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HOFF’S MODEL ON A GEOMETRIC GRAPH.
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This article studies numerically the solutions to the Showalter—Sidorov (Cauchy) initial
value problem and inverse problems for the generalized Hoff model. Basing on the phase
space method and a modified Galerkin method, we develop numerical algorithms to solve
initial-boundary value problems and inverse problems for this model and implement them as
a software bundle in the symbolic computation package Maple 15.0. Hoff’s model describes
the dynamics of H-beam construction. Hoff’s equation, set up on each edge of a graph,
describes the buckling of the H-beam.

The inverse problem consists in finding the unknown coefficients using additional
measurements, which account for the change of the rate in buckling dynamics at the initial
and terminal points of the beam at the initial moment. This investigation rests on the
results of the theory of semi-linear Sobolev-type equations, as the initial-boundary value
problem for the corresponding system of partial differential equations reduces to the abstract
Showalter—Sidorov (Cauchy) problem for the Sobolev-type equation. In each example we
calculate the eigenvalues and eigenfunctions of the Sturm-Liouville operator on the graph
and find the solution in the form of the Galerkin sum of a few first eigenfunctions. Software
enables us to graph the numerical solution and visualize the phase space of the equations of
the specified problems. The results may be useful for specialists in the field of mathematical
physics and mathematical modelling.

Keywords: Sobolev-type equation; Hoff’s model.

Introduction

Take a finite connected oriented graph G = G(U; &) with vertex set U = {V;} and
edge set € = {E;}. Associate to the each edge E; two positive integers [;, d; € Ry,
which have physical meaning in the context of our problem: the length and area of the
cross-section of the edge.

Consider Hoff’s model of the dynamics of H-beam constructions. On each edge £; we
set up the generalized Hoff equation

)\jujt + Ujgar = Ol15U;5 + Oéqu? + ...+ CknjU?n_l, n e N, (1)
and at each vertex we impose the boundary conditions

u;(0,t) = ug(0,t) = wp (i, t) = up(lp, t), Ej, Ex € E“(Vi), En, E, € EX(V;), (2)
j: B;eEx(V;) m: En€E¥(V;)

where E4(V;) and E“(V;) are the sets of edges with the source and target vertex V;
respectively. The parameters \; € R, correspond to the load on beam j, and the
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parameters og; € R for s = 1,2, ..., n characterize the material of beam j. The unknown
functions u;(z,t) of x € (0,(;) and ¢t € R specify the deflection of beam j from the vertical
direction.

The direct problem consists in finding the vector function u = (uq, ug, ..., u;, ...), each
component u;(z,t) of which satisfies the continuity condition (2) and the flow balance
condition (3). Besides, the components u;(z,t) must satisfy the Cauchy initial conditions

uy(2.0) = upp(a), € (0,1)), (4)

or the Showalter—Sidorov initial conditions
92
()\ + B 2) (uj(x,0) —ujo(x)) =0, x€(0,). (5)

The inverse problem (in the case n = 2) consists in finding the solutions u; to (1) and
the unknown coefficients a; = a;; and 3; = a; using the additional measurements

ajig; (0) + Bjug; (0) = i, ajuo;(ly) + Biug; (1) = 5, (6)

where ¢; and v; reflect the change of the rate in buckling dynamics at the endpoints of
the beam at the initial moment.

The paper aims to generalize the results of [1,2] to the case of the inverse problem for
Hoft’s model with the Showalter—Sidorov conditions and to develop numerical algorithms
for solving the stated problems. Hoft’s equation belongs to the class of semilinear Sobolev-
type equations; for this reason we use here the theory of degenerate semigroups and
relatively p-bounded operators. For more details concerning the theory of semigroups and
Sobolev-type equations, as well as Cauchy and Showalter—Sidorov problems, see [3-7].

1. Hoff’s Model

Following [1,2], reduce (1)—(4) to the Cauchy problem u(0) = ug, and (1)—(3), (5) to
the Showalter—Sidorov problem L(u(0) —ug) = 0 for the semilinear Sobolev-type equation
Li = Mu + N(u). Consider the Hilbert space L2(G) as well as two spaces i and §

with the natural structure of a Banach rather than Hilbert space. Define the operators
L,M,N :4— § as

(Lu,v) Zd / (AN juv; — wjpvjp)de,  (Mu,v) Zalj / ujvide,
i L
= Zdj (agj/o u?vjdx + ...+ anj/o U?n_lvjdx) 7
J

where (-,-) is the inner product on La(G). For all ayj, asj,...,a,; € R we have N €
C*(U; §). The operators L and M lie in L(L;F), that is, are linear and continuous.
Moreover, L is Fredholm (that is, ind L = 0), while M is compact and (L, 0)-bounded
whenever ker L = {0} or ker L # {0} and all coefficients ay; are nonzero and of the same
sign.

Let us state the main results as theorems on the solvability of direct and inverse
problems in the case of the Cauchy problem and Showalter—Sidorov problem for Hoff’s
equations on the graph (the first three theorems are proved in [1,2]).
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Theorem 1.

(i) If ker L = {0} then the phase space of (1) is L.

(ii) If ker L # {0}, all ay; are nonzero and of the same sign as all nonzero coefficients
ag; for s =2,...,n then the phase space of (1) is the simple manifold

M= {uel: (Mu+ N(u),xx) =0,missing}

where ker L = span{xy : k = 1, 2,...,1} is an La(G)-orthonormal basis of ker L identified
with a basis of cokerL.

Denote by ® the set of admissible values of the vectors ¢ and ¢ for which the solutions
to the inverse problem are the coefficients a; and j; of the same sign (o; > 0, 8; > 0 or
a; <0, f; <0 for all j). The structure of the set ® is described in [2].

Theorem 2.

(i) If ker L = {0} then for all ug € 3 and ¢;, ¥; € R satisfying uo;(0) # 0, ug;(l;) # 0,
ug; (0) # Fuoi(ly), wjud;(l;) # Vui;(0), and @juo;(l;) # yue;(0) there exists a unique
solution to the inverse problem (1)-(4), (6).

(ii) If ker L # {0} then for all p,v € ® and ug = (up1, Uoz, .., Uoj, -..) € U satisfying
ug;(0) # 0, uo;(l;) # 0, uo;(0) # Fuo;(ly), and

L

<Z Cal—? / ((pyu;(1;) — yud;(0))ugs + (1juo;(0) — @juo; (L)) ug,) dx,Xk> =0,

0

there exists a unique solution u € U, o, B; € R\{0} to the inverse problem (1)-(4), (6)
with OZjﬁj eR,.

Theorem 3.

(i) If ker L = {0} then for all ug € 3 there exists a unique solution to the Showalter—
Sidorov problem (1)-(3), (5).

(ii) If ker L # {0} and all coefficients as; # 0 for s = 1,...,n are of the same sign, then
for all ug € U there exists a unique solution to the Showalter-Sidorov problem (1)-(3), (5).

Theorem 4.

(i) If ker L = {0} then for all uy € L, ¢;, ©¥; € R satisfying ug;(0) # 0, ug;(l;) # 0,
uoi(0) # uoi(ly), eyug;(ly) # ¥iug;(0), and pyui(ly) # Vyuoi(0) there exists a unique
solution to the inverse problem (1)-(3), (5), (6).

(ii) If ker L # {0} then for all vectors ¢, € © and uy € L satisfying ug;(0) # 0,
ugi(l;) # 0, and ug;(0) # Lug;(l;) there exists a unique solution u € U, a;, B; € R\{0} to
the inverse problem (1)-(3), (5), (6) with a;5; € Ry.

Proof. (ii) Suppose that uy € 4 and the conditions ug;(0) # 0, ug;(l;) # 0, ug,;(0) #
+ug;(l;) are fulfilled. Then there exists a unique pair of coefficients a; and ; satisfying
(6). The condition ¢, 1) € ® ensures that «;/3; > 0 for all j. Moreover, by the construction
of ©, all coefficients o; are nonzero and of the same sign as the nonzero coefficients f;.
Hence, the hypotheses of claim (ii) of Theorem 3 hold, and so there exists a unique solution

u e i, aj, f; € R\{0} to the inverse problem (1)—(3), (5), (6) with «;3; € R;.
O
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2. The Results of Simulations

Basing on the theoretical results for Hoff’s model on a graph, we wrote a software
bundle in the symbolic algebra package Maple 15.0. It enables us to:

(1) find numerical solutions to direct and inverse problems with given coefficients A;,
aij;, ¢;, and ¥; as Galerkin sums of the first few eigenfunctions;

(2) draw the graphs of the solutions to Hoff’s model on a graph;

(3) draw the phase space of Hoff’s model on a graph.

