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Î ÑÈËÜÍÛÕ ÐÅØÅÍÈßÕ ÎÄÍÎÉ ÌÎÄÅËÈ
ÒÅÐÌÎÂßÇÊÎÓÏÐÓÃÎÑÒÈ ÒÈÏÀ ÎËÄÐÎÉÄÀ

Â.Ï. Îðëîâ, Ì.È. Ïàðøèí

Äëÿ íà÷àëüíî-ãðàíè÷íîé çàäà÷è äèíàìèêè òåðìîâÿçêîóïðóãîé ñðåäû òèïà Îë-

äðîéäà â ïëîñêîì ñëó÷àå óñòàíîâëåíà ëîêàëüíàÿ òåîðåìà ñóùåñòâîâàíèÿ ñèëüíîãî ðå-

øåíèÿ. Èçó÷àåìàÿ ñïëîøíàÿ ñðåäà ÿâëÿåòñÿ îãðàíè÷åííîé îáëàñòüþ íà ïëîñêîñòè ñ

äîñòàòî÷íî ãëàäêîé ãðàíèöåé. Ðàññìàòðèâàåìàÿ ñèñòåìà óðàâíåíèé ÿâëÿåòñÿ îáîáùå-

íèåì ñèñòåìû Íàâüå-Ñòîêñà-Ôóðüå è ïîëó÷àåòñÿ èç íåå ïóòåì äîáàâëåíèÿ â òåíçîð

íàïðÿæåíèé èíòåãðàëüíîãî ñëàãàåìîãî, îòâå÷àþùåãî çà ïàìÿòü ñðåäû. Âíà÷àëå ðàñ-

ñìàòðèâàåòñÿ íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à äëÿ ñèñòåìû âÿçêîóïðóãîñòè òèïà Îëäðîé-

äà ñ ïåðåìåííîé âÿçêîñòüþ. Çàòåì ðàññìàòðèâàåòñÿ íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à äëÿ

óðàâíåíèÿ ñîõðàíåíèÿ ýíåðãèè ñ ïåðåìåííûì êîýôôèöèåíòîì òåïëîïðîâîäíîñòè è èí-

òåãðàëüíîé ÷àñòüþ. Ðàçðåøèìîñòü ýòèõ çàäà÷ óñòàíàâëèâàåòñÿ ïóòåì ñâåäåíèÿ ê îïå-

ðàòîðíûì óðàâíåíèÿì, äëÿ ðàçðåøèìîñòè êîòîðûõ ïðèìåíÿåòñÿ ïðèíöèï ñæèìàþùèõ

îòîáðàæåíèé. Äëÿ ðàçðåøèìîñòè èñõîäíîé ñèñòåìû òåðìîâÿçêîóïðóãîñòè óñòðàèâàåò-

ñÿ èòåðàöèîííûé ïðîöåññ, çàêëþ÷àþùèéñÿ â ïîñëåäîâàòåëüíîì ðåøåíèè âñïîìîãàòåëü-

íûõ çàäà÷. Ïîäõîäÿùèå àïðèîðíûå îöåíêè äàþò ñõîäèìîñòü ïîñëåäîâàòåëüíûõ ïðè-

áëèæåíèé íà äîñòàòî÷íî ìàëîì âðåìåííîì ïðîìåæóòêå. Äîêîçàòåëüñòâî ñóùåñòâåí-

íûì îáðàçîì îïèðàåòñÿ íà ðåçóëüòàòû L. Consiglieri î ðàçðåøèìîñòè ñîîòâåòñòâóþùåé

ñèñòåìû Íàâüå � Ñòîêñà � Ôóðüå.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Íàâüå � Ñòîêñà � Ôóðüå; ìîäåëü Îëäðîéäà; òåðìî-

âÿçêóïðóãîñòü; ñèëüíîå ðåøåíèå; íåïîäâèæíàÿ òî÷êà.

