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This article studies numerically the solutions to the Showalter�Sidorov (Cauchy) initial
value problem and inverse problems for the generalized Ho� model. Basing on the phase
space method and a modi�ed Galerkin method, we develop numerical algorithms to solve
initial-boundary value problems and inverse problems for this model and implement them as
a software bundle in the symbolic computation package Maple 15.0. Ho�'s model describes
the dynamics of H-beam construction. Ho�'s equation, set up on each edge of a graph,
describes the buckling of the H-beam.

The inverse problem consists in �nding the unknown coe�cients using additional
measurements, which account for the change of the rate in buckling dynamics at the initial
and terminal points of the beam at the initial moment. This investigation rests on the
results of the theory of semi-linear Sobolev-type equations, as the initial-boundary value
problem for the corresponding system of partial di�erential equations reduces to the abstract
Showalter�Sidorov (Cauchy) problem for the Sobolev-type equation. In each example we
calculate the eigenvalues and eigenfunctions of the Sturm�Liouville operator on the graph
and �nd the solution in the form of the Galerkin sum of a few �rst eigenfunctions. Software
enables us to graph the numerical solution and visualize the phase space of the equations of
the speci�ed problems. The results may be useful for specialists in the �eld of mathematical
physics and mathematical modelling.
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Introduction

Take a �nite connected oriented graph G = G(V;E) with vertex set V = {Vi} and
edge set E = {Ej}. Associate to the each edge Ej two positive integers lj, dj ∈ R+,
which have physical meaning in the context of our problem: the length and area of the
cross-section of the edge.

Consider Ho�'s model of the dynamics of H-beam constructions. On each edge Ej we
set up the generalized Ho� equation

λjujt + ujxxt = α1juj + α2ju
3
j + ...+ αnju

2n−1
j , n ∈ N, (1)

and at each vertex we impose the boundary conditions

uj(0, t) = uk(0, t) = um(lm, t) = up(lp, t), Ej, Ek ∈ Eα(Vi), Em, Ep ∈ Eω(Vi), (2)∑
j: Ej∈Eα(Vi)

djujx(0, t)−
∑

m: Em∈Eω(Vi)

dmumx(lm, t) = 0, (3)

where Eα(Vi) and Eω(Vi) are the sets of edges with the source and target vertex Vi
respectively. The parameters λj ∈ R+ correspond to the load on beam j, and the
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parameters αsj ∈ R for s = 1, 2, ..., n characterize the material of beam j. The unknown
functions uj(x, t) of x ∈ (0, lj) and t ∈ R specify the de�ection of beam j from the vertical
direction.

The direct problem consists in �nding the vector function u = (u1, u2, ..., uj, ...), each
component uj(x, t) of which satis�es the continuity condition (2) and the �ow balance
condition (3). Besides, the components uj(x, t) must satisfy the Cauchy initial conditions

uj(x, 0) = uj0(x), x ∈ (0, lj). (4)

or the Showalter�Sidorov initial conditions(
λj +

∂2

∂x2

)
(uj(x, 0)− uj0(x)) = 0, x ∈ (0, lj). (5)

The inverse problem (in the case n = 2) consists in �nding the solutions uj to (1) and
the unknown coe�cients αj = α1j and βj = α2j using the additional measurements

αju0j(0) + βju
3
0j(0) = φj, αju0j(lj) + βju

3
0j(lj) = ψj, (6)

where φj and ψj re�ect the change of the rate in buckling dynamics at the endpoints of
the beam at the initial moment.

The paper aims to generalize the results of [1,2] to the case of the inverse problem for
Ho�'s model with the Showalter�Sidorov conditions and to develop numerical algorithms
for solving the stated problems. Ho�'s equation belongs to the class of semilinear Sobolev-
type equations; for this reason we use here the theory of degenerate semigroups and
relatively p-bounded operators. For more details concerning the theory of semigroups and
Sobolev-type equations, as well as Cauchy and Showalter�Sidorov problems, see [3�7].

1. Ho�'s Model

Following [1, 2], reduce (1)�(4) to the Cauchy problem u(0) = u0, and (1)�(3), (5) to
the Showalter�Sidorov problem L(u(0)−u0) = 0 for the semilinear Sobolev-type equation
Lu̇ = Mu + N(u). Consider the Hilbert space L2(G) as well as two spaces U and F
with the natural structure of a Banach rather than Hilbert space. De�ne the operators
L,M,N : U → F as

⟨Lu, v⟩ =
∑
j

dj

∫ lj

0

(λjujvj − ujxvjx)dx, ⟨Mu, v⟩ =
∑
j

α1jdj

∫ lj

0

ujvjdx,

⟨N(u), v⟩ =
∑
j

dj

(
α2j

∫ lj

0

u3jvjdx+ ...+ αnj

∫ lj

0

u2n−1
j vjdx

)
,

where ⟨·, ·⟩ is the inner product on L2(G). For all α2j, α3j, ..., αnj ∈ R we have N ∈
C

∞(U;F). The operators L and M lie in L(U;F), that is, are linear and continuous.
Moreover, L is Fredholm (that is, ind L = 0), while M is compact and (L, 0)-bounded
whenever kerL = {0} or kerL ̸= {0} and all coe�cients α1j are nonzero and of the same
sign.

Let us state the main results as theorems on the solvability of direct and inverse
problems in the case of the Cauchy problem and Showalter�Sidorov problem for Ho�'s
equations on the graph (the �rst three theorems are proved in [1, 2]).
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Theorem 1.
(i) If kerL = {0} then the phase space of (1) is U.
(ii) If kerL ̸= {0}, all α1j are nonzero and of the same sign as all nonzero coe�cients

αsj for s = 2, ..., n then the phase space of (1) is the simple manifold

M = {u ∈ U : ⟨Mu+N(u), χk⟩ = 0,missing}

where kerL = span{χk : k = 1 , 2 , ..., l} is an L2(G)-orthonormal basis of kerL identi�ed
with a basis of cokerL.

Denote by D the set of admissible values of the vectors φ and ψ for which the solutions
to the inverse problem are the coe�cients αj and βj of the same sign (αj > 0, βj > 0 or
αj < 0, βj < 0 for all j). The structure of the set D is described in [2].

Theorem 2.
(i) If kerL = {0} then for all u0 ∈ U and φj, ψj ∈ R satisfying u0j(0) ̸= 0, u0j(lj) ̸= 0,

u0j(0) ̸= ±u0j(lj), φju
3
0j(lj) ̸= ψju

3
0j(0), and φju0j(lj) ̸= ψju0j(0) there exists a unique

solution to the inverse problem (1)�(4), (6).
(ii) If kerL ̸= {0} then for all φ, ψ ∈ D and u0 = (u01, u02, ..., u0j, ...) ∈ U satisfying

u0j(0) ̸= 0, u0j(lj) ̸= 0, u0j(0) ̸= ±u0j(lj), and⟨∑
j

dj
�j

lj∫
0

(
(φju

3
0j(lj)− ψju

3
0j(0))u0j + (ψju0j(0)− φju0j(lj))u

3
0j

)
dx, χk

⟩
= 0,

there exists a unique solution u ∈ U, αj, βj ∈ R\{0} to the inverse problem (1)�(4), (6)
with αjβj ∈ R+.

Theorem 3.
(i) If kerL = {0} then for all u0 ∈ U there exists a unique solution to the Showalter�

Sidorov problem (1)�(3), (5).
(ii) If kerL ̸= {0} and all coe�cients αsj ̸= 0 for s = 1, ..., n are of the same sign, then

for all u0 ∈ U there exists a unique solution to the Showalter-Sidorov problem (1)�(3), (5).

Theorem 4.
(i) If kerL = {0} then for all u0 ∈ U, φj, ψj ∈ R satisfying u0j(0) ̸= 0, u0j(lj) ̸= 0,

u0j(0) ̸= ±u0j(lj), φju
3
0j(lj) ̸= ψju

3
0j(0), and φju0j(lj) ̸= ψju0j(0) there exists a unique

solution to the inverse problem (1)�(3), (5), (6).
(ii) If kerL ̸= {0} then for all vectors φ, ψ ∈ D and u0 ∈ U satisfying u0j(0) ̸= 0,

u0j(lj) ̸= 0, and u0j(0) ̸= ±u0j(lj) there exists a unique solution u ∈ U, αj, βj ∈ R\{0} to
the inverse problem (1)�(3), (5), (6) with αjβj ∈ R+.

Proof. (ii) Suppose that u0 ∈ U and the conditions u0j(0) ̸= 0, u0j(lj) ̸= 0, u0j(0) ̸=
±u0j(lj) are ful�lled. Then there exists a unique pair of coe�cients αj and βj satisfying
(6). The condition φ, ψ ∈ D ensures that αjβj > 0 for all j. Moreover, by the construction
of D, all coe�cients αj are nonzero and of the same sign as the nonzero coe�cients βj.
Hence, the hypotheses of claim (ii) of Theorem 3 hold, and so there exists a unique solution
u ∈ U, αj, βj ∈ R\{0} to the inverse problem (1)�(3), (5), (6) with αjβj ∈ R+.
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2. The Results of Simulations

Basing on the theoretical results for Ho�'s model on a graph, we wrote a software
bundle in the symbolic algebra package Maple 15.0. It enables us to:

(1) �nd numerical solutions to direct and inverse problems with given coe�cients λj,
αij, φj, and ψj as Galerkin sums of the �rst few eigenfunctions;

(2) draw the graphs of the solutions to Ho�'s model on a graph;
(3) draw the phase space of Ho�'s model on a graph.

Example 1. Take the graph G with three vertices V1, V2, and V3 and two adjacent edges
E1, of length l1 = π and area d1 = 1 of the cross-section, and E2, of length l2 = π and
area d2 = 1 of the cross-section.

Consider on G the equations of Ho�'s model with λ1 = 1, λ2 = 1, α11 = −10,
α21 = −0, 5, α12 = −0, 5, α22 = −0, 19:

{
u1t + u1xxt + 10u1 + 0, 5u31 = 0
u2t + u2xxt + 0, 5u2 + 0, 19u32 = 0.

(7)

The continuity conditions are u1(π, t) = u2(0, t), and the �ow balance conditions are
u1x(0, t) = 0, u1x(π, t) = u2x(0, t), and u2x(π, t) = 0. Seek the solution to (7) as the
Galerkin sums

uN1 (x, t) =
N∑
i=1

vi(t)ξi(x), uN2 (x, t) =
N∑
i=1

vi(t)ζi(x),

where χi(x) = (ξi(x), ζi(x)) are the eigenfunctions of the Sturm�Liouville problem on the
graph. For N = 3, the eigenvalues and eigenfunctions are

µ1 = 1, χ1 = (1, 1),

µ2 = 0, 75, χ2 = (cos(
x

2
),− sin(

x

2
)),

µ3 = 0, χ3 = (cos x,− cos x),

so we look for the solution in the form

u1(x, t) = v1(t) + v2(t) cos x+ v3(t) cos(
x

2
),

u2(x, t) = v1(t)− v2(t) cos x− v3(t) sin(
x

2
).

In the case λ1 = λ2 = 1 claim (ii) of Theorem 1 applies because 0 ∈ σ(L).
Multiplying (7) by the functions χk for k = 1, 2, 3, we obtain the system of di�erential
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Table 1
The numerical solution to (8) with initial data
v1(0) = −0, 01, v2(0) = −0, 01, v3(0) = 0, 02

t v1(t) v2(t) v3(t)

0 −0, 01 -0,00738 0,02
0,05 −0, 010116 −0, 006685 0,018122
0,10 −0, 009997 −0, 006173 0,016736
0,15 −0, 009748 −0, 005774 0,015652
0,20 −0, 00943 −0, 005443 0,014757
0,25 −0, 00908 −0, 005159 0,013985
0,30 −0, 008718 −0, 004905 0,013296

equations

0, 4786v22(t)v3(t) + 0, 248v33(t) + 6, 2v3(t) + 0, 62v21(t)v3(t)+
+1, 736v1(t)v2(t)v3(t) + 1, 626v2(t)v

2
3(t) + 16, 808v2(t)+

+3, 252v21(t)v2(t) + 0, 813v32(t) + 1, 626v1(t)v
2
3(t) = 0,

1, 24v1(t)v2(t)v3(t) + 18, 6v3(t) + 0, 413v33(t) + 0, 868v22(t)v3(t)+
+1, 86v21(t)v3(t) + 33, 615v1(t) + 3, 252v1(t)v

2
3(t) + 6, 283v̇1(t)+

+2, 168v31(t) + 1, 626v2(t)v
2
3(t) + 3, 252v1(t)v

2
2(t) = 0,

0, 868v1(t)v
2
2(t) + 18, 6v1(t) + 1, 24v1(t)v

2
3(t) + 0, 744v2(t)v

2
3(t) + 0, 62v21(t)v2(t)

+0, 159v32(t) + 6, 2v2(t) + 0, 62v31(t) + 1, 626v22(t)v3(t) + 3, 252v21(t)v3(t)
+16, 808v3(t) + 3, 252v1(t)v2(t)v3(t) + 0, 813v33(t) + 2, 356v̇3(t) = 0.

(8)

Figure 1.a depicts its phase space.
Let us solve the Showalter�Sidorov problem for (8) with the data v1(0) = −0, 01,

v2(0) = −0, 01, and v3(0) = 0, 02, which corresponds to the initial condition

u1(x, 0) = −0, 01− 0, 01 cosx+ 0, 02 cos(
x

2
)

u2(x, 0) = −0, 01− 0, 01 cos x− 0, 02 sin(
x

2
)

for (7). Table 1 lists some values of the solution to (8) in a neighbourhood of the point
t = 0, while Figure 1.b depicts its graph.

Example 2. Take the graph G with three vertices V1, V2, and V3 and two adjacent edges
E1, of length l1 = π and area d1 = 7 of cross-section, and E2, of length l2 = π and area
d2 = 1 of cross-section.

Consider on G the equations of Ho�'s model with α11 = −1, α21 = −0, 5, α12 = −0, 7,
α22 = −0, 9, λ1 = 1, λ2 = 4:{

u1t + u1xxt + u1 + 0, 5u31 = 0
4u2t + u2xxt + 0, 7u2 + 0, 9u32 = 0.

(9)

The continuity condition is u1(π, t) = u2(0, t), and the �ow balance conditions are
7u1x(0, t) = 0, 7u1x(π, t) = u2x(0, t), and u2x(π, t) = 0. Seek the solution as the Galerkin
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a) b)

Fig. 1. (a) The phase space of (1) with λ1 = λ2 = 1; (b) The solution to (8) with
v1(0) = −0, 01, v2(0) = −0, 01, v3(0) = 0, 02

sums

uN1 (x, t) =
N∑
i=1

vi(t)ξi(x), uN2 (x, t) =
N∑
i=1

vi(t)ζi(x),

where χi(x) = (ξi(x), ζi(x)) are the eigenfunctions of the Sturm�Liouville problem on the
graph. For N = 2 the eigenvalues and eigenfunctions are

µ1 = 0, χ1 = (cos x,− cos 2x),

µ2 =
15

16
, χ2 =

(
cos

x

4
, cos

7x

4
− sin

7x

4

)
,

and so we look for the solution in the form

u1(t, x) = v1(t) cos x+ v2(t) cos
x

4
,

u2(t, x) = −v1(t) cos 2x+ v2(t)(cos
7x

4
− sin

7x

4
).

In the case λ1 = 1 and λ2 = 4 the hypotheses of claim (ii) of Theorem 1 hold because
0 ∈ σ(L).

Multiplying (11) by the functions χk for k = 1, 2, we obtain the system of di�erential
equations{

−7v21(t)v2(t) + 93v1(t)v
2
2(t) + 33v31(t) + 963v1(t) + 30v2(t) + 4v32(t) = 0,

142v2(t) + 136v̇2(t)− 0, 2v31(t) + 3v1(t) + 9v21(t)v2(t) + 1v1(t)v
2
2(t) + 5v32(t) = 0.

(10)

Figure 2.a depicts the phase space of (10).
Let us solve the Showalter�Sidorov problem for (10) with the data v1(0) = −0, 01,

v2(0) = −0, 01, and v3(0) = 0, 02, which corresponds to the initial condition

u1(x, 0) = −0, 01− 0, 01 cos x+ 0, 02 cos(
x

2
),

u2(x, 0) = −0, 01− 0, 01 cos x− 0, 02 sin(
x

2
)
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Table 2

The numerical solution to (10) with the initial condition u1(0) = −0, 032, u2(0) = 1

t u1(t) u2(t)

0 −0, 0326786 1
0,4 −0, 020976 0,65291
0,8 −0, 013661 0,428574
1,0 −0, 011055 0,347559
1,2 −0, 008956 0,281959
1,4 −0, 00726 0,228795
1,6 −0, 005889 0,185683
1,8 −0, 004778 0,150710
2,0 −0, 003877 0,122333

a) b)

Fig. 2. (a) The phase space of (10) with λ1 = 1 and λ2 = 4; (b) The solution to (10) with
u1(0) = −0, 032, u2(0) = 1, and λ1 = 1, λ2 = 4

for (11). Table 2 lists some values of the solution to (10) in a neighbourhood of the point
t = 0, while Figure 2.b depicts its graph.

Example 3. Take the �nite oriented graph G with three vertices V1, V2, and V3, and with
adjacent edges E1, of length l1 = π and area d1 = 7 of cross-section, and E2, of length
l2 = π and d2 = 1 area of cross-section.

Consider on Ho�'s equations G with the coe�cients λ1 = 1 and λ2 = 4:{
u1t + u1xxt + α11u1 + α21u

3
1 = 0

4u2t + u2xxt + α12u2 + α22u
3
2 = 0.

(11)

The continuity condition is u1(π, t) = u2(0, t), and the �ow balance conditions are
7u1x(0, t) = 0, 7u1x(π, t) = u2x(0, t), and u2x(π, t) = 0. We have to �nd the numerical
solution to the inverse problem with Showalter�Sidorov initial conditions with φ1 = −0, 06,
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φ2 = −0, 6, ψ1 = −0, 096, ψ2 = −0, 96,

u10(x) = −0, 1 cos x+ 0, 3 cos
x

4
,

u20(x) = 0, 1 cos 2x+ 0, 3(cos
7x

4
− sin

7x

4
).

Theorem 2 implies that

u10(0) = 0, 2, u10(π) = 0, 05(2 + 3
√
2) ≈ 0, 312,

u20(0) = 0, 4, u20(π) = 0, 1(1 + 3
√
2) ≈ 0, 524,

φ1 = −0, 06, φ2 = −0, 6, ψ1 = −0, 096, ψ2 = −0, 96. Therefore, �1 = 0, 003579 ̸= 0
and �2 = 0, 024 ̸= 0, so the hypotheses of claim (ii) of Theorem 2 hold. The unknown
coe�cients α1 = −0, 295, α2 = −1, 03, β1 = −0, 134, and β2 = −2, 9 are nonzero and of
the same sign.

The author is grateful to Georgy Anatolevich Sviridyuk for his support and interest in
this work.
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ÌÎÄÅËÜ ÕÎÔÔÀ ÍÀ ÃÅÎÌÅÒÐÈ×ÅÑÊÎÌ ÃÐÀÔÅ.
ÂÛ×ÈÑËÈÒÅËÜÍÛÉ ÝÊÑÏÅÐÈÌÅÍÒ

À.À. Áàÿçèòîâà

Öåëüþ ñòàòüè ÿâëÿåòñÿ ÷èñëåííîå èññëåäîâàíèå çàäà÷è Øîóîëòåðà�Ñèäîðîâà (Êî-
øè) è îáðàòíîé çàäà÷è äëÿ îáîáùåííîé ìîäåëè Õîôôà. Íà îñíîâå ìåòîäà ôàçîâîãî
ïðîñòðàíñòâà è ìîäèôèöèðîâàííîãî ìåòîäà Ãàëåðêèíà ðàçðàáîòàíû àëãîðèòìû ÷èñëåí-
íîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé è îáðàòíîé çàäà÷ äëÿ óêàçàííîé ìîäåëè è ðåàëèçîâàíà
â âèäå êîìïëåêñà ïðîãðàìì â ñèñòåìå êîìïüþòåðíîé ìàòåìàòèêè Maple 15.0. Óðàâíå-
íèå Õîôôà, çàäàííîå íà êàæäîì ðåáðå ãðàôà, îïèñûâàåò âûïó÷èâàíèå äâóòàâðîâîé
áàëêè, à ìîäåëü Õîôôà îïèñûâàåò äèíàìèêó êîíñòðóêöèè èç äâóòàâðîâûõ áàëîê. Îá-
ðàòíàÿ çàäà÷à ñîñòîèò â îïðåäåëåíèè íåèçâåñòíûõ êîýôôèöèåíòîâ ïî ðåçóëüòàòàì äî-
ïîëíèòåëüíûõ èçìåðåíèé, ïîêàçûâàþùèõ èçìåíåíèå ñêîðîñòè äèíàìèêè âûïó÷èâàíèÿ
â íà÷àëå è êîíöå áàëêè â íà÷àëüíûé ïðîìåæóòîê âðåìåíè. Ïðîâåäåííîå èññëåäîâàíèå
îñíîâàíî íà ðåçóëüòàòàõ òåîðèè ïîëóëèíåéíûõ óðàâíåíèé ñîáîëåâñêîãî òèïà, ïîñêîëüêó
íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ñîîòâåòñòâóþùåé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ ñâîäèòñÿ ê àáñòðàêòíîé çàäà÷å Øîóîëòåðà � Ñèäîðîâà (Êîøè)
äëÿ óðàâíåíèé ñîáîëåâñêîãî òèïà. Â ïðèâåäåííûõ ïðèìåðàõ âû÷èñëÿþòñÿ ñîáñòâåííûå
çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè äëÿ îïåðàòîðà Øòóðìà�Ëèóâèëëÿ íà ãðàôå, íàõîäèò-
ñÿ ðåøåíèå â âèäå ãàëåðêèíñêîé ñóììû ïî íåñêîëüêèì ïåðâûì ñîáñòâåííûì ôóíêöèÿì.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ñîáîëåâñêîãî òèïà; ìîäåëü Õîôôà.
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