Example 1. Take the graph G with three vertices Vi, Vo, and V3 and two adjacent edges
Ey, of length Iy = m and area diy = 1 of the cross-section, and Es, of length I = © and
area dy = 1 of the cross-section.

Consider on G the equations of Hoff’s model with Ay = 1, Ay = 1, ay; = —10,
Qo1 = —0,57 12 = —0, 5, 9o = —O, 19:

(7)

Upg + Uiger + 10Uy + 0, 5u3 = 0
Ut + Uggat + 07 DUy + O, 19U% =0.

The continuity conditions are wui(m,t) = us(0,t), and the flow balance conditions are
U1(0,1) = 0, u(m,t) = u2(0,t), and ug,(m,t) = 0. Seek the solution to (7) as the
Galerkin sums

N N

w (@ t) =Y u(t)é(e), w'(z,0) =) w(t)G(@),

i=1 i=1

where x;(z) = (&§(x), (;(x)) are the eigenfunctions of the Sturm-Liouville problem on the
graph. For N = 3, the eigenvalues and eigenfunctions are

H1 = 17 X1 = (17 )7
xZ . T
H2 = 0,75, X2 = (COS(§)7 _Sln(§>>7

w3z =0, x3 = (cosz, — cos z),
so we look for the solution in the form

ui(z,t) = vi(t) + v2(t) cos v + vs(t) COS(%)»

ug(x,t) = v1(t) — vo(t) cosz — vs(t) sin(g).

In the case A\ = Ay = 1 claim (ii) of Theorem 1 applies because 0 € o(L).
Multiplying (7) by the functions xj for k = 1,2, 3, we obtain the system of differential
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Table 1

The numerical solution to (8) with initial data
01(0) = —0,01,v5(0) = —0, 01, v3(0) = 0,02

t ’Ul(t) Ug(t) U3 (t)

0 —0,01 -0,00738 0,02

0,05 —0,010116 —0,006685 0,018122
0,10 —0,009997 —0,006173 0,016736
0,15 —0,009748 —0,005774 0,015652
0,20 —0,00943 —0, 005443 0,014757
0,25 —0,00908 —0,005159 0,013985
0,30 —0, 008718 —0, 004905 0,013296

equations

(

0, 478603 (t)vs(t) + 0, 248v3(¢) + 6, 2v3(t) + 0, 6207 (t)vs(t)+
+1, 736v1 (£)va(t)uz () + 1, 62609 (¢)v3(t) + 16, 808vy(t)+
+3, 25202 (t)ug () + 0, 81303 (¢) + 1,626v; (t)v3(t) = 0,

1, 24v; (t)va(t)vs(t) + 18, 6vs(t) + 0,413v3(t) + 0, 868v3 (t)vs(t)+

+1, 8603 (t)v3(t) + 33,6150 (t) + 3, 2520, (t)v3(t) + 6, 283vy (¢)+ (8)
12, 16803 (1) + 1, 6260s()02(t) + 3, 25201 (£)v(t) = 0,

0,868vy (t)v3(t) + 18, 6vy(t) + 1, 240, (t)v3(t) + 0, T44vy (£)v2(t) + 0, 620% (t)va(t)

+0, 15903 (¢) + 6, 2v4(t) + 0, 6203 (¢) + 1, 62603 (t)v3(t) + 3, 25207 (t)vs(t)

416, 80803 (t) + 3, 2520, (£)ua(£)vs(£) + 0, 81303(E) + 2, 3564 (t) = 0.

\

Figure 1.a depicts its phase space.
Let us solve the Showalter-Sidorov problem for (8) with the data v,(0) = —0,01,
v2(0) = —0,01, and v3(0) = 0,02, which corresponds to the initial condition

ui(z,0) = —0,01 — 0,01 cosz + 0, 02 cos(g)
us(2,0) = —0,01 — 0,01 cosz — 0,02 sin(g)

for (7). Table 1 lists some values of the solution to (8) in a neighbourhood of the point
t = 0, while Figure 1.b depicts its graph.

Example 2. Take the graph G with three vertices Vi, Vo, and V3 and two adjacent edges
Ey, of length |y = m and area diy = 7 of cross-section, and Es, of length I = m and area
dy =1 of cross-section.

Consider on G the equations of Hoff’s model with ay; = —1, as; = —0,5, ago = —0,7,
Qg9 = —0,9, )\1 = 1, )\2 =4:

U1t + Ulgxt + (75} + 0, 5u£f =0 (9)
4u2t + Uggrt + 0, 7’LL2 + 07 9u§ = 0.

The continuity condition is wy(m,t) = wu2(0,t), and the flow balance conditions are
Tu1,(0,t) = 0, Tuge(m,t) = u9.(0,t), and ug,(m,t) = 0. Seek the solution as the Galerkin
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Fig. 1. (a) The phase space of (1) with A\; = A2 = 1; (b) The solution to (8) with
v1(0) = —0,01,15(0) = —0,01, v3(0) = 0,02

sums

a (o) = Y w6(), w (et = 3w,

where x;(x) = (&(x), (;(x)) are the eigenfunctions of the Sturm—Liouville problem on the
graph. For NV = 2 the eigenvalues and eigenfunctions are

w1 =0,x1 = (cosx, — cos 2x),
15 ( T Tx X 7x)

Lo = —, X2 = (€OS —,Ccos — — sin —

16 4 4 4

and so we look for the solution in the form

uy(t, ) = vi(t) cos x + va(t) cos %,
7 7
ug(t, ) = —vy1(t) cos 2z + vy(t)(cos Zx — sin Zx)

In the case Ay = 1 and Ay = 4 the hypotheses of claim (ii) of Theorem 1 hold because
0€o(L).

Multiplying (11) by the functions xj for k = 1,2, we obtain the system of differential
equations

{ — T (t)va(t) + 930 (1)v3(t) + 3303 (L) + 9630, (t) + 30vy(t) + 4v3(t) = 0,

14205 (1) + 13655(£) — 0, 203(8) + 301 () + 902 (E)va(t) + 1or ()02 (t) + 503(t) = 0. (10)

Figure 2.a depicts the phase space of (10).
Let us solve the Showalter—Sidorov problem for (10) with the data v;(0) = —0,01,
v2(0) = —0,01, and v3(0) = 0,02, which corresponds to the initial condition

i (,0) = 0,01 — 0,0 cos z + 0, 02 cos(5).

us(z,0) = —0,01 — 0,01 cos z — 0, 02 sin(g)
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Table 2

The numerical solution to (10) with the initial condition u;(0) = —0,032, uz(0) =1

t uy (%) uo (%)
0 —0,0326786 1
0,4 —0,020976 0,65291
0,8 —0,013661 0,428574
1,0 —0,011055 0,347559
1,2 —0, 008956 0,281959
1,4 —0,00726 0,228795
1,6 —0, 005889 0,185683
1,8 —0,004778 0,150710
2.0 ~0,003877 0,122333
14 a7
i
, )
—UI,3 —UI,Q —Ul,l 0 U,Il U,I2 U,‘B U1 t
5] _—r’_r__',:..él——l—ra'u"r_u:ll/_rﬂ.ﬂ
) S b)

Fig. 2. (a) The phase space of (10) with A\; = 1 and Ay = 4; (b) The solution to (10) with
Ul(()) = —O, 032, ’LLQ(O) = 17 and )\1 = 17 )\2 =1

for (11). Table 2 lists some values of the solution to (10) in a neighbourhood of the point
t = 0, while Figure 2.b depicts its graph.

Example 3. Tuke the finite oriented graph G with three vertices Vi, Vo, and Vs, and with
adjacent edges Ey, of length Iy = m and area di = 7 of cross-section, and Es, of length
lo =7 and dy = 1 area of cross-section.

