µ
2 + α(λ′ − (a+ λk))µ+ β(λ′′ − (a+ λk)) = 0.

Çäåñü øòðèõ ó çíàêà ñóììû îçíà÷àåò îòñóòñòâèå ñëàãàåìûõ ñ íîìåðàìè k òàêèìè, ÷òî λ =
a+ λk.

Îòñþäà ñïðàâåäëèâà

Òåîðåìà 20. Ïóñòü α, λ, λ′, λ′′ ∈ R \ {0} è (i) 0 ̸∈ σ(A). Òîãäà ôàçîâûì ïðîñòðàíñòâîì
óðàâíåíèé (54) ÿâëÿåòñÿ âñå ïðîñòðàíñòâî U, ò.å. äëÿ ëþáûõ u0, u1 ∈ U ñóùåñòâóåò åäèí-
ñòâåííîå ðåøåíèå u ∈ C2(R;U) çàäà÷è (7) � (9) äëÿ óðàâíåíèé (6), êîòîðîå èìååò âèä
u(t) = V t

0u0 + V t
1u1.

(ii) 0 ∈ σ(A) è λ = λ′, íî λ ̸= λ′′. Òîãäà ôàçîâûì ïðîñòðàíñòâîì óðàâíåíèé (6) ÿâëÿåòñÿ
ïîäïðîñòðàíñòâî U1 = {u ∈ U :< u,φk >= 0, ïðè λk = λ − a}, ò.å. äëÿ ëþáûõ u0, u1 ∈
U1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ C2(R;U1) çàäà÷è ((7) � (9) äëÿ óðàâíåíèé (6),
êîòîðîå èìååò âèä u(t) = V t

0u0 + V t
1u1.

Àâòîð âûðàæàåò ñâîþ èñêðåííþþ ïðèçíàòåëüíîñòü ïðîôåññîðó Ã.À. Ñâèðèäþêó çà
ïîñòàíîâêó çàäà÷è, èíòåðåñ ê ðàáîòå è ïðåäîñòàâëåííûå âîçìîæíîñòè.
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This paper surveys the author's results concerning mathematical models based on
Sobolev-type equations of higher order. The theory is built using the available facts on the
solvability of initial (initial-�nal) problems for �rst-order Sobolev-type equations. The main
idea is a generalization of the theory of degenerate (semi)groups of operators to the case of
higher-order equations: decomposition of spaces and actions of the operators, construction
of propagators and the phase space for the homogeneous equation, as well as the set of
valid initial values for the inhomogeneous equation. We use the phase space method, which
is quite useful for solving Sobolev-type equations and consists in a reduction of a singular
equation to a regular one de�ned on a certain subspace of the original space. We reduce
mathematical models to initial (initial-�nal) problems for abstract Sobolev-type equations
of higher order. The results may �nd further applications in the study of optimal control
problems and nonlinear mathematical models, and to the construction of the theory of
Sobolev-type equations of higher order in quasi-Banach spaces.
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9. Poincaré H. Sur l'equilibre d'une mass �uide animée d'un mouvement de rotation. Acta Math.,
1885, vol. 7, pp. 259�380. DOI: 10.1007/BF02402204

10. Sobolev S.L. [On a New Problem of Mathematical Physics]. Izvestiya Rossiiskoi Akademii
Nauk, Seriya Matematicheskaya, 1954, vol. 18, issue 1, pp. 3�50. (in Russian)

11. Demidenko G.V., Uspenskii S.V. Partial Di�erential Equations and Systems not Solvable with
Respect to the Highest Order Derivative. N.Y., Basel, Hong Kong, Marcel Dekker, Inc., 2003.

12. Showalter R.E. Hilbert Space Methods for Partial Di�erential Equations. Pitman, London,
San Francisco, Melbourne, 1977.

13. Favini A., Yagi A. Degenerate Di�erential Equations in Banach Spaces. N.Y., Basel, Hong
Kong, Marcel Dekker, Inc., 1999.

