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ÁÈÔÓÐÊÀÖÈÎÍÍÛÉ ÀÍÀËÈÇ ÇÀÄÀ×È
ÊÀÏÈËËßÐÍÎÑÒÈ Ñ ÊÐÓÃÎÂÎÉ ÑÈÌÌÅÒÐÈÅÉ

Ë.Â. Ñòåíþõèí

Â íåëèíåéíîé ïîñòàíîâêå äîñòàòî÷íî õîðîøî èçó÷åíû ðàâíîâåñíûå óñòîé÷èâûå è

íåóñòîé÷èâûå ôîðìû ìàëûõ êàïåëü â ïîëå ñèëû òÿæåñòè. Ýòè ôîðìû ÿâëÿþòñÿ ðåøå-

íèÿìè èçâåñòíîãî óðàâíåíèÿ êàïèëëÿðíîñòè è íàõîäÿòñÿ èòåðàöèîííûìè ìåòîäàìè â

âèäå ðÿäîâ. Åñëè ðàçìåð êàïëè äîñòàòî÷íî áîëüøîé, èëè èçíóòðè íà íåå âîçäåéñòâóåò

ïîòåíöèàë, òî íàðóøàåòñÿ ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé. Ïðè ýòîì ïîëó÷åííûå

ðåøåíèÿ íà÷èíàþò ïðîòèâîðå÷èòü ôèçè÷åñêèì ýêñïåðèìåíòàì. Ðàçðåøèìîñòü êàïèë-

ëÿðíîãî óðàâíåíèÿ äîêàçàíà Í.Í. Óðàëüöåâîé.

Ïðè âîçäåéñòâèè ïîòåíöèàëà ïðîèñõîäÿò ïåðåñòðîéêè ïîâåðõíîñòè. Îïèñàíèå îñî-

áûõ ñîñòîÿíèé ïîâåðõíîñòè ñ ïîìîùüþ óðàâíåíèÿ êàïèëëÿðíîñòè îñëîæíåíî ñòðóêòó-

ðîé ýòîãî è ñîîòâåòñòâóþùåãî ëèíåàðèçîâàííîãî óðàâíåíèé. Ñ äðóãîé ñòîðîíû, çàäà÷à

êàïèëëÿðíîñòè âàðèàöèîííàÿ. Îñíîâíûì ñëàãàåìûì ýíåðãåòè÷åñêîãî ôóíêöèîíàëà ÿâ-

ëÿåòñÿ ôóíêöèîíàë ïëîùàäè, êîòîðûé èññëåäîâàëñÿ â ðàáîòàõ À.Ò. Ôîìåíêî, À.Þ. Áî-

ðèñîâè÷à, Ë.Â. Ñòåíþõèíà â ñâÿçè ñ çàäà÷åé î ìèíèìàëüíûõ ïîâåðõíîñòÿõ. Èññëåäî-

âàíèþ ýêñòðåìàëåé ïîäîáíûõ íåëèíåéíûõ ôóíêöèîíàëîâ â áàíàõîâûõ è ãèëüáåðòîâûõ

ïðîñòðàíñòâàõ ïîñâÿùåíû ðàáîòû Þ.È. Ñàïðîíîâà, Á.Ì. Äàðèíñêîãî, Ñ.Ë. Öàðåâà,

Ã.À. Ñâèðèäþêà è äðóãèõ ìàòåìàòèêîâ. Â ðåçóëüòàòå, â íàñòîÿùåé ðàáîòå ïîëó÷åíû

äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ îñîáûõ ðåøåíèé çàäà÷è êàïèëëÿðíîñòè ïðè âîç-

äåéñòâèè âíåøíåãî ïîòåíöèàëà â òåðìèíàõ âàðèàöèîííîñòè çàäà÷è è íîðìàëüíîãî ðàñ-

ñëîåíèÿ âîçìóùåíèé. Ïðèâåäåí ïðèìåð, â êîòîðîì ïîñòðîåíà íîâàÿ ðåäóêöèÿ êàïèë-

ëÿðíîãî óðàâíåíèÿ âáëèçè öåíòðà ñèììåòðèè êàïëè. Íàéäåíû êðèòè÷åñêèå çíà÷åíèÿ

ïàðàìåòðà, çàâèñÿùåãî îò ÷èñëà Áîíäà, óñòàíîâëåíà àíàëèòè÷åñêàÿ ôîðìà ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: çàäà÷à êàïèëëÿðíîñòè; ÷èñëî Áîíäà; áèôóðêàöèÿ; îñîáîå ðåøå-

íèå.

