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ON ONE SOBOLEV TYPE MATHEMATICAL MODEL
IN QUASI-BANACH SPACES
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The theory of Sobolev type equations experiences an epoch of blossoming. In this
article the theory of higher order Sobolev type equations with relatively spectrally bounded
operator pencils, previously developed in Banach spaces, is transferred to quasi-Banach
spaces. We use already well proved for solving Sobolev type equations phase space method,
consisting in reduction of singular equation to regular one de�ned on some subspace of initial
space. The propagators and the phase space of complete higher order Sobolev type equations
are constructed. Abstract results are illustrated by speci�c examples. The Boussinesq-Love
equation in quasi-Banach space is considered as application.
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Introduction. Let U,F be Banach spaces, operators L,M ∈ L(U;F) (i.e. linear,
continuous, de�ned on U and acting into F). Consider a Sobolev type equation (the term
was introduced by R.E. Showalter [1])

Au′′ = B1u
′ +B0u, kerA ̸= {0}. (1)

Sobolev type equations have been already well researched. The �rst monograph devoted
to such equations was published in 2003 [2]. Here degenerate analytical (semi)group, and
degenerate C0-semigroups used in the study of equations of the �rst order were constructed.
Linear Sobolev type equations of higher order in Banach spaces were studied in [3]. The
results of Sobolev type equations theory are used in the theory of dynamical measurements
[4], optimal control theory [5, 6], in the study of dichotomies of equations of the form
(1) [7, 8]. In addition, the theory of degenerate groups and semigroups of operators was
transferred into a locally convex spaces.

Equations that are not solved with respect to the highest derivative in time were
studied for the �rst time by A. Poincare, however, a systematic study of them was started in
the middle of the last century after the fundamental work of S.L. Sobolev. Now the Sobolev
type equations theory is actively studied area of nonclassical equations of mathematical
physics, and a number of monographs, completely devoted to them, or in part, is growing
like an avalanche.

In this paper Sobolev type equations of the second order of the form (1) are considered
in quasi-Banach spaces. As it is well known [9, p. 3.10], a quasi-Banach space is not a
normed one, but it can be made metrizable. One of the examples of a quasi-Banach space
is a space of sequences ℓq, q ∈ (0, 1). In [10] there was constructed a quasi-Banach space
ℓmq , q∈(0, 1), m∈R, ℓ0q = ℓq which was called a quasi-Sobolev space. These spaces we will
be used to illustrate the abstract results of the paper.

The authors consider it their pleasant duty to express there sincere gratitude to
Professor G. A. Sviridyuk for the statement of the problem and fruitful discussions.

1. Relatively Bounded Operator Pencils in Quasi-Banach Spaces. A lineal U over
a �eld R is called a quasi-normed, if there is a function U∥ · ∥ : U → R with the following
properties:

(i) U∥u∥ ≥ 0 for all u ∈ U, and U∥u∥ = 0 exactly when u = 0, where 0 is a zero in
lineal U;
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(ii) U∥αu∥ = |α|U∥u∥ for all u ∈ U, α ∈ R;
(iii) U∥u+ v∥ ≤ C(U∥u∥+U ∥v∥) for all u, v ∈ U, where the constant C ≥ 1.
A function U∥ · ∥ with properties (i) � (iii) is called a quasi-norm. In particular, if

C = 1 a quasi-norm U∥ · ∥ is called a norm, and lineal U with the norm U∥ · ∥ is a normed
one. A quasi-normed lineal (U; U∥ · ∥) is metrizable (see [9, Lemma 3.10.1]), so we have
a conception of the fundamental (or Cauchy) sequence {uk} ⊂ U: U∥uk − ul∥ → 0 for
k, l → ∞. De�ne the quasi-Banach space as a full quasi-normed lineal.
Example 1. Let {λk} ⊂ R+ be a monotonic sequence such that lim

k→∞
λk = +∞, and

q ∈ R+. Put

ℓmq =

{
u = {uk} ⊂ R :

∞∑
k=1

(
λ

m
2
k |uk|

)q
< +∞

}
.

Lineal ℓmq for all m ∈ R, q ∈ R+ with a quasi-norm of element u = {uk} ∈ ℓmq

m
q ∥u∥ =

(
∞∑
k=1

(
λ

m
2
k |uk|

)q)1/q

is a quasi-Banach space (for q ∈ [1,+∞) it is a Banach space). Note that if q ∈ (0, 1),
then constant C = 21/q in (iii). The spaces ℓmq are called quasi-Sobolev in [10].

Let U; U∥ · ∥) and (F; F∥ · ∥) be quasi-Banach spaces, a linear operator L : U → F with

the domain domL = U is called continuous if lim
k→∞

Luk = L
(
lim
k→∞

uk

)
for any the sequence

{uk} ⊂ U which is convergent in U. Note that in this case the linear operator L : U → F
is continuous precisely when it is bounded (i.e., displays bonded sets to bounded sets).
Denote by L(U;F) a lineal (over the �eld R) of linear bounded operators. It is a quasi-
Banach space with quasi-norm

L(U;F)∥L∥ = sup
U∥u∥=1

F∥Lu∥.

Now let the operators A,B1, B0 ∈ L(U;F). Following [3], introduce the sets ρA(B⃗) =

{µ ∈ C : (µ2A− µB1 −B0)
−1 ∈ L(F;U)} and σA(B⃗) = C\ρA(B⃗), which are called an

A-resolvent set and an A-spectrum of the pencil B⃗, respectively.
The operator-function RA

µ (B⃗) = (µ2A− µB1 −B0)
−1 with domain ρA(B⃗) is called an

A-resolvent of pencil B⃗.

De�nition 1. A pencil of operators B⃗ is called polynomially relatively bounded with
respect to operator A (or polynomially A-bounded) if

∃a ∈ R+ ∀µ ∈ C (|µ| > a) ⇒ (RA
µ (B⃗) ∈ L(F;U)).

Fix γ = {µ ∈ C : /µ| = r > a} which is a contour bounding a disk containing σA(B⃗).
We require additional condition ∫

γ

RA
M(B⃗)dµ = 0. (A)

This condition was introduced in [3] and is very important in considering of the Sobolev
type equations of higher order. Note that if there exists an operator A−1 ∈ L(F;U) or
operator B1 = O (equation is incomplete), then condition (A) holds; and if operator
A = O and there exists an operator B−1

1 ∈ L(F;U), then condition (A) is not ful�lled.
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Let the pencil B⃗ be polynomially A bounded, and (A) be ful�lled. Then there exist
the following integrals of analytic operator functions:

P =
1

2πi

∫
γ

µRA
µ (B⃗)Adµ, Q =

1

2πi

∫
γ

µARA
µ (B⃗)dµ.

Lemma 1. Let the pencil B⃗ be polynomially A-bounded and (A) be ful�lled.Then the
operators P ∈ L(U) and Q ∈ L(F) are projectors.

Denote U0 = kerP, F0 = kerQ, U1 = im P, F1 = im Q. By lemma U = U0 ⊕ U1,F =
F0 ⊕ F1. By Ak (Bk

l ) denote restriction of operator A (Bl) onto Uk, k, l = 0, 1.

Theorem 1. Let the pencil B⃗ be polynomially A bounded, and (A) be ful�lled. Then actions
of operators split:

(i) Ak ∈ L(Uk;Fk), k = 0, 1;
(ii) Bk

l ∈ L(Uk;Fk), k, l = 0, 1;
(iii) there exists an operator (A1)−1 ∈ L(F1;U1);
(iv) there exists an operator (B0

0)
−1 ∈ L(F0;U0).

Example 2. Using formula Λu = {λkuk}, u ∈ ℓmq we introduce a Laplace quasi-operator.
It is easy to show [10] that operator Λ : ℓm+2

q → ℓmq is a toplinear isomorphism for all

m ∈ R, q ∈ R+. The inverse operator Λ
−1u = {λ−1

k uk} is called a Green quasi-operator.
Next, construct the operators A = λ − Λ and B1 = α(Λ − λ′), B0 = β(Λ − λ”)

α, β ∈ R+.

Lemma 2. Let
(i) λ ̸∈ {λk} or (ii) (λ ∈ {λk})∧(λ ̸= λ′). Then the pencil B⃗ = (B1, B0) is polynomially

A-bounded, moreover, ∞ is a removable singularity of A-resolvent of B⃗.
(iii) (λ ∈ {λk}) ∧ (λ = λ′) ∧ (λ ̸= λ”). Then the pencil B⃗ = (B1, B0) is polynomially

A-bounded moreover, ∞ is a pole of order 1 of A-resolvent of B⃗.

Remark 1. In case (i) A-spectrum of pencil B⃗ σA(B⃗) = {µ1,2
k : k ∈ N}, where µ1,2

k are
the roots of equation

(λ− λk)µ
2 + α(λ′ − λk)µ+ β(λλk) = 0. (2)

In case (ii) σA(B⃗) = {µ1,2
k : k ∈ N, λk ̸= λ} ∪ {µl : l ∈ N, λl = λ}, where µ1,2

k
are the roots of (2) when λ = λk, and µl is the root of (2) when λ = λl. In case (iii)

σA(B⃗) = {µ1,2
k : k ∈ N, λk ̸= λ}.

Remark 2. It is easy to see that if (λ ∈ {λk}) ∧ (λ = λ′ = λ”) then the pencil B⃗ is not
polynomially A-bounded.

Now let's check the condition (A). In case (i) there exists an operator A−1 ∈ L(F;U),
so that condition (A) holds. In case (ii)

1

2πi

∫
γ

∞∑
k=1

< φk, · > φkdµ

(λ− λk)µ2 + α(λ′ − λk)µ+ β(λλk)
=
∑
λ=λk

< φk, · >
α(λ′ − λk)

φk ̸= 0,

i.e. (A) is not ful�lled, so this case is excluded from further considerations. In case (iii)
(A) holds.
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2. The Phase Space and Propagators. Now consider the Sobolev type equation of the
second order (1) with the initial condition

u(m)(t) = u(m, m = 0, 1. (3)

De�nition 2. The operator-function U• ∈ C∞(R;L(U)) is called a propagator of equation
(1) if for any u ∈ U vector- function u(t) = U tu is a solution of this equation.

Lemma 3. Let the pencil B⃗ be polynomially A-bounded and condition (A) be ful�lled.
Then there exist propagators of equation (1):

U t
1 =

1

2πi

∫
γ

RA
µ (B⃗)Aeµtdµ, t ∈ R, U t

0 =
1

2πi

∫
γ

RA
µ (B⃗)(µ(A−B1)e

µtdµ, t ∈ R.

Further, if the pencil B⃗ is polynomially A-bounded, condition (A) holds and ∞ is a

pole of order p ∈ {0}
∪
N of A-resolvent of B⃗, then the pencil B⃗is called (A, p)-bounded.

De�nition 3. The Set P ⊂ U is called a phase space of equation (1) if
(i) for any uj ∈ P, j = 0, 1, there exists a unique solution of (1), (3);
(ii) any solution u = u(t) of equation (1) lies in P as a trajectory (i.e., u(t) ∈ P for

all t ∈ R).

Theorem 2. Let the operator M be (L, p)-bounded, p ∈ {0} ∪ N. Then the subspace
U1 is a phase space of equation (1). Moreover, for any uj ∈ U1, j = 0, 1, there exists a
unique solution of the Cauchy problem (3) for equation (1) which can be represented as:
u(t) = U t

0u0 + U t
1u1.