14. Sidorov N., Loginov B., Sinithyn A., Falaleev M. Lyapunov � Shmidt Methods in Nonlinear
Analysis and Applications. Dordrecht, Boston, London, Kluwer Academic Publishers, 2002.
DOI: 10.1007/978-94-017-2122-6

15. Al'shin A.B., Korpusov M.O., Sveshnikov A.G. Blow-up in Nonlinear Sobolev Type
Equations. Series in Nonlinear Analisys and Applications, 15, De Gruyter, 2011.
DOI: 10.1515/9783110255294

16. Kozanov A.I. Kraevye zadachi dlya uravneniy matematicheskoy �ziki nechetnogo poryadka
[Boundary Value Problems for Equations of Mathematical Physics Odd Order]. Novosibirsk,
NSU, 1990.

17. Pyatkov S.G. Operator Theory. Nonclassical Problems. Utrecht, Boston, K�oln, Tokyo,
VSP, 2002. DOI: 10.1515/9783110900163

18. Sviridyuk G.A., Zamyshlyaeva A.A. The Phase Spaces of a Class of Linear Higher-
Order Sobolev Type Equations. Di�erential Equations, 2006, vol. 42, no. 2, pp. 269�278.
DOI: 10.1134/S0012266106020145

26 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫



ÎÁÇÎÐÍÛÅ ÑÒÀÒÜÈ

19. Zamyshlyaeva A.A. [Phase Spaces of Class Linear Equations of Second Order Sobolev Type].
Vychislitel'nye tekhnologii [Computational Technologies], 2003, vol. 8, no. 4, pp. 45�54. (in
Russian)

20. Zamyshlyaeva A.A. [The Phase Space of Sobolev Type Equations of High Order]. Izvestiya
Irkutskogo gosudarstvennogo universiteta. Seriya "Matematika" [The Bulletin of Irkutsk State
University. Series "Mathematics"], 2011, vol. 4, no. 4, pp. 45�57. (in Russian)

21. Gabov S.A. Novye zadachi matematicheskoy teorii voln [New Problems of Mathematical
Theory of Waves]. Moscow, FIZMATLIT, 1998.

22. Benney D.J., Luke J.C. Interactions of Permanent Waves of Finite Amplitude. J. Math.
Phys., 1964, no. 43, pp. 309�313.

23. Love A.E.H. A Treatise on the mat Ematical Theory of Elasticity. Cambridge, at the
university press, 1927.

24. Sviridyuk G.A., Zagrebina S.A. [The Showalter � Sidorov Problem as a Phenomena of
the Sobolev Type Equations]. Izvestiya Irkutskogo gosudarstvennogo universiteta. Seriya
"Matematika" [The Bulletin of Irkutsk State University. Series "Mathematics"], 2010, vol. 3,
no. 1, pp. 104�125. (in Russian)

25. Zagrebina S.A. [Initial-Final Problems for Sobolev Type Equations with Strongly (L, p)-
Radial Operator]. Mathematical Notes of YSU, 2012, vol. 19, no. 2, pp. 39�48. (in Russian)

26. Sviridyuk G.A., Shemetova V.V. [Barenblatt � Jeltov � Cochina Equations on the Graph].
Vestnik Magnitogorskogo gosudarstvennogo universiteta. Seria "Matematika", [Bulletin of
Magnitogorsk State University. Series "Mathematics"], 2003, issue 4, pp. 129�139. (in
Russian)

27. Sviridyuk G.A. On a Model of the Dynamics of a Weakly Compressible Viscoelastic Fluid.
Russian Mathematics (Izvestiya VUZ. Matematika), 1994, vol. 38, no. 1, pp. 59�68.

28. Sviridyuk G.A., Ankudinov A.V. The Phase Space of the Cauchy � Dirichlet Problem
for a Nonclassical Equation. Di�erential Equations, 2003, vol. 39, no. 11, pp. 1639�1644.
DOI: 10.1023/B:DIEQ.0000019357.68736.15

29. Zamyshlyaeva A.A. Linear Sobolev Type Equations of High Order. Chelyabinsk, Publ. Center
of the South Ural State University, 2012. (in Russian)

30. Sagadeeva M.A. Dichotomy of Solutions of Linear Sobolev Type Equations. Chelyabinsk,
Publ. Center of the South Ural State University, 2012. (in Russian)

31. Zamyshlyaeva A.A., Tsyplenkova O.N. Optimal Control of Solutions of the Showalter �
Sidorov � Dirichlet Problem for the Boussinesq � Love Equation. Di�erential Equations,
2013, vol. 49, no. 11, pp. 1356�1365. DOI: 10.1134/S0012266113110049