Ââåäåíèå

Â îãðàíè÷åííîé îáëàñòè Ω ⊂ R2 ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé ∂Ω ∈ C2 ðàññìàòðèâà-
åòñÿ íà÷àëüíî-ãðàíè÷íàÿ çàäà÷à

∂v/∂t+vi∂v/∂xi−Div[µ(θ)E(v)]+∇p =

=f + µ0Div
t∫
0

[E(v)(s, x)]ds,div v=0 íà QT = [0, T ]× Ω;
(1)

∂θ/∂t+ vi∂θ/∂xi −Div[k(θ)∇ θ]=µ(θ)|E(v)|2+

+µ0E(v) :
t∫
0

[E(v)(s, x)]ds+g íàQT ;
(2)

v|t=0 = v0 íà Ω, v|∂Ω = 0 íà [0, T ]; (3)

θ|t=0 = θ0 íà Ω; θ|∂Ω = 0 íà [0, T ]. (4)

Çäåñü v = (v1, v2) è θ ñêîðîñòü è òåìïåðàòóðà ñðåäû ñîîòâåòñòâåííî, p � äàâëåíèå, µ � âÿç-
êîñòü, k � êîýôôèöèåíò òåïëîïðîâîäíîñòè, µ0, µ � êîýôôèöèåíòû, õàðàêòåðèçóþùèå âÿçêî-
óïðóãèå ñâîéñòâà ñðåäû, f è g çàäàííûå ñèëû è èñòî÷íèêè òåïëà ñîîòâåòñòâåííî. Äàëåå, E(v)
� ìàòðèöà ñ êîýôôèöèåíòàìè Eij = 1

2(∂vi/∂xj + ∂vj/∂xi) � òåíçîð ñêîðîñòåé äåôîðìàöèé,
A : B = aijbij äëÿ ìàòðèö A è B, |A|2 = A : A.
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Ïðè µ0 = 0 ñèñòåìà (1) � (4) ÿâëÿåòñÿ ñèñòåìîé Íàâüå � Ñòîêñà � Ôóðüå. Â ýòîì ñëó÷àå
â [1] óñòàíîâëåíà íåëîêàëüíàÿ ñèëüíàÿ ðàçðåøèìîñòü ñèñòåìû (1)− (4) ïðè íåêîòîðûõ óñëî-
âèÿõ ìàëîñòè íà êîýôôèöèåíòû óðàâíåíèé. Â ñëó÷àå µ0 > 0 â [2] óñòàíîâëåíà íåëîêàëüíàÿ
ñëàáàÿ ðàçðåøèìîñòü ñèñòåìû (1)− (4).

Çàäà÷à (1), (3) èçó÷àëàñü â [4, 5], ãäå óñòàíîâëåíà íåëîêàëüíàÿ ñèëüíàÿ è ñëàáàÿ ðàçðå-
øèìîñòü.

Íàøà öåëü ñîñòîèò â äîêàçàòåëüñòâå ñèëüíîé ðàçðåøèìîñòè ñèñòåìû (1) � (4) ïðè µ0 > 0
íà ïðîìåæóòêå [0, T ], çàâèñÿùåì îò äàííûõ çàäà÷è.

1. Îáîçíà÷åíèÿ è îïðåäåëåíèÿ

Íîðìû â L2(Ω),W
r
2 (Ω), L2(QT ), Wm,k

2 (QT ) îáîçíà÷àþòñÿ êàê |·|0, |·|r, ∥·∥0, ∥·∥m,k ñîîò-

âåòñòâåííî, vx = {∂vi/∂xj}2i,j=1. Íàì áóäåò óäîáíî ïîíèìàòüWm,k
2 (QT ) êàêW k

2 (0, T ;L2(Ω))∩
L2(0, T ;W

m
2 (Ω)).

