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Â íàñòîÿùåå âðåìÿ àêòèâíî ðàçâèâàþòñÿ èññëåäîâàíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé

ñîáîëåâñêîãî òèïà. Â ðåøåíèè ïðèêëàäíûõ çàäà÷ çíà÷èìûìè ÿâëÿþòñÿ ðåçóëüòàòû,

ïîçâîëÿþùèå ïîëó÷àòü èõ ÷èñëåííîå ðåøåíèå. Íà÷àëüíîå óñëîâèå Øîóîëòåðà � Ñè-

äîðîâà ñòàëî íå ïðîñòî îáîáùåíèåì çàäà÷è Êîøè äëÿ ìîäåëåé ñîáîëåâñêîãî òèïà, à

óñëîâèåì, ïîçâîëèâøèì ïðè íàõîæäåíèè ïðèáëèæåííîãî ðåøåíèÿ èçáåãàòü ïðîâåðêè

ñîãëàñîâàíèÿ íà÷àëüíûõ äàííûõ. Äàííàÿ ñòàòüÿ ïðåäñòàâëÿåò îáçîð ðÿäà ðåçóëüòàòîâ

÷åëÿáèíñêîé ìàòåìàòè÷åñêîé øêîëû ïî óðàâíåíèÿì ñîáîëåâñêîãî òèïà, ïîëó÷åííûõ ñ

èñïîëüçîâàíèåì ëèáî íåïîñðåäñòâåííî óñëîâèÿ Øîóîëòåðà � Ñèäîðîâà, ëèáî åãî îáîá-

ùåíèé.

Ñòàòüÿ ñîñòîèò èç ñåìè ïàðàãðàôîâ. Â ïåðâîì ïðèâåäåíû ðåçóëüòàòû èññëåäîâà-

íèé ðàçðåøèìîñòè çàäà÷è îïòèìàëüíîãî èçìåðåíèÿ â ìîäåëè Øåñòàêîâà � Ñâèðèäþ-

êà. Âî âòîðîì ïàðàãðàôå ïðåäñòàâëåí êðàòêèé îáçîð íûíå ñóùåñòâóþùèõ ïîäõîäîâ ê

ïîíÿòèþ áåëîãî øóìà. Òðåòèé ïàðàãðàô ñîäåðæèò ðåçóëüòàòû ðàçðåøèìîñòè îñëàá-

ëåííîé çàäà÷è Øîóîëòåðà � Ñèäîðîâà äëÿ ñèñòåìû ëåîíòüåâñêîãî òèïà ñ àääèòèâíûì
≪áåëûì øóìîì≫. Â ÷åòâåðòîì ïàðàãðàôå ïðèâîäèòñÿ ðåçóëüòàò îá îäíîçíà÷íîé ðàç-

ðåøèìîñòè ìíîãîòî÷å÷íîé íà÷àëüíî-êîíå÷íîé çàäà÷è äëÿ óðàâíåíèÿ ñîáîëåâñêîãî òè-

ïà ïåðâîãî ïîðÿäêà. Ðåçóëüòàòàì èññëåäîâàíèÿ îïòèìàëüíîãî óïðàâëåíèÿ ðåøåíèÿìè

òàêîé çàäà÷è ïîñâÿùåí ïÿòûé ïàðàãðàô. Øåñòîé è ñåäüìîé ïàðàãðàôû ñîäåðæàò ðå-

çóëüòàòû, ñâÿçàííûå ñ èññëåäîâàíèÿìè îïòèìàëüíûõ óïðàâëåíèé ðåøåíèÿìè çàäà÷è

Øîóîëòåðà � Ñèäîðîâà è íà÷àëüíî-êîíå÷íîé çàäà÷è äëÿ óðàâíåíèé ñîáîëåâñêîãî òèïà

âòîðîãî ïîðÿäêà ñîîòâåòñòâåííî.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñîáîëåâñêîãî òèïà; ñèñòåìû ëåîíòüåâñêîãî òèïà;

îïòèìàëüíîå óïðàâëåíèå; çàäà÷à Øîóîëòåðà � Ñèäîðîâà; (ìíîãîòî÷å÷íîå) íà÷àëüíî-

êîíå÷íîå óñëîâèå; îïòèìàëüíîå èçìåðåíèå.