32. Manakova N.A. Optimal Control Problem for the Sobolev Type Equations. Chelyabinsk, Publ.
Center of the South Ural State University, 2012. (in Russian)

33. Keller A.V., Nazarova E.I. [Optimal Measurement Problem: Numerical Solution, Algorithm
of the Program]. Izvestiya Irkutskogo gosudarstvennogo universiteta. Seriya "Matematika"
[The Bulletin of Irkutsk State University. Series "Mathematics"], 2011, no. 3, pp. 74�82. (in
Russian)

34. Sviridyuk G.A., Brychev S.V. Numerical Solution of Systems of Equations of Leontief Type.
Russian Mathematics (Izvestiya VUZ. Matematika), 2003, vol. 47, no. 8, pp. 44�50.

35. Sviridyuk G.A., Burlachko I.V. An Algorithm for Solving of the Cauchy Problem for
Degenerate Linear Systems of Ordinary Di�erential Equations. Computational Mathematics
and Mathematical Physics, 2003, vol. 43, no. 11, pp. 1613�1619.

2014, òîì 7, � 2 27



À.À. Çàìûøëÿåâà

36. Shestakov A.L., Sviridyuk G.A., Zakharova E.V. [Dynamical Measurements as an Optimal
Control Problem]. Obozrenie prikladnoy i promyshlennoy matematiki, 2009, vol. 16, no. 4,
pp. 732. (in Russian)

37. Shestakov A.L., Keller A.V., Nazarova E.I. Numerical Solution of the Optimal
Measurement Problem. Automation and Remote Control, 2012, vol. 73, no. 1, pp. 97�104.
DOI: 10.1134/S0005117912010079

38. Zamyshlyaeva A.A., Bychkov E.V. [Numerical Study of the Mathematical Model of Shallow
Water Wave Propagation]. Mathematical Notes of YSU, 2013, vol. 20, no. 1, pp. 27�34. (in
Russian)

39. Zamyshlyaeva A.A. [An Algorithm for the Numerical Modelling of the Boussinesq �
Love Waves]. Bulletin of the South Ural State University. Series "Computer Technologies,
Automatic Control, Radioelectronics", 2013, vol. 13, no. 4, pp. 24�29. (in Russian)

40. Zamyshlyaeva A.A. [Analytical Study of the Boussinesq � Love Mathematical Model with
Additive White Noise]. Global'nyy nauchnyy potentsial (Razdel matematicheskie metody i
modeli) [Global Scienti�c Resources (Section Mathematical Methods and Models)], 2013,
no. 7 (28), pp. 44�50. (in Russian)

41. Zamyshlyaeva A.A. [Stochastic Mathematical Model of Ion-Acoustic Waves in Plasma].
Estestvennye i tekhnicheskie nauki (Razdel matematicheskoe modelirovanie, chislennye
metody i kompleksy programm) [Natural and Technical Sciences (Section Mathematical
Modelling, Numerical Methods and Complexes of Programs], 2013, no. 4, pp. 284�292. (in
Russian)

42. Zamyshlyaeva A.A. [De Gennes Equation of Sound Waves in Smectic]. Obozrenie prikladnoy
i promyshlennoy matematiki, 2009, vol. 16, issue 4, pp. 655�656. (in Russian)

43. Zamyshlyaeva A.A. [An Analytical Study of the Linearized Benny � Luke Mathematical
Model]. Mathematical Notes of YSU, 2013, vol. 20, no. 2, pp. 57�65. (in Russian)

44. Zamyshlyaeva A.A., Yuzeeva A.V. [Initial-Final Problem for the Boussinesq � Love Equation
on a Graph]. Izvestiya Irkutskogo gosudarstvennogo universiteta. Seriya "Matematika" [The
Bulletin of Irkutsk State University. Series "Mathematics"], 2010, vol. 3, no. 2, pp. 18�29.
(in Russian)

45. Fedorov V.E [About Some Relations in the Theory of Degenerate Operator Semigroups].
Bulletin of the South Ural State University. Series "Mathematical Modelling, Programming
& Computer Software", 2008, no. 15 (115), issue 7, pp. 89�99. (in Russian)

Received February 12, 2014

28 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫




