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The Navier � Stokes system models the dynamics of a viscous incompressible �uid.
The problem of existence of solutions of the Cauchy � Dirichlet problem for this system is
included in the list of the most serious problems of this century. In this paper it is proposed
to consider the multipoint initial-�nal conditions instead of the Cauchy conditions. It should
be noted that nowadays the study of solvabilityof initial-�nal value problems is a new and
actively developing direction of the Sobolev type equations theory. The main result of the
paper is the proof of unique solvability of the stated problem for the system of Navier �
Stokes equations.
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Assume that Ω ⊂ Rn, n = N \ {1}, is a bounded domain with boundary ∂Ω of class C∞. In
the cylinder Ω× R+ consider the Dirichlet problem

v(x, t) = 0, (x, t) ∈ ∂Ω× R+ (1)

for the system of equations
vt = ν∇2v −∇p, ∇ · v = 0, (2)

which models a linear approximation of dynamics of a viscous incompressible �uid. Transfer
system (2) to

vt = ν∇2v − p, ∇(∇ · v) = 0, (3)

replacing ∇p → p [1]. This approach is di�erent from the proposed in classical monographs [2, 3].
It is based on [4] and was developed in [1, 5, 6]. This article focuses on study of solvability of
multipoint initial-�nal problem for the classical linear Navier � Stokes model (1), (3).

1. Multipoint Initial-Final Conditions. Assume that U and F are Banach spaces, consider
a continuous linear operator. L ∈ L(U;F) and a closed linear operatorM ∈ Cl(U;F) whose domain
is dense in U Let M be (L, p)-sectorial, p ∈ {0}∪N. Consider problem (1), (3). It can be reduced
to a linear Sobolev type equation

Lu̇ = Mu+ f. (4)

Recall that the condition of (L, p)-sectoriality of operator M is a su�cient condition for the
existence of degenerate analytic semigroups of operators

U t =
1

2πi

∫
Γ
(µL−M)−1Leµtdµ and F t =

1

2πi

∫
Γ
L(µL−M)−1eµtdµ,

de�ned on spaces U and F accordingly (terminology and results see in 3 [7]). Introduce the kernel
kerU · = U0, kerF · = F0 and image imU · = U1, imF · = F1 of these semigroups. It is easy to show
that U0 ⊕ U1 = U0 ⊕ U1 = U0 ⊕ U1, F0 ⊕ F1 = F0 ⊕ F1 = F0 ⊕ F1. We need a stronger statement

U0 ⊕ U1 = U (F0 ⊕ F1 = F), (A1)

which occurs in the case of either strongly (L, p)-sectorial operator M of the right (left), p ∈
{0} ∪ N, or re�exivity of U (F) (see [1] and references therein).
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Denote by Lk (Mk) the restriction of L (M) on Uk (domM ∩ Uk), k = 0, 1. If operator M is
strongly (L, p)-sectorial on the right (left), p ∈ {0} ∪ N, then Lk ∈ L(Uk;Fk), Mk ∈ Cl(Uk;Fk),
k = 0, 1, and there exists an operator M−1

0 ∈ L(F0;U0), and projector P = s − lim
t→0+

U t, (Q =

s− lim
t→0+

F t) splitting space U (F) according to (A1), so that U1 = imP (F1 = imQ).

Introduce another condition:

there exists an operator L−1
1 ∈ L(F1;U1), (A2)

which occurs in the case of strongly (L, p)-sectorial operator M , p ∈ {0} ∪ N. Previously, it was
shown that (A1) together with the condition of (L, p)-sectoriality of operator M , p ∈ {0} ∪ N,
gives strong (L, p)-sectoriality of operator M on the right (left), p ∈ {0} ∪ N, and if we add
it to condition (A2), we get the strongly (L, p)-sectorial operator M , p ∈ {0} ∪ N (see [1] and
references therein). Then the operator G = M−1

0 L0 ∈ L(U0) is nilpotent of degree p, and the

operator S = L−1
1 M1 ∈ Cl(U1) is sectorial.

Finally, introduce another important condition for the relative spectrum of operator M [8]:

σL(M) =
n∪

j=0

σL
j (M), n ∈ N, where σL

j (M) ̸= ∅ is contained in a bounded

domain Dj ⊂ C with piecewise smooth boundary ∂Dj = Γj ⊂ C. Moreover,

Dj ∩ σL
0 (M) = ∅ and Dk ∩Dl = ∅ for all j, k, l = 1, n, k ̸= l.

 (A3)

Construct a relatively spectral projectors [8] Pj ∈ L(U) and Qj ∈ L(F), j = 1, n, given by

Pj =
1

2πi

∫
Γj

(µL−M)−1Ldµ, Qj =
1

2πi

∫
Γj

L(µL−M)−1dµ, j = 1, n. (5)

and it turns out that under the condition of (L, p)-sectoriality of operator M and conditions
(A1), (A2), PjP = PPj = Pj and QjQ = QQj = Qj , j = 1, n. Therefore, in this case there is a

projector P0 = P −
n∑

j=1
Pj , P0 ∈ L(U).

So, suppose that conditions (A1) � (A3) hold, commit τj ∈ R+ (τj < τj+1), uj ∈ U, j = 0, n,
and consider the multipoint initial-�nal value condition

Pj(u(τj)− uj) = 0, j = 0, n (6)

for linear Sobolev type equation (4). Vector function u ∈ C1((τ0, τn);U)∩C([τ0, τn];U), satisfying
equation (4), is called a solution; the solution u = u(t) of (4) is called a solution of multipoint
initial-�nal value problem (4), (6), if in addition lim

t→τ0+
P0(u(t)− u0) = 0 and Pj(u(τj)− uj) = 0,

j = 1, n.
The study of solvability of the initial-�nal value problems for nonclassical equations of

mathematical physics, including higher order, is actively developing as well as the problem of
optimal control of these solutions (see for example, [1] and references therein).

2.Unique Solvability of Abstract Problem. Assume that U and F are Banach spaces, take
L ∈ L(U;F) and M ∈ Cl(U;F) such that M is an (L, p)-sectorial operator and assume that (A1)
� (A3) hold.

Theorem 1. If M is an (L, p)-sectorial operator, and (A1) � (A3) hold. Then

U t =
n∑

j=1

PjU
t + P0U

t =
n∑

j=1

U t
j + U t

0, F t =
n∑

j=1

QjF
t +Q0F

t =
n∑

j=1

F t
j + F t

0,
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mereover, we can express U t
j and F t

j in the form

U t
j =

1

2πi

∫
Γj

(µL−M)−1Leµtdµ, F t
j =

1

2πi

∫
Γj

L(µL−M)−1eµtdµ, j = 1, n. (7)

Denote by U1j = im Pj and F1j = im Qj , j = 0, n. By construction

U1 =

n⊕
j=0

U1j and F1 =

n⊕
j=0

F1j .

Denote by Lj (Mj) the restriction of L (M) on U1j (domM ∩ U1j),
j = 0, n. It is easy to show that the operators Lj ∈ L(U1j ;F1j), Mj ∈ Cl(U1j ;F1j),

j = 0, n, and by virtue of (A2) there exists an operator L−1
j ∈ L(F1j ;U1j), j = 0, n. Also,

it is easy to show that the operator S0 = L−1
0 M0 ∈ Cl(U0) is sectorial, and the operator

Sj = L−1
j Mj : U

1j → U1j , j = 1, n is bounded. Now we are ready to prove the unique solvability

of problem (6) for equation (4) that is due to (L, p)-sectoriality of operator M , conditions (A1)
� (A3) is reduced to the form

Gu̇0 = u0 +M−1
0 f0, (8)

u̇1j = Sju
1j + L−1

1j f
1j , j = 0, n (9)

where f0 = (I−Q)f , f1j = Qjf , u
0 = (I− P )u, u1j = Pju, j = 0, n.

Theorem 2. [8] If M is an (L, p)-sectorial operator and (A1) � (A3) hold. Òhen for any vector
function f0 ∈ Cp([τ0, τn];F

0)∩Cp+1((τ0, τn);F
0), f1 ∈ C([τ0, τn];F

1) there exists a unique solution
of problem (4), (6), which also has the form

u(t) = −
p∑

q=1

GqM−1
0 f0(q)(t) +

n∑
j=1

(
U

t−τj
j uj +

∫ t

τj

U t−s
j L−1

1j Qjf(s)ds

)
.

3. Speci�c Interpretation. Assume that Ω ⊂ Rn, n = N \ {1}, is a bounded domain with
boundary ∂Ω of class C∞. For the reduction of problem (1), (3) to the homogeneous equation (4)
(f ≡ 0) we need the functional spaces from [4]. Assume thatH2

σ andH2
π (Hσ andHπ) are subspaces

of solenoidal and potential vector functions of space H2 = (W 2
2 (Ω)∩

◦
W 1

2(Ω))
n (L2 = (L2(Ω))n).

Formula A = diag {∇2, . . . ,∇2} de�nes a linear continuous operator with discrete �nite-negative
spectrum σ(A), thicken only to −∞. Denoted by Aσ(π) the restriction of A on H2

σ(π).

Lemma 1. (Solonnikov � Vorovich � Yudovich theorem). Operator Aσ(π) ∈ L(H2
σ(π),Hσ(π)),

moreover σ(Aσ(π)) = σ(A) and A = AσΣ+AπΠ.

Herein Π ∈ L(H2,H2
π) designates a projector along H2

σ, Σ = I−Π.