Example 3. Let U = ℓm+2
q , F = ℓmq , m ∈ R, q ∈ (0, 1), where ℓmq is a quasi-Sobolev space

de�ned in example 1, and A,B1, B0 are the operators constructed in example 2.
Consider the Boussinesq�Love equation as one of the most well-known non-classical

equations of mathematical physics of the second order in time [11]

(λ− Λ)ü = α(Λ− λ′)u̇+ β(Λ− λ”)u, u(t) ∈ U. (4)

Theorem 3. Let λ ̸∈ {λk} or (λ ∈ {λk}) ∧ (λ = λ′) ∧ (λ ̸= λ”). Then for any sequence

uj = {u(jk} ∈ U1 =

{
U, if λ ̸= λk, k ∈ N;
{u ∈ U : ul = 0, λ = λl}, j = 0, 1

there exists a unique solution of (3), (4), which also has the form

u(t) =
∑

′
[
µ1
k(λ− λk) + α(λ′ − λk)

(λ− λk)(µ1
k − µ2

k)
eµ

1
kt +

µ2
k(λ− λk) + α(λ′ − λk)

(λ− λk)(µ2
k − µ1

k)
eµ

2
kt

]
u0kek+

+
∑

′ e
µ1
kt − eµ

2
kt

(µ1
k − µ2

k)
u1kek,

where the single quote at the sum means the absence of terms with numbers k such that
λ = λk. Here µ1,2

k are the roots of (2), the vectors ek = (0, 0, . . . , 0, 1, 0, . . .), where unit
stands on the k-th place. The set U1 is a phase space of equation (4).
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ÎÁ ÎÄÍÎÉ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÌÎÄÅËÈ
ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ Â ÊÂÀÇÈÁÀÍÀÕÎÂÛÕ
ÏÐÎÑÒÐÀÍÑÒÂÀÕ

À.À. Çàìûøëÿåâà, Õ.Ì. Àë Õåëëè

Òåîðèÿ óðàâíåíèé ñîáîëåâñêîãî òèïà ïåðåæèâàåò ýïîõó áóðíîãî ðàñöâåòà. Â äàí-
íîé ðàáîòå òåîðèÿ óðàâíåíèé ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà ñ îòíîñèòåëüíî ñïåê-
òðàëüíî îãðàíè÷åííûì ïó÷êîì îïåðàòîðîâ, ðàçâèòàÿ â áàíàõîâûõ ïðîñòðàíñòâàõ, ïå-
ðåíîñèòñÿ â êâàçèáàíàõîâû ïðîñòðàíñòâà. Ìû èñïîëüçóåì óæå õîðîøî çàðåêîìåíäî-
âàâøèé ñåáÿ ïðè ðåøåíèè óðàâíåíèé ñîáîëåâñêîãî òèïà ìåòîä ôàçîâîãî ïðîñòðàíñòâà,
çàêëþ÷àþùèéñÿ â ðåäóêöèè ñèíãóëÿðíîãî óðàâíåíèÿ ê ðåãóëÿðíîìó, îïðåäåëåííîìó íà
íåêîòîðîì ïîäïðîñòðàíñòâå èñõîäíîãî ïðîñòðàíñòâà. Ïîñòðîåíû ïðîïàãàòîðû è ôàçî-
âîå ïðîñòðàíñòâî ïîëíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà âòîðîãî ïîðÿäêà. Àáñòðàêò-
íûå ðåçóëüòàòû èëëþñòðèðîâàíû êîíêðåòíûìè ïðèìåðàìè. Â êà÷åñòâå ïðèëîæåíèÿ
ðàññìîòðåíî óðàâíåíèå Áóññèíåñêà � Ëÿâà â êâàçèáàíàõîâîì ïðîñòðàíñòâå.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà; êâàçèáàíàõîâû

ïðîñòðàíñòâà; ïðîïàãàòîðû; ôàçîâîå ïðîñòðàíñòâî.
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