Ìû îáîçíà÷àåì ÷åðåç
◦
W

1

2(Ω) çàìûêàíèå ãëàäêèõ ôèíèòíûõ â Ω ôóíêöèé â íîðìå | · |1,

W 2
2,0(Ω) = W 2

2 (Ω)∩
◦

W 1
2 (Ω). Äëÿ ôóíêöèé ñî çíà÷åíèÿìè â R2 ñîîòâåòñòâóþùèå ïðîñòðàí-

ñòâà ïîìå÷àþòñÿ çíà÷êîì (2) ñâåðõó ñïðàâà. Ñèìâîëû ∥ · ∥m,k è ò.ä. èñïîëüçóþòñÿ êàê â
âåêòîðíîì, òàê è â ñêàëÿðíîì ñëó÷àå. Äëÿ ôóíêöèé ïåðåìåííîé t ñî çíà÷åíèÿìè â êàêîì-
íèáóäü áàíàõîâîì ïðîñòðàíñòâå v′ îçíà÷àåò dv/dt.

Íèæå H è V ÿâëÿþòñÿ çàìûêàíèÿìè ìíîæåñòâà ãëàäêèõ ôèíèòíûõ ñîëåíîèäàëüíûõ â
Ω ôóíêöèé ïî íîðìå | · |0 è | · |1 ñîîòâåòñòâåííî. Îïåðàòîð îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ
â L2(Ω) íà H îáîçíà÷àåòñÿ ÷åðåç P.

2. Ôîðìóëèðîâêà ðåçóëüòàòà

Íèæå ïðåäïîëàãàþòñÿ âûïîëíåííûìè ñëåäóþùèå óñëîâèÿ:
1) µ, k ∈ C(−∞,∞), ïðè÷åì

0 < µ0 ≤ µ(s) ≤ µ1, |µ
′
(s)| ≤ µ2, s ∈ (−∞,∞); (5)

0 < k0 ≤ k(s) ≤ k1, |k
′
(s)| ≤ k2, s ∈ (−∞,∞); (6)

2) v0 ∈ W 2
2,0(Ω)

(2) ∩ V , θ0 ∈ W 2
2,0(Ω),

∇v0 · n = 0,∇θ0 · n = 0 íà QT , (7)

ãäå n � âíåøíÿÿ íîðìàëü ê ∂Ω.

Îïðåäåëåíèå 1. Ñèëüíûì ðåøåíèåì çàäà÷è (1)-(4) íàçûâàåòñÿ ïàðà (v, θ), ãäå

v ∈ W1 = W 1
2 (0, T ;H) ∩ L2(0, T ;W

2
2,0(Ω)

(2) ∩H) (8)

θ ∈ W2 = W 1
2 (0, T ;L2(Ω)) ∩ L2(0, T ;W

2
2,0(Ω)) (9)

òàêàÿ, ÷òî âûïîëíÿþòñÿ óðàâíåíèÿ

∂v/∂t+ Pvi∂v/∂xi − PDiv(µ0E) =
Pf + µ2PDiv(

∫ t
0 E(v)(s, x) ds

(10)

è (2) ïðè ï.â. t è óñëîâèÿ (3), (4).
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Ôóíêöèÿ p èç óðàâíåíèÿ (1) âîññòàíàâëèâàåòñÿ ÷åðåç v îáû÷íûì îáðàçîì ñ ïîìîùüþ
òåîðåìû äå Ðàìà (ñì. [3]).

Äàëåå, ãîâîðÿ î ðåøåíèè çàäà÷è (1)− (4), áóäåì èìåòü â âèäó ñèëüíîå ðåøåíèå.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ f ∈ W 1
2 (0, T : H), v0 ∈ W 2

2,0(Ω)
(2) ∩ H, g ∈ W 1

2 (0, T : L2(Ω)),

θ0 ∈ W 2
2,0(Ω). Ïóñòü µ2 è k2 èç (5) è (6) äîñòàòî÷íî ìàëû. Òîãäà çàäà÷à (1) − (4) èìååò

åäèíñòâåííîå ðåøåíèå ïðè äîñòàòî÷íî ìàëîì T > 0.

Íåïîñðåäñòâåííî äîêàçàòåëüñòâî òåîðåìû ïðîèçâîäèòñÿ â ðàçäåëå 5. Â ñëåäóþùåì ðàç-
äåëå äàþòñÿ âñïîìîãàòåëüíûå ðåçóëüòàòû.