Ââåäåíèå

Â ðàìêàõ ñîçäàíèÿ îáùåé òåîðèè íåêëàññè÷åñêèõ ìîäåëåé, èìåþùèõ òåõíè÷åñêèå, ôè-
çè÷åñêèå è ýêîíîìè÷åñêèå ïðèëîæåíèÿ, ñâîäÿùèõñÿ ê óðàâíåíèÿì ñîáîëåâñêîãî òèïà èëè
ñèñòåìàì ëåîíòüåâñêîãî òèïà (êîíå÷íîìåðíûé ÷àñòíûé ñëó÷àé óðàâíåíèé ñîáîëåâñêîãî òè-
ïà), âîçíèêëà íåîáõîäèìîñòü ñîçäàíèÿ ÷èñëåííûõ àëãîðèòìîâ äëÿ ïðîâåäåíèÿ âû÷èñëèòåëü-
íûõ ýêñïåðèìåíòîâ. Îòìåòèì, ÷òî èñïîëüçîâàíèå òðàäèöèîííîãî íà÷àëüíîãî óñëîâèÿ Êîøè
íàêëàäûâàåò îãðàíè÷åíèÿ ïðè ÷èñëåííîì ðåøåíèè êàê íà÷àëüíûõ çàäà÷, òàê è çàäà÷ îï-
òèìàëüíîãî óïðàâëåíèÿ, ò.ê. òðåáóåòñÿ ñîãëàñîâàíèå íà÷àëüíûõ äàííûõ, ïðîâåðêà êîòîðûõ
âûçûâàåò çíà÷èòåëüíûå òðóäíîñòè. Ïðèìåíåíèå íà÷àëüíîãî óñëîâèÿ Øîóîëòåðà � Ñèäîðîâà
ïðè ÷èñëåííîì ðåøåíèè ñíèìàåò íåîáõîäèìîñòü îãðàíè÷åíèé íà íà÷àëüíûå óñëîâèÿ è ðàç-
ìåðíîñòü èñõîäíûõ äàííûõ [1]. Êðîìå òîãî, ïî ìíåíèþ ðÿäà àâòîðîâ (ñì. îáçîð [2]), áîëåå
åñòåñòâåííûì, ÷åì óñëîâèå Êîøè äëÿ óðàâíåíèé ñîáîëåâñêîãî òèïà, ÿâëÿåòñÿ óñëîâèå Øî-
óîëòåðà � Ñèäîðîâà, èëè åãî îáîáùåíèå � íà÷àëüíî-êîíå÷íîå óñëîâèå [3]. Â íàøåé ñòàòüå
ïðèâåäåí îáçîð ðåçóëüòàòîâ èññëåäîâàíèé, ïîëó÷åííûõ â ïåðèîä ñ 2010 ãîäà ÷åëÿáèíñêîé
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íàó÷íîé øêîëîé Ã.À. Ñâèðèäþêà â îáëàñòè óðàâíåíèé ñîáîëåâñêîãî òèïà è ñèñòåì ëåîíòüåâ-
ñêîãî òèïà.

Ñèñòåìà ëåîíòüåâñêîãî òèïà
Lẋ = Mx+ f (1)

ïðè íà÷àëüíûõ óñëîâèÿõ Øîóîëòåðà � Ñèäîðîâà[
(µL−M)−1L

]p+1
(x(0)− x0) = 0 (2)

ìîäåëèðóåò èçìåðèòåëüíîå óñòðîéñòâî (ÈÓ), ãäå f = Bu. Âïåðâûå À.Ë. Øåñòàêîâûì è Ã.À.
Ñâèðèäþêîì áûëà ñôîðìóëèðîâàíà çàäà÷à îïðåäåëåíèÿ âõîäÿùåãî â ÈÓ ñèãíàëà u êàê çà-
äà÷à îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìàìè ëåîíòüåâñêîãî òèïà, èëè çàäà÷à îïòèìàëüíîãî
èçìåðåíèÿ [4]. Â äàëüíåéøåì ìîäåëè, â îñíîâå êîòîðûõ ëåæàëà ýòà çàäà÷à, ñòàëè íàçûâàòü-
ñÿ ìîäåëÿìè Øåñòàêîâà � Ñâèðèäþêà. Íî îñíîâå ìåòîäîâ èçó÷åíèÿ òàêèõ ìîäåëåé áûëè
ïîñòðîåíû ÷èñëåííûå àëãîðèòìû âîññòàíîâëåíèÿ ñèãíàëà, èñêàæåííîãî êàê ìåõàíè÷åñêîé
èíåðöèîííîñòüþ [5], òàê è ðåçîíàíñàìè â öåïÿõ ÈÓ [6]. Êðîìå òîãî, ïðåäñòàâëåííûå ìåòîäû è
àëãîðèòìû áûëè ïðèìåíåíû ê çàäà÷å îïòèìàëüíîãî èçìåðåíèÿ ïîêóïàòåëüñêîãî ïîâåäåíèÿ.
Â îñíîâå ÷èñëåííîãî ìåòîäà èññëåäîâàíèÿ ìàòåìàòè÷åñêîé ìîäåëè ÈÓ è ðåøåíèÿ