Consider on Hoff’s equations G with the coefficients Ay = 1 and A\, = 4:

Uiy + Uigar + 11 + @i =0
3 (11)
dugt + Ugzat + Q1aUz + aouy = 0.
The continuity condition is wy(m,t) = u2(0,t), and the flow balance conditions are
Tu1,(0,t) = 0, Tuye(m,t) = u9.(0,t), and ug,(mw,t) = 0. We have to find the numerical
solution to the inverse problem with Showalter—Sidorov initial conditions with ¢; = —0, 06,
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©2

®1

= _0767 wl = _070967 w2 = _07967

uyo(x) = —0,1cosx + 0, 3 cos Z,

7 7
ugo(x) = 0,1 cos2x + 0, 3(cos % — sin Zm)

Theorem 2 implies that

u10(0) = 0,2, uo(w) = 0,05(2 + 3v/2) = 0,312,
up0(0) = 0,4, uzo(w) = 0,1(1+ 3v2) = 0,524,

= —0,06, g = —0,6, ¢, = —0,096, 1), = —0,96. Therefore, 0; = 0,003579 #£ 0

and 92 = 0,024 # 0, so the hypotheses of claim (ii) of Theorem 2 hold. The unknown
coefficients ay = —0,295, ap = —1,03, 5, = —0,134, and By = —2,9 are nonzero and of
the same sign.

The author is grateful to Georgy Anatolevich Sviridyuk for his support and interest in

this work.
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MOAEJIb XO®PA HA TEOMETPUYECKOM I'PA®E.
BBIUYNICJINTEJILHBIN SKCIIEPIMEHT

A.A. Bassumosa

[Menbio crarbu gBiasercs yncaennoe uccaenosanue 3aaaqau [loyonrepa—Cunoposa (Ko-
mm) u obparHoil 3amaun s 0bobienHoit moxenn Xodda. Ha ocuoBe meroma dhazoBoro
MPOCTPAHCTBA U MOAUMDUIUPOBAHHOTO MeTona [amepkuna pa3paboTaHbl aIrOPUTMbI 9ACTIEH-
HOT'O pellleHus HadaIbHO-KpPaeBoil n 0OpaTHON 33034 A1 YKA3aHHOM MOIEIH U PEeATH30BAHA,
B BHUJIe KOMILJIEKCA IIPOIPAMM B CHCTEMEe KOMIIbIoTepHOil maremaruku Maple 15.0. Ypasue-
uune Xodda, 3a7aHHOe HA KaXKIOM pebpe rpada, OMUCHIBAECT BBLIMYYMBAHUE IBYTABPOBOIMA
banku, a Momesb Xodda ONMChHBAET TUHAMUKY KOHCTPYKIMA U3 IBYTABPOBBIX Hajok. O6-
paTHas 33/1a9a COCTOUT B ONPEIEJEHIN HEN3BECTHBIX KOIDDUITMEHTOB MO Pe3yIbTaTaM 10-
MIOTHUTEIbHBIX M3MEPeHNl, MOKA3BIBAIOINX N3MEHEHNEe CKOPOCTH JNHAMUKYU BBINY YTMBAHUA
B HadaJje u KOHIle OAJIKM B HAYAJbHBIN MPOMEKYTOK Bpemenu. [IpoBeienHoe ncciemoBanne
OCHOBAHO Ha PE3yJIbTaTaX TEOPUH MOIYIUHENHBIX yPABHEHNI COOOEBCKOTO THIIA, TTOCKOJIBKY
HAYATHHO-KPAEBAS 337294 JJIsT COOTBETCTBYIOIEH cucTeMbl nudhepeHITnalbHbIX yDABHEHUH
B YaCTHBIX IIPOU3BOIHBIX CBOAUTCS K abcrpakThoil 3anade [loyonrepa — Cumoposa (Korm)
JUIsA ypaBHEHUN cOO0JIEBCKOTO Truna. B nMpuBeIeHHbIX TPUMePaxX BBIYUCIIIOTCH COOCTBEHHBIE
3HaveHud u cobcrBennbie GyHkimnu g omeparopa LHlrypma—Jlnysusisg va rpade, Haxogut-
Csl PEllIeHNE B BU/IE MAJIEPKUHCKOI CyMMBbI [10 HECKOJIBKUM IIEPBbIM COOCTBEHHBIM (DYHKIUAM.

Karoueenie caosa: ypasuenue cobonresckozo muna; modeav Xogdpa.
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