Lemma 2. (Kapitanski � Pileckas theorem). Formula B : u → ∇(∇ · u) de�nes the operator
B ∈ L(H2,Hπ), with kerB = H2

σ.

Let U = F ≡ Hσ × Hπ × Hp, where Hp = Hπ, vector u ∈ U have the form u = (uσ, uπ, up).
By formulas

L =

 I O O
O I O
O O O

 , M =

 νAσ O O
O νAπ −I
O B O


de�ne the operator L ∈ L(U;F), imL = Hσ×Hπ×{0}, kerL = {0}×{0}×Hp and M ∈ Cl(U;F),
dom M = H2

σ ×H2
π ×Hp. Thus, the reduction of model (1), (3) to (4) is �nished.
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Lemma 3. [5] For all ν ∈ R+ operator M is strongly (L, 1)-sectorial.

Construct a subspace U0 = F0 = {0} × Hπ × Hp, U
1 = F1 = Hσ × {0} × {0}. Obviously

conditions (A1) and (A2) are ful�lled, and

M−1
0 =

(
O B−1

π

−I νAπB
−1
π

)
,

where Bπ is a restriction of B on H2
π (Lemma 2 implies that Bπ : H2

π → Hπ is a toplinear
isomorphism). It is also easy to verify that

M−1
0 L0 =

(
O −I
O O

)
is a nilpotent operator of degree 1.

Denote by σ(A) = {λk}, the spectrum of A, where λk ∈ R− are eigenvalues, numbered in
nonincreasing order considering their multiplicity, then σL(M) = {ν−1λk}. It is clear that for
such set, we can choose the contours Γj ∈ C, which would satisfy the condition (A3).

Construct

U t
j =


∑

ν−1λk∈σL
j (M)

eνλkt⟨·, φk⟩φk O O

O O O
O O O

,

 j = 0, n.

Then, by Theorem 2 and Lemma 3 we have the following

Theorem 3. For all ν ∈ R+, τj ∈ R+ (τj < τj+1), uj ∈ U, j = 0, n, there exists a unique solution

of problem (6) for model (1), (3), and this solution u = u(t) has the form uσ(t) =

n∑
j=0

U
t−τj
j uτjσ,

uπ ≡ 0,up ≡ 0.

In conclusion, the authors consider it their pleasant duty to express their sincere gratitude to
G.A. Sviridyuk for fruitful discussions.
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ÌÍÎÃÎÒÎ×Å×ÍÎÅ ÍÀ×ÀËÜÍÎ-ÊÎÍÅ×ÍÎÅ ÓÑËÎÂÈÅ
ÄËß ËÈÍÅÉÍÎÉ ÌÎÄÅËÈ ÍÀÂÜÅ � ÑÒÎÊÑÀ
Ñ.À. Çàãðåáèíà, À.Ñ. Êîíêèíà

Ñèñòåìà óðàâíåíèé Íàâüå � Ñòîêñà ìîäåëèðóåò äèíàìèêó âÿçêîé íåñæèìàåìîé
æèäêîñòè. Ïðîáëåìà ñóùåñòâîâàíèÿ ðåøåíèé çàäà÷è Êîøè � Äèðèõëå äëÿ ýòîé ñèñòå-
ìû âîøëà â ñïèñîê íàèáîëåå òÿæåëûõ ìàòåìàòè÷åñêèõ ïðîáëåì íûíåøíåãî âåêà. Â äàí-
íîé ñòàòüå âìåñòî óñëîâèÿ Êîøè ïðåäëîæåíî ðàññìàòðèâàòü ìíîãîòî÷å÷íûå íà÷àëüíî-
êîíå÷íûå óñëîâèÿ. Íåîáõîäèìî îòìåòèòü, ÷òî â íàñòîÿùåå âðåìÿ â òåîðèè óðàâíåíèé
ñîáîëåâñêîãî òèïà, ê êîòîðûì ìîæíî îòíåñòè ñèñòåìó Íàâüå � Ñòîêñà, àêòèâíî ðàç-
âèâàåòñÿ íîâîå íàïðàâëåíèå èññëåäîâàíèé � ðàçðåøèìîñòü íà÷àëüíî-êîíå÷íûõ çàäà÷.
Îñíîâíûì ðåçóëüòàòîì ñòàòüè ÿâëÿåòñÿ äîêàçàòåëüñòâî îäíîçíà÷íîé ðàçðåøèìîñòè ïî-
ñòàâëåííîé çàäà÷è.

Êëþ÷åâûå ñëîâà: îòíîñèòåëüíî p-ñåêòîðèàëüíûå îïåðàòîðû; ìíîãîòî÷å÷íîå

íà÷àëüíî-êîíå÷íîå óñëîâèå; ëèíåéíàÿ ìîäåëü Íàâüå � Ñòîêñà.
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