1. Ïîñòàíîâêà çàäà÷è è êîììåíòàðèè ê ïðåäìåòó èññëåäîâàíèÿ

Ðàññìîòðèì ñâÿçíóþ êàïëþ æèäêîñòè çàäàííîãî îáúåìà V , ëåæàùóþ íà ãîðèçîíòàëüíîé
ïëîñêîñòè Π â ïîëå ñèëû òÿæåñòè, íàïðàâëåííîì âåðòèêàëüíî âíèç. Ïðåäïîëîæèì, ÷òî
ìàòåðèàë æèäêîñòè îäíîðîäåí, òàê ÷òî óãîë êîíòàêòà æèäêîñòè ñ ïëîñêîñòüþ γ ïîñòîÿíåí,
0 ≤ γ ≤ π. Êàê ïîêàçàë H.C. Wente [1], ïðè ýòèõ óñëîâèÿõ ðàâíîâåñíàÿ ïîâåðõíîñòü áóäåò
ïîâåðõíîñòüþ âðàùåíèÿ ñ îñüþ ïåðïåíäèêóëÿðíîé ïëîñêîñòè Π.

Çàäà÷à î ëåæàùåé ìàëîé êàïëå íà ïîâåðõíîñòè ÿâëÿåòñÿ ñëåäñòâèåì ìèíèìèçàöèè ñëå-
äóþùèõ ýíåðãèé:
1) ýíåðãèè ïîâåðõíîñòíîãî íàòÿæåíèÿ;
2) ïîòåíöèàëüíîé ýíåðãèè ñèëû òÿæåñòè;
3) ýíåðãèè îáúåìíûõ ñâÿçåé (ïîñòîÿíñòâà îáúåìà V ).
Ïîëíàÿ ýíåðãèÿ îïðåäåëÿåòñÿ ôóíêöèîíàëîì

E(u) =

∫
Ω

√
EG− F 2 dx+

1

σ

∫
Ω

Υρu dx+ λ

∫
Ω

u dx,

E, G, F � êîýôôèöèåíòû ïåðâîé êâàäðàòè÷íîé ôîðìû ïîâåðõíîñòè, σ � ïîâåðõíîñòíîå
íàòÿæåíèå, Υ � ïîòåíöèàëüíàÿ ýíåðãèÿ íà åäèíèöó ìàññû, ρ � ïëîòíîñòü, λ � ìíîæèòåëü
Ëàãðàíæà, îòâå÷àþùèé çà îáúåì.
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Â òî÷êàõ âåðõíåé ÷àñòè ñâîáîäíîé ïîâåðõíîñòè P êàïëè âûñîòà u(x, y) ïîâåðõíîñòè P
íàä Π óäîâëåòâîðÿåò óðàâíåíèþ

div Tu = χu+ λ, (1.1)

ãäå

Tu =
1√

1 + |∇u|2
∇u, ∇u = (ux, uy), (1.2)

χ = ρg
σ . Äëÿ íèæíåé ÷àñòè ñâîáîäíîé ïîâåðõíîñòè çíàê div Tu íàäî çàìåíèòü íà îáðàòíûé.

Ãðàíè÷íîå óñëîâèå çàäà÷è ñ ïîñòîÿííûì óãëîì êîíòàêòà γ èìååò âèä

n Tu = cos γ, (1.3)

n � åäèíè÷íàÿ íîðìàëü.
Çàìåíà u = −v − (1/χ)λ ïåðåâîäèò óðàâíåíèå (1.1) â óðàâíåíèå

div Tv = χv, (1.4)

êîòîðîå ÿâëÿåòñÿ óðàâíåíèåì ñâîáîäíîé ïîâåðõíîñòè â êàïèëëÿðíîé òðóáêå. Êàæäîìó óðàâ-
íåíèþ (1.1) ñ âûñîòîé êàïëè â öåíòðå u0 ñîîòâåòñòâóåò ðåøåíèå óðàâíåíèÿ (1.4) ñ âûñîòîé
ïîäúåìà æèäêîñòè â öåíòðå v0 = −(u0 + λ/χ). Â [2] ïîêàçàíî, ÷òî ñèììåòðè÷íûå ðåøåíèÿ
óðàâíåíèÿ (1.4) îäíîçíà÷íî îïðåäåëÿþòñÿ âûñîòîé ïîäúåìà æèäêîñòè â öåíòðå. Ïîýòîìó,
êàæäîé ñèììåòðè÷íî ëåæàùåé êàïëå îòâå÷àåò åäèíñòâåííàÿ êàïèëëÿðíàÿ ïîâåðõíîñòü, êî-
òîðàÿ (ëîêàëüíî) ãåîìåòðè÷åñêè êîíãðóýíòíà ãðàíèöå êàïëè. Îáðàòíî, êàæäîé ñèììåòðè÷-
íîé êàïèëëÿðíîé ïîâåðõíîñòè ñîîòâåòñòâóåò ëåæàùàÿ êàïëÿ, îïðåäåëåííàÿ ñ òî÷íîñòüþ äî
àääèòèâíîé êîíñòàíòû.

Ìíîæåñòâî âñåõ ñèììåòðè÷íûõ êàïèëëÿðíûõ ïîâåðõíîñòåé ÿâëÿåòñÿ îäíîïàðàìåòðè÷å-
ñêèì ñåìåéñòâîì ñ ïàðàìåòðîì öåíòðàëüíîé âûñîòû u0 ïîâåðõíîñòè. Èç ïðèíöèïà ñîîòâåò-
ñòâèÿ âûòåêàåò, ÷òî ìíîæåñòâî âñåõ ñèììåòðè÷íî ëåæàùèõ êàïåëü ìîæåò áûòü îïèñàíî ñ
ïîìîùüþ îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà êðèâûõ.

Ñ ó÷åòîì âûøåèçëîæåííîãî, óðàâíåíèå (1.1) ìîæíî çàïèñàòü â áåçðàçìåðíîé ôîðìå

div Tu = Bu, (1.5)

B � ÷èñëî Áîíäà, B = ρga2

σ , õàðàêòåðèçóþùåå ðàçìåð êîíôèãóðàöèè. Ãðàíè÷íîå óñëîâèå
(1.3) îñòàåòñÿ.

2. ßâíîå ðåøåíèå â ÷àñòíîì ñëó÷àå

Â [2] ïîêàçàíî, ÷òî äëÿ ñèììåòðè÷íî ëåæàùåé êàïëè, 0 < γ < π
2 è ìàëîãî ÷èñëà Áîíäà

B, óðàâíåíèå (1.5) ìîæíî çàïèñàòü òàê

div
∇u√

1 + |∇u|2
= Bu− 2 sin γ0. (2.1)

Ðåøåíèå èùåòñÿ íà êðóãå Ω, u = 0 íà ∂Ω è êàïëÿ ïîñòîÿííîãî îáúåìà V0. Åñëè êàïëÿ
ïîäâåðãàåòñÿ âîçäåéñòâèþ âíåøíåãî ïîòåíöèàëà φ, òî

V0 =
π(2 + cos γ0)(1− cos γ0)

2

3 sin3 γ0
, (2.2)

cos γ0 = cos γ +
φ

σ
. (2.3)

78 Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå≫



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

Ïîòåíöèàë φ ìîæåò áûòü, íàïðèìåð, òåìïåðàòóðîé âåùåñòâà êàïëè èëè äàâëåíèåì, âîç-
äåéñòâóþùèì èçíóòðè êàïëè, ëèáî òåìïåðàòóðîé è äàâëåíèåì îäíîâðåìåííî. Äåéñòâèå ïî-
òåíöèàëà ïðèâîäèò ê èçìåíåíèþ ôîðìû êàïëè, â ÷àñòíîñòè, ê èçìåíåíèþ óãëà êîíòàêòà ñ
ïëîñêîñòüþ Π, (2.3). Ïðè ýòîì γ0 ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ (2.2). Äàëü-
íåéøåå âîçäåéñòâèå ïîòåíöèàëà φ ïðèâåäåò ê èçìåíåíèþ ÷èñëà Áîíäà B è ê ïåðåñòðîéêå
(áèôóðêàöèè) ñàìîé êàïëè.

