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The Navier — Stokes system models the dynamics of a viscous incompressible fluid.
The problem of existence of solutions of the Cauchy — Dirichlet problem for this system is
included in the list of the most serious problems of this century. In this paper it is proposed
to consider the multipoint initial-final conditions instead of the Cauchy conditions. It should
be noted that nowadays the study of solvabilityof initial-final value problems is a new and
actively developing direction of the Sobolev type equations theory. The main result of the
paper is the proof of unique solvability of the stated problem for the system of Navier —
Stokes equations.
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Assume that Q@ C R™, n = N\ {1}, is a bounded domain with boundary 92 of class C*°. In
the cylinder Q x Ry consider the Dirichlet problem

v(z,t) =0, (x,t) €00 xRy (1)

for the system of equations
vy =vV0—Vp, V-v=0, (2)

which models a linear approximation of dynamics of a viscous incompressible fluid. Transfer
system (2) to
vy =vViu—p, V(V-v)=0, (3)

replacing Vp — p [1]. This approach is different from the proposed in classical monographs [2, 3].
It is based on [4] and was developed in [1, 5, 6]. This article focuses on study of solvability of
multipoint initial-final problem for the classical linear Navier — Stokes model (1), (3).

1. Multipoint Initial-Final Conditions. Assume that 4 and § are Banach spaces, consider
a continuous linear operator. L € L(4; §) and a closed linear operator M € CI(4l; §) whose domain
is dense in 4 Let M be (L, p)-sectorial, p € {0} UN. Consider problem (1), (3). It can be reduced
to a linear Sobolev type equation

Li = Mu+ f. (4)
Recall that the condition of (L, p)-sectoriality of operator M is a sufficient condition for the
existence of degenerate analytic semigroups of operators

vt= !

1
= — [ (uL — M) 'LeMdy and F'= — / L(puL — M) tettdp,
r r

27 27ri

defined on spaces 4l and § accordingly (terminology and results see in 3 [7]). Introduce the kernel
ker U = 4°, ker F” zio and image imU" = Y! ,ImF = &' of these semigroups. It is easy to show
that L0 U =0 ol =0 U, FVDF =F0 B F! = F* © F'. We need a stronger statement

Lol =4 Fos =73, (A1)

which occurs in the case of either strongly (L, p)-sectorial operator M of the right (left), p €
{0} UN, or reflexivity of { (F) (see [1] and references therein).
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Denote by Ly (My) the restriction of L (M) on U* (domM NUK), k = 0, 1. If operator M is
strongly (L, p)-sectorial on the right (left), p € {0} UN, then L;, € L(U¥;F*), My € Cl(UF;TF),
k = 0,1, and there exists an operator ]\4[0_1 € L(F%U%), and projector P = s — tlir(])rl+ Ut, (Q =

—>

s — tli%1+ F*) splitting space 4 (§) according to (A1), so that U! =imP (F! = imQ).
—>

Introduce another condition:
there exists an operator Ly' € L(F';Ub), (A2)

which occurs in the case of strongly (L, p)-sectorial operator M, p € {0} UN. Previously, it was
shown that (A1) together with the condition of (L, p)-sectoriality of operator M, p € {0} UN,
gives strong (L, p)-sectoriality of operator M on the right (left), p € {0} UN, and if we add
it to condition (A2), we get the strongly (L, p)-sectorial operator M, p € {0} UN (see [1] and
references therein). Then the operator G = My 'Ly € L£(8°) is nilpotent of degree p, and the
operator S = Ly "M € CI(U') is sectorial.

Finally, introduce another important condition for the relative spectrum of operator M [§]:

ol(M) = U ajL(M), n € N, where O'J-L(M) # () is contained in a bounded

j=0
domain D; C C with piecewise smooth boundary dD; =I'; C C. Moreover, (43)

N ol(M) =0 and DynD; =0 for all j,k,1=T,n,k# L.

Construct a relatively spectral projectors [8] P; € L(4) and Q; € L(F), j = 1,n, given by

1
P g [ G =) L, Q= 5 / (L — M) ldp, j=T,n (5)
J

21

and it turns out that under the condition of (L, p)-sectoriality of operator M and conditions
(A1), (A2), P;P = PP; = P; and Q;Q = QQ; = Qj, j = 1,n. Therefore, in this case there is a
n

projector Py = P — > Pj, Py € L(4).
j=1
So, suppose that conditions (A1) — (A3) hold, commit 7; € Ry (75 < 7j41), u; €4, j =
and consider the multipoint initial-final value condition

Pj(u(rj) —u;) =0, j

0,n (6)

equation (4), is called a solution; the solution u = w(t) of (4) is called a solution of multipoint

for linear Sobolev type equation (4). Vector function u € C* ((7'0, 7n); ) N C ([0, T]; L), satisfying
of
initial-final value problem (4), (6) if in addition hm+ Po(u(t) — ug) = 0 and Pj(u(r;) —u;) =0,

j=1n.

The study of solvability of the initial-final value problems for nonclassical equations of
mathematical physics, including higher order, is actively developing as well as the problem of
optimal control of these solutions (see for example, [1] and references therein).

2.Unique Solvability of Abstract Problem. Assume that 4 and § are Banach spaces, take
L e L(;F) and M € Cl(4; §) such that M is an (L, p)-sectorial operator and assume that (Al)
— (A3) hold.

Theorem 1. If M is an (L, p)-sectorial operator, and (A1) — (A8) hold. Then

ZPUt—irPgUt ZUt—i—UO, Ft = zn:Qth+QoFt:§n:F;+Fg,
j=1

J=1 Jj=1 j=1
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mereover, we can erpress U]’? and F]t i the form

1 1
| — L — M) 'Letd Ft=_— [ L(uL—- M) tettdy, j=1,n.
Uj =5 Fj(u )" Lefdp,  Fj = o— . (1 )" edu, j=1,n (7)

Denote by 41 =im P; and Y =im Q;, j = 0, n. By construction

n n

gl = @ulj and ' = @glﬂ'.

=0 §=0

Denote by L; (M;) the restriction of L (M) on UY (domM n ul),
j = 0,n. It is easy to show that the operators L; € L(U;FY) M; € Cl(a;Fl),
j = 0,n, and by virtue of (A2) there exists an operator L;l € L(FY;uY), j = 0,n. Also,
it is easy to show that the operator Sy = LalMo € Cl(p) is sectorial, and the operator
S; = Lj_lM IR U — g j =1, n is bounded. Now we are ready to prove the unique solvability
of problem (6) for equation (4) that is due to (L, p)-sectoriality of operator M, conditions (A1)
— (A3) is reduced to the form

G’ = + My fO, (8)
W = Sl + Ll fY, j=0,n (9)

WherefOZ(H_Q)fa flJ:Q]fJ ’U,OI(]I—P)'LL, ulj:Pjuaj:W

Theorem 2. [8] If M is an (L, p)-sectorial operator and (A1) — (A3) hold. Then for any vector
function O € CP([10, 7a]; )NCPT((10,7);: F°), f1 € C([0, 7u]; F') there ewists a unique solution
of problem (4), (6), which also has the form

p n t
u(t) ==Y GIM; OO+ (U;”uj + / ULy} Q; f(s)ds) :
q=1 7j=1 75

3. Specific Interpretation. Assume that 2 C R”, n = N\ {1}, is a bounded domain with
boundary 952 of class C*°. For the reduction of problem (1), (3) to the homogeneous equation (4)
(f = 0) we need the functional spaces from [4|. Assume that H2 and H2 (H, and H) are subspaces
of solenoidal and potential vector functions of space H? = (WZ(2)N I/(I)/%(Q))" (L% = (L3(Q)"™).
Formula A = diag {V?2,...,V?} defines a linear continuous operator with discrete finite-negative
spectrum o (A), thicken only to —oco. Denoted by A,(r) the restriction of A on Hg(ﬂ).

Lemma 1. (Solonnikov — Vorovich — Yudovich theorem). Operator Ay € E(Hi(ﬂ),HU(ﬂ)),
moreover 0(Ay(r)) = 0(A) and A = A,X + AL

Herein II € £(H?,H2) designates a projector along H2, ¥ = I — II.

Lemma 2. (Kapitanski — Pileckas theorem). Formula B : w — V(V - u) defines the operator
B € L(H? H,), with ker B = H2.

Let 4 = § = H, x H; x H,, where H,, = Hj, vector u € { have the form u = (uy, ur, up).
By formulas

I O O vd, O O
L=(o 1 0|, M= O wvA, -I
0O 0 O O B O

define the operator L € L(;F), imL = H, x Hy x {0}, ker L = {0} x {0} x H, and M € CI(LL; F),
dom M = H2 x H2 x H,,. Thus, the reduction of model (1), (3) to (4) is finished.
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Lemma 3. [5] For all v € Ry operator M is strongly (L, 1)-sectorial.

Construct a subspace 4° = §° = {0} x H, x H,, ¢! = F' = H, x {0} x {0}. Obviously
conditions (A1) and (A2) are fulfilled, and

-1 _ @) B;l
Mo~ = ( -1 vA.B;! )

™

where B, is a restriction of B on H2 (Lemma 2 implies that B, : H2 — H, is a toplinear
isomorphism). It is also easy to verify that

1 0O -I
My Lo = ( 0 )
is a nilpotent operator of degree 1.

Denote by o(A) = {Ar}, the spectrum of A, where A\; € R_ are eigenvalues, numbered in
nonincreasing order considering their multiplicity, then o”(M) = {v='\;}. It is clear that for
such set, we can choose the contours I'; € C, which would satisfy the condition (A3).

Construct
Yo M per 0 0
th — V_l)\kEUJL(M)

, | 7=0,n.
O 0O O
O 0O O

Then, by Theorem 2 and Lemma 3 we have the following

Theorem 3. Forallv € Ry, 7, € Ry (15 < 7j41), uj € 8, j = 0,n, there exists a unique solution
n
of problem (6) for model (1), (3), and this solution uw = u(t) has the form uy(t) = Z U;iTjuT].U,
=0

Uy = 0,u, = 0.

In conclusion, the authors consider it their pleasant duty to express their sincere gratitude to
G.A. Sviridyuk for fruitful discussions.
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MHOI'OTOYEYHOE HAYAJIbHO-KOHEYHOE YCJIOBUE
JJIA JIMHEVMHOU MOJAEJIN HABBE — CTOKCA

C.A. 3azpebuna, A.C. Konxuna

Cucrema ypasuenuit Hasbe — CTokca Momenupyer AAHAMUKY BA3KOH HECKUMAEMOHN
xKuakocru. IIpobirema cymecrBoBanus pemennit 3aga4du Komm — dupuxie misa 31oit cucre-
MBI BOIILJIA B CITUCOK HANOOJIee TAXKEIBIX MATEMATHIeCKUX TPo0JIeM HBIHEITHEro Beka. B nan-
HOH cTaThe BMeCTO ycaoBusa Korm mpeioKeHo pacCcMaTpUBaTh MHOTOTOYETHBIE HATATbHO-
KOHEUHbIE ycaoBusg. HeoOX0auMo OTMETHTD, YTO B HACTOSAIIEE BPEMsi B TEOPUU yPABHEHUIA
cODOJIEBCKOTO THUTA, K KOTOPHIM MOXKHO OoTHecTu cucreMy Hapbe — CTOKca, aKTHBHO pas-
BHUBAETCA HOBOE HAIIPaBJIEHUE HCCJIEJOBAHUIT — PA3PELINMOCTh HAYAJIbHO-KOHEYHBIX 33/1a4.
OCHOBHBIM PE3YIBTATOM CTATHY SABJISETCS JIOKA3ATEIbCTBO OJHO3HAYHON PA3PEITUMOCTH 110~
CTaBJIEHHON 3aJIa4n.

Karouesvie caoea: omuocumesvHo D-CEKMOPUGALHBIE ONEPEMOPDL;  MHO20TNOUEUHOE
HAYALOHO-KOHEUHOE YCa08ue; Aunelinas modeas Hasve — Cmokca.
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