3. Âñïîìîãàòåëüíûå ðåçóëüòàòû

Äîêàçàòåëüñòâî òåîðåìû 1 ïðîâåäåì â ðÿä ýòàïîâ.
Ðàññìîòðèì ñíà÷àëà çàäà÷ó

L1(v) := ∂v/∂t+ vi∂v/∂xi −Div [µ(θ) E(v)] +∇p = f − µ0Div

∫ t

0
E(v)(s, x)ds, (11)

div v = 0 íà QT ; (12)

v|t=0 = v0 íà Ω, v|∂Ω = 0 (13)

ïðè ôèêñèðîâàííîì θ.
Óñòàíîâèì îäíîçíà÷íóþ ðàçðåøèìîñòü ýòîé çàäà÷è. Ïîëîæèì

w = f − µ0Div

∫ t

0
E(v)(s, x)ds (14)

è ïåðåïèøåì (11) â âèäå

L1(v) := w, (15)

v|t=0 = v0 íà Ω, v|∂Ω = 0. (16)

Ðàññìîòðèì ñíà÷àëà çàäà÷ó (15) � (16) ïðè ïðîèçâîëüíîé w.

Ëåììà 1. Ïóñòü w ∈ W 1
2 (0, T ;H). Òîãäà çàäà÷à (15) � (16) îäíîçíà÷íî ðàçðåøèìà, è ñïðà-

âåäëèâà îöåíêà

∥v∥2,0 + sup
0≤t≤T

|v(t, x)|1 ≤ M1(∥w∥0 + |v0|1). (17)

∥vx∥L4(QT ) ≤ M2(∥w∥0 + |v0|1). (18)

∥v′∥L4(QT ) ≤ M3(∥w∥1,0 + |v0|2). (19)

Çäåñü Mi = Φi(∥θ∥W 1,1
4

(QT )), à Φi(s) � íåêîòîðûå ìîíîòîííûå ôóíêöèè îò s.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ëåììû 1 ñì. [1].
Îáîçíà÷èì ÷åðåç L−1

1 (w) îïåðàòîð, ñòàâÿùèé â ñîîòâåòñòâèå w ∈ W 1
2 (0, T : H) := W

ðåøåíèå v çàäà÷è (15) � (16).
Èñïîëüçóÿ L−1

1 , ïåðåïèøåì (14) â âèäå

w = K(w), (20)
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K(w) = f + µ0PDiv

∫ t

0
E(L−1

1 (w))(s, x)ds := f +K0(w). (21)

Óñòàíîâèì ðàçðåøèìîñòü óðàâíåíèÿ (20). Çàäàäèì â W1 ýêâèâàëåíòíóþ íîðìó

]w[= q∥w′∥0 + ∥w∥0, 0 < q < 1. (22)

Ðàññìîòðèì øàð B(R) = {w :]w[≤ R}, R > 0.

Ëåììà 2. Íàéäóòñÿ òàêèå äîñòàòî÷íî áîëüøîå R > 0 è äîñòàòî÷íî ìàëûå T > 0 è q > 0,
÷òî îïåðàòîð K ïåðåâîäèò â ñåáÿ B(R).

Äîêàçàòåëüñòâî. Íåòðóäíî âèäåòü, ÷òî â ñèëó îãðàíè÷åííîñòè îïåðàòîðà P è ñîîòíîøåíèÿ
Div E(v) = △ v (△ � îïåðàòîð Ëàïëàñà)

]K(w)[≤]f [+]K0(w)[≤ M∥f∥1,0 + q∥△L−1
1 (w)∥0 + ∥

∫ t
0 △L−1

1 (w)ds∥0.
Èç (17) ñëåäóåò, ÷òî

∥△L−1
1 (w)∥0 ≤ M1(∥w∥0 + |v0|1). (23)

Ñ ïîìîùüþ íåðàâåíñòâà Êîøè è (17) ïîëó÷àåì

∥
∫ t

0
△L−1

1 (w)ds∥0 ≤ T
1
2 ∥△L−1

1 (w)ds∥0 ≤ T
1
2M1(∥w∥0 + |v0|1). (24)

Èç (17), (22) è (24) âûòåêàåò íåðàâåíñòâî

]K(w)[≤ M∥f∥0,1 +M1∥w∥0(q + T
1
2 ) + T

1
2M1|v0|1. (25)

Èç (25) ñëåäóåò, ÷òî ïðè w ∈ B(R)

]K(w)[≤ M∥f∥0,1 +M1R(q + T
1
2 ) + T

1
2M1|v0|1.

Âûáèðàÿ R > 0 äîñòàòî÷íî áîëüøèì, à q è T0 äîñòàòî÷íî ìàëûìè, ïîëó÷àåì, ÷òî ïðè
0 < T < T0

]K(w)[≤ R,w ∈ B(R). (26)

Òàêèì îáðàçîì, îïåðàòîð K ïåðåâîäèò M(R) â ñåáÿ.
Ââåäåì â øàðå B(R) ìåòðèêó

ρ(w1, w2) = ∥w1 − w2∥0 (27)

è ðàññìîòðèì åãî êàê ìåòðè÷åñêîå ïðîñòðàíñòâî, îáîçíà÷èâ M(R).
Ïîêàæåì, ÷òî M(R) ÿâëÿåòñÿ ïîëíûì ìåòðè÷åñêèì ïðîñòðàíñòâîì.
Äåéñòâèòåëüíî, ïóñòü ïîñëåäîâàòåëüíîñòü wn ∈ M(R), n = 1, 2, ... è ÿâëÿåòñÿ ôóí-

äàìåíòàëüíîé ïî ìåòðèêå (27). Â ñèëó ïîëíîòû L2(0, T ;H) ñóùåñòâóåò w0 = lim
n→∞

wn,

w0 ∈ L2(0, T ;H). Ïîêàæåì, ÷òî w0 ∈ M(R).
Òàê êàê wn ∈ M(R), òî ∥dwn/dt∥0 ðàâíîìåðíî îãðàíè÷åíà, à ïîýòîìó ïîñëåäîâàòåëü-

íîñòü dwn/dt ñëàáî êîìïàêòíà â ãèëüáåðòîâîì ïðîñòðàíñòâå L2(0, T ;H), è, ñëåäîâàòåëüíî,
wn ñëàáî ñõîäèòñÿ ê z ∈ L2(0, T ;H).

Íåòðóäíî âèäåòü, ÷òî ∫ T

0
dwn/dtφ dt = −

∫ T

0
wndφ/dt dt (28)

ïðè ëþáîé ãëàäêîé ôèíèòíîé íà [0, T ] ôóíêöèè φ : [0, T ] → H.
Ïåðåõîäÿ ê ïðåäåëó â (28), ïîëó÷àåì, ÷òî
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∫ T
0 zφ dt = −

∫ T
0 w0dφ/dt dt.

Îòñþäà ñëåäóåò, ÷òî z = dw0/dt, è, ñëåäîâàòåëüíî, w0 ∈ M(R).
Ïîëíîòà M(R) óñòàíîâëåíà.

Ëåììà 3. Ïóñòü R, T0 è q òàêîâû, ÷òî ñïðàâåäëèâî (26). Òîãäà íàéäåòñÿ òàêîå T < T0,

÷òî ïðè âñåõ w1, w2 ∈ M(R) èìååò ìåñòî íåðàâåíñòâî

∥K(w1)−K(w2)∥0 ≤ q0∥w1 − w2∥0
ïðè íåêîòîðîì q0 ∈ (0, 1).

Äîêàçàòåëüñòâî. Äîñòàòî÷íî ïîêàçàòü, ÷òî

∥K0(w
1)−K0(w

2)∥0 ≤ q0∥w1 − w2∥0, 0 < q0 < 1. (29)

Îáîçíà÷èì vi = L−1
1 (wi), i = 1, 2.

Íåòðóäíî âèäåòü, ÷òî

∥K0(w
1)−K0(w

2)∥0 = ∥
∫ t
0 (△L−1

1 (w1)−△L−1
1 (w2)) ds∥0 =

= ∥
∫ t
0 △(v1 − v2) ds∥0 ≤ T

1
2 ∥△(v1 − v2)∥0.

(30)

Îáîçíà÷èì w = w1 − w2, v = v1 − v2, p = p1 − p2. Î÷åâèäíî, ÷òî

L̂1(0) := ∂v/∂t−Div [µ(θ) E(v)]−∇p = w − vi∂v
1/∂xi − v2i ∂v/∂xi,

div v = 0 íà QT ;
(31)

v(0) = 0 íà Ω, v|∂Ω = 0 íà [0, T ]. (32)

Îïåðàòîð L̂1, ïîðîæäåííûé çàäà÷åé (31) � (32), ïðîùå îïåðàòîðà L1, ïîñêîëüêó â L̂1

îòñóòñòâóþò êîíâåêòèâíûå ñëàãàåìûå. Ïîýòîìó îïðåäåëåí îïåðàòîð L̂−1
1 , îáëàäàþùèé âñåìè

ñâîéñòâàìè îïåðàòîðà L−1
1 . Â ÷àñòíîñòè, äëÿ u(t) = L̂−1

1 (φ) èç (17) âûòåêàåò íåðàâåíñòâî

∥v∥2,0 + sup
t

|v(t)|1 ≤ M1∥φ∥0. (33)

Îòñþäà ñëåäóåò, ÷òî äëÿ çàäà÷è (31) � (32) ñïðàâåäëèâî íåðàâåíñòâî

∥v∥2,0 + sup
t

|v(t)|1 ≤ M1(∥w∥0 + ∥vi∂v1/∂xi∥0 + ∥v2i ∂vi/∂xi∥0) = M1(∥w∥0 + I1 + I2). (34)

Èñïîëüçóÿ ñòàíäàðòíûå ðàññóæäåíèÿ (ñì. íàïð. [3]), ïîëó÷àåì

|vi∂v1/∂xi|0 ≤ M∥v∥L4(Ω)∥∂v1/∂x∥L4(Ω) ≤ M |v|1∥v1x∥L4(Ω), (35)

|v2i ∂v/∂xi|0 ≤ M∥v2∥L4(Ω)∥∂v/∂x∥L4(Ω) ≤

M∥v2∥L4(Ω)|v|
1/2
2 |v|1/21 ≤ ε|v|2 +Mε|v|1∥v2∥2L4(Ω).

(36)

Çäåñü ε > 0 � ïðîèçâîëüíîå ìàëîå ÷èñëî.
Èç îöåíîê (35) � (36) âûòåêàåò, ÷òî

I21 + I22 ≤ ε∥v∥22,0 +ME

∫ T

0
|v(x, t)|21(∥v1x(t, x)∥4L4(Ω) + ∥v2(t, x)∥)4L4(Ω)) dt. (37)

Âîñïîëüçóåìñÿ òåïåðü íåðàâåíñòâàìè (34) è (36). Îòìåòèì, ÷òî îíè óñòàíîâëåíû íà [0, T ].
Î÷åâèäíî, ÷òî îíè âåðíû è íà [0, s] ⊂ [0, T ]. Ïîýòîìó ïðè ìàëîì ε > 0 èç (37) ñëåäóåò, ÷òî
ñïðàâåäëèâî èíòåãðàëüíîå íåðàâåíñòâî
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|v(s)|21 ≤ M2
1 ∥w∥20 +Mε

∫ s
0 (∥v

1
x(t, x)∥4L4(Ω) + ∥v2(t, x)∥4L4(Ω))|v(x, t)|

2
1 dt.

Èç ýòîãî èíòåãðàëüíîãî íåðàâåíñòâà â ñèëó (18) âûòåêàåò

|v(s)|21 ≤ M4∥w∥0, 0 ≤ s ≤ T, (38)

ãäå M4 = Φ4(∥θ∥W 1,1
4 (QT )

).

Èç îöåíîê (34) � (36), (38) âûòåêàåò, ÷òî

∥v∥2,0 ≤ M5∥w∥0, (39)

ãäå M5 = Φ5(∥θ∥W 1,1
4 (QT )

). Çäåñü Φ4(s) è Φ5(s) ìîíîòîííûå íåïðåðûâíûå ôóíêöèè îò s.

Âîñïîëüçîâàâøèñü (30) è (39), ïîëó÷àåì

∥K0(w
1)−K0(w

2)∥0 ≤ M5T
1
2 ∥△(w1 − w2)∥0.

Âûáèðàÿ T < T0 äîñòàòî÷íî ìàëûì, ïîëó÷àåì (29) ñ íåêîòîðûì q0 ∈ (0, 1).
Ëåììà 3 äîêàçàíà.
Èç ëåìì 2 è 3 â ñèëó ïðèíöèïà ñæèìàþùèõ îòîáðàæåíèé âûòåêàåò îäíîçíà÷íàÿ ðàçðå-

øèìîñòü óðàâíåíèÿ (20).

Òåîðåìà 2. Â óñëîâèÿõ òåîðåìû 1 çàäà÷à (11) � (13) îäíîçíà÷íî ðàçðåøèìà ïðè äîñòà-

òî÷íî ìàëîì T , è äëÿ ðåøåíèÿ v ñïðàâåäëèâû îöåíêè (17)− (19).

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç w∗ ðåøåíèå óðàâíåíèÿ (20). Íåòðóäíî âèäåòü, ÷òî v =
L−1
1 (w∗) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (11) � (13), à èç ëåììû 1 âûòåêàåò ñïðàâåäëèâîñòü îöåíîê

(17) � (19).
Òåîðåìà 2 äîêàçàíà.

Ðàññìîòðèì çàäà÷ó

∂θ/∂t+ vi∂θ/∂xi −Div [k(θ)∇ θ]= g +µ(ξ)E(v) : E(v)+
+µ0E(v) :

∫ t
0 E(v)(s, x) ds,

(40)

θ|t=0 = θ0 íà Ω; θ|∂Ω = 0 íà [0, T ]. (41)

Òåîðåìà 3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1. Ïóñòü ξ ∈ W 1,1
4 (QT ), à v � ðåøåíèå

çàäà÷è (11) � (13). Òîãäà çàäà÷à (40) � (41) èìååò åäèíñòâåííîå ðåøåíèå θ, è ñïðàâåäëèâà

îöåíêà

∥θ∥2,1 + ∥θ′∥L4(QT ) + ∥θ∥
W 1,1

4 (QT )
≤ M6, (42)

ãäå M6 = Φ6(∥f∥0,1, ∥g∥0,1, |v0|2, |θ0|2, ∥ξ∥W 1,1
4 (QT )

), à Φ6(s1, s2, s3, s4, s5) � ìîíîòîííàÿ íåïðå-

ðûâíàÿ ôóíêöèÿ ñâîèõ àðãóìåíòîâ.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî òåîðåìû 3 ïðè µ0 = 0 äàíî â [1]. Ïðè µ0 > 0 ïðàâàÿ ÷àñòü
óðàâíåíèÿ (2) ñîäåðæèò äîïîëíèòåëüíîå ñëàãàåìîå µ0E(v) :

∫ t
0E(v)(s, x)ds, êîòîðîå ëó÷øå

ñëàãàåìîãîµ(ξ)E(v) : E(v)è òàêæå íå çàâèñèò îò θ.
Ïîýòîìó äîêàçàòåëüñòâî òåîðåìû 3 äëÿ ñëó÷àÿ µ0 = 0 ïðîõîäèò è äëÿ ñëó÷àÿ µ0 > 0 ñ

íåñóùåñòâåííûìè äîïîëíåíèÿìè.
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4. Äîêàçàòåëüñòâî òåîðåìû 3

Ïóñòü K = {ξ : ξ ∈ W 1,1
4 (QT ),∇ξ|t=0 = ∇θ0, ∥ξ∥

W 1,1
4 (QT )

≤ R0}.
Ïîñòðîèì îïåðàòîð L : K → W 1,1

4 (QT ).
Ïîñòàâèì â ñîîòâåòñòâèå ξ ∈ K ðåøåíèå vξ çàäà÷è (11) � (13) ïðè θ = ξ. Çàòåì ïîñòàâèì

â ñîîòâåòñòâèå vξ ðåøåíèå θ çàäà÷è (40) ïðè v = vξ, òàê ÷òî v = Lξ.
Î÷åâèäíî, ÷òî äëÿ ðàçðåøèìîñòè çàäà÷è (1) � (4) äîñòàòî÷íî íàéòè íåïîäâèæíóþ òî÷êó

îïåðàòîðà L.
Ïðè µ0 = 0 â [1] ïîêàçàíî, ÷òî îïåðàòîð L óäîâëåòâîðÿåò óñëîâèÿì ïðèíöèïà Øàóäåðà

î íåïîäâèæíîé òî÷êå. Ïðè ýòîì äîêàçàòåëüñòâî îïèðàåòñÿ íà òåîðåìû 2 è 3 î ðàçðåøèìîñòè
ñîîòâåòñòâóþùèõ çàäà÷ ïðè µ0 = 0.

Òàì æå óñòàíîâëåíî, ÷òî ðåøåíèå åäèíñòâåííî. Îòìåòèì, ÷òî â ñëó÷àå µ0 = 0 óòâåðæäå-
íèå òåîðåìû 2 ñïðàâåäëèâî ïðè ëþáîì T > 0.

Ïðè µ0 > 0 ñèòóàöèÿ îòëè÷àåòñÿ îò ñëó÷àÿ µ0 = 0 ëèøü îãðàíè÷åíèåì íà ìàëîñòü T .
Ñàìî æå äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ íåïîäâèæíîé òî÷êè L è åäèíñòâåííîñòè ðåøåíèÿ
îñòàåòñÿ òàêèì æå, êàê è äëÿ µ0 = 0.

Òåîðåìà 1 äîêàçàíà.
Îòìåòèì, ÷òî ïðîäîëæåíèþ ðåøåíèÿ çàäà÷è (11) � (13) íà áîëüøèé ïðîìåæóòîê ïðåïÿò-

ñòâóåò îòñóòñòâèå îöåíêè íà |v(T, x)|2 (àíàëîãè÷íî óñëîâèþ v0 ∈ W 2
2,0(Ω)

2 ∩H) è ≪ðîñò≫ ïî
t èíòåãðàëüíîãî ñëàãàåìîãî.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ãðàíò �13-01-0041.
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For the initial-boundary value problem in a dynamic Oldroyd-type model of

thermoviscoelasticity, we establish the local existence theorem for strong solutions in the

planar case. The continuum under consideration is a plane bounded domain with su�ciently

smooth boundary. The corresponding system of equations generalizes the Navier�Stokes�

Fourier system by having an additional integral term in the stress tensor responsible for the

memory of the continuum. In our proof, we study �rstly the initial-boundary value problem

for an Oldroyd-type viscoelasticity system with variable viscosity. Then we consider the

initial-boundary value problem for the equation of energy conservation with a variable

heat conductivity coe�cient and an integral term. We establish the solvability of these

problems by reducing them to operator equations and applying the �xed-point theorem.

For the original thermoviscoelasticity system, we construct an iterative process consisting

in a consecutive solution of auxiliary problems. Suitable a priori estimates ensure that

the iterative process converges on a su�ciently small interval of time. The proof relies

substantially on Consiglieri's results on the solvability of the corresponding Navier � Stokes

� Fourier system.

Keywords: Navier � Stokes equation; Oldroyd-type model; thermoviscoelastic; strong

solutions; �xed point.
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