Äëÿ îïèñàíèÿ äàëüíåéøèõ ñîñòîÿíèé êàïëè ïîëîæèì â óðàâíåíèè (2.1) B = 0.

Òåîðåìà 1. Ïðè ñäåëàííûõ âûøå ïðåäïîëîæåíèÿõ è B = 0, ñóùåñòâóåò òî÷íîå ðåøåíèå

óðàâíåíèÿ (2.1)

u0 =
− cos γ0 +

√
1− r2 sin2 γ0

sin γ0
. (2.4)

Ðåøåíèå (2.4) ïðîâåðÿåòñÿ íåïîñðåäñòâåííîé ïðîâåðêîé. Ýòî ðåøåíèå ïîñëóæèò îòïðàâ-
íîé òî÷êîé äëÿ îòûñêàíèÿ äàëüíåéøèõ ñîñòîÿíèé êàïëè, ïîäâåðæåííîé âîçäåéñòâèþ ïîòåí-
öèàëà φ.

3. Êîëüöåîáðàçíûå ðåøåíèÿ

Äëÿ íåíóëåâûõ ÷èñåë B ïîëîæèì, ÷òî ðåøåíèå óðàâíåíèÿ (2.1) ïðèìåò âèä

u =
− cos γ0 +

√
1− (r − r0)2 sin

2 γ0
sin γ0

, (3.1)

r0 � ðàäèóñ êîëüöà ïî öåíòðó, |r − r0| ≤ 1.
Íåïîñðåäñòâåííûì âû÷èñëåíèåì ïîëó÷èì, ÷òî ôóíêöèÿ (3.1) ÿâëÿåòñÿ òî÷íûì ðåøåíè-

åì óðàâíåíèÿ

div
∇u√

1 + |∇u|2
=

r0 sin γ0
r

− 2 sin γ0 (3.2)

ñ íóëåâûì ãðàíè÷íûì óñëîâèåì.
Íàéäåì óñëîâèÿ, ïðè êîòîðûõ çàäà÷à (3.2) ýêâèâàëåíòíà çàäà÷å (2.1). Äëÿ ýòîãî

Bu =
r0 sin γ0

r
, (3.3)

òî åñòü
− cos γ0 +

√
1− (r − r0)2 sin

2 γ0
sin γ0

=
r0 sin γ0

Br
. (3.4)

Ïîñëåäíåå óðàâíåíèå ïðåîáðàçóåòñÿ ê âèäó(
1 +

sin2 γ0
B2r2

)
r20 − 2

(
r − cos γ0

Br

)
r0 + r2 − 1 = 0. (3.5)

Ðàçðåøèì óðàâíåíèå (3.5) îòíîñèòåëüíî r0, êàê ãàðàíò êîëüöåîáðàçíîãî ñîñòîÿíèÿ.

D1 =
(cos γ0

B
− 1
)2

+
1− r2

B2r2
. (3.6)

Â ðåøåíèè (2.4) áåçðàçìåðíîãî óðàâíåíèÿ (2.1) ïîëÿðíàÿ êîîðäèíàòà r ìåíÿåòñÿ â ïðå-
äåëàõ 0 ≤ r ≤ 1, çíà÷èò, ñ óâåëè÷åíèåì ïîòåíöèàëà φ, ó äåôîðìèðîâàííîé êàïëè çíà÷åíèå
r = 1 òîæå ñóùåñòâóåò. Ðàâåíñòâî íóëþ âûðàæåíèÿ (3.6) äëÿ r = 1 ïîðîæäàåò óñëîâèå

B = cos γ0. (3.7)
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Òàêèì îáðàçîì, ïîëó÷àåòñÿ ñëåäóþùàÿ

Òåîðåìà 2. Åñëè âûïîëíåíî óñëîâèå (3.7), òî ñóùåñòâóåò òî÷íîå àíàëèòè÷åñêîå ðåøåíèå

çàäà÷è (2.1) òèïà (3.1) ñ ãðàíè÷íûì óñëîâèåì (1.3).

4. Ðåäóêöèÿ èç ôóíêöèîíàëà ïëîùàäè

Ðàññìîòðèì îñíîâíîé ýíåðãåòè÷åñêèé ôóíêöèîíàë çàäà÷è

E(u) =

∫
Ω

√
EG− F 2 dx+

1

σ

∫
Ω

Υρu dx+ λ

∫
Ω

u dx. (4.1)

Åãî ïåðâîå ñëàãàåìîå ÿâëÿåòñÿ ôóíêöèîíàëîì ïëîùàäè. Ïóñòü u0 � ýêñòðåìàëü (4.1). Áëèç-
êèå ê u0 ïîâåðõíîñòè áóäåì çàäàâàòü â ñèñòåìå êîîðäèíàò íîðìàëüíîãî ðàññëîåíèÿ ê u0. Ýòî
ïðèâåäåò ê îäíîìó ñêàëÿðíîìó óðàâíåíèþ äëÿ áëèçêîé ïîâåðõíîñòè:(

δS

δu
(u0 + ηn̄), n̄

)
= 0,

èëè
δS

δη
(η) = 0, (4.2)

ãäå δS
δu � ôóíêöèîíàëüíàÿ ïðîèçâîäíàÿ ôóíêöèîíàëà ïëîùàäè, n̄ � íîðìàëü ê ïîâåðõíîñòè

u0. Èç óðàâíåíèÿ (4.2) îïðåäåëÿåòñÿ íîðìàëüíàÿ êîîðäèíàòà η = η(x, y).

Òåîðåìà 3. Ôóíêöèîíàë ïëîùàäè áëèçêèõ ê u0 ïîâåðõíîñòåé S(η) è åãî îïåðàòîð Ýéëåðà
δS
δη (η) èìååò ñëåäóþùóþ àíàëèòè÷åñêóþ ñòðóêòóðó

S(η) =

∫
Ω

√
EG− F 2 dxdy, (4.3)

δS

δu
(η) = E3(EG− F 2)−

3
2 (Aηxx − 2Bηxy + Cηyy +G). (4.4)

Çäåñü E,G, F � êîýôôèöèåíòû ïåðâîé êâàäðàòè÷íîé ôîðìû ïîâåðõíîñòè,

A =

6∑
p=1

aijkη
i
xη

j
xη

k + 1, B =

6∑
p=1

bijkη
i
xη

j
yη

k, C =

6∑
p=1

cijkη
i
yη

j
yη

k + 1,

G =
7∑

p=2

gijkη
i
xη

j
yη

k + gη,

ãäå i, j, k � öåëûå íåîòðèöàòåëüíûå ÷èñëà, p = i + j + k. Âñå êîýôôèöèåíòû

aijk, bijk, cijk, gijk, g � ÿâëÿþòñÿ àíàëèòè÷åñêèìè ôóíêöèÿìè è íàõîäÿòñÿ ïî ôîðìóëàì,

ïîäîáíûì ñëåäóþùåé

g = (n̄, n̄xx + n̄yy) +
4

E

[
(n̄, uxx)

2 + (n̄, uyy)
2
]
. (4.5)

Ëèíåéíàÿ ÷àñòü îïåðàòîðà (4.4) ðàâíà

Lη = ∆η + gη, (4.6)

ãäå ∆ � ëàïëàñèàí.
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Òàêèì îáðàçîì, ëèíåàðèçîâàííàÿ çàäà÷à, ïîðîæäåííàÿ ôóíêöèîíàëîì (4.1), èìååò ñëå-
äóþùèé âèä:

∆η = −gη + E−3(EG− F 2)3/2(Bη + λ), (4.7)

ñ íóëåâûìè ãðàíè÷íûìè óñëîâèÿìè äëÿ η, B � ÷èñëî Áîíäà. Ïåðåñòðîéêè ñîñòîÿíèé êàïëè
ïîä äåéñòâèåì âíåøíèõ ñèë îïðåäåëÿþòñÿ ñïåêòðîì ýòîé çàäà÷è.

5. Ïðèìåð èç ïàðàãðàôà 2

Ðàññìîòðèì çàäà÷ó (2.1) � (2.3). Ôóíêöèÿ (2.4) ÿâëÿåòñÿ åå ðåøåíèåì ïðè íóëåâûõ
÷èñåëàõ Áîíäà. Çàäà÷à (4.7) â äàííîì ñëó÷àå èìååò âèä

∆η =

(√
(1− (x2 + y2) sin2 γ0)3

(1− y2 sin2 γ0)3
B − g

)
η +

(√
(1− (x2 + y2) sin2 γ0)3

(1− y2 sin2 γ0)3

)
λ , (5.1)

g =
sin4 γ0(3x

2 + 3y2 − 3x2y2 sin2 γ0 + 3x3y sin2 γ0 + y(x+ y)(1− (x2 + y2) sin2 γ0))

(1− (x2 + y2) sin2 γ0)5
+

+
4 sin2 γ0(1 + (1− (x2 + y2) sin2 γ0)

2)

(1− y2 sin2 γ0)(1− (x2 + y2) sin2 γ0)2
,

η|∂Ω = 0.

Çäåñü Ω � åäèíè÷íûé äâóìåðíûé äèñê.
Íà ìàëîì äèñêå Ω1 = {x2 + y2 ≤ ε} îêîëî öåíòðà îáëàñòè Ω

g = 8 sin2 γ0 + o(x, y),

è çàäà÷à (5.1) ñîîòâåòñòâóåò çàäà÷å

∆η = (B − 8 sin2 γ0)η + λ, (5.2)

η|∂Ω1 = 0.

Â ðåçóëüòàòå ïîëó÷àåòñÿ ñëåäóþùàÿ

Òåîðåìà 4. Åñëè

B − 8 sin2 γ0 = µk, (5.3)

µk � ñîáñòâåííîå çíà÷åíèå ëàïëàñèàíà ∆ íà îáëàñòè Ω1, òî êàïèëëÿðíàÿ ïîâåðõíîñòü âáëè-
çè íà÷àëà êîîðäèíàò çàäàåòñÿ ôóíêöèåé

uk = u0 + εek, (5.4)

ãäå u0 � ôóíêöèÿ (2.4), ek � ñîáñòâåííàÿ ôóíêöèÿ, îòâå÷àþùàÿ ñîáñòâåííîìó çíà÷åíèþ

µk.
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Both stable and unstable equilibrium shapes of small drops under gravity are well

understood in the nonlinear formulation. These shapes are solutions to the capillarity

equation, which we can �nd in series form using iterative methods. If the droplet is

su�ciently large, or a potential acts inside it, then the convergence of the approximate

solutions breaks down. In this case the solutions contradict physical experiments. The

solvability of the capillary equation was proved by Uraltseva.

The surface adjusts under the action of a potential. The description of special states of

the surface using the capillarity equation is complicated by the structure of this equation

and its linearization. On the other hand, the capillarity problem is variational. The main

term of the energy functional is the area functional studied by Fomenko, Borisovich, and

Stenyukhin in connection with minimal surfaces. Sapronov, Darinskii, Tsarev, Sviridyuk,

and other authors explored the extremals of similar nonlinear functionals on Banach and

Hilbert spaces. As a result, in this paper we obtain su�cient conditions for the existence of

special solutions to the capillary problem under the in�uence of external potential in terms

of variational problems and normal bundle of perturbations. In an example we construct a

new reduction of the capillarity equation near the center of symmetry of the drop. We �nd

the critical value of the parameter, which depends on the Bond number, and determine the

analytic form of the solution.

Keywords: capillarity problem; Bond number; bifurcation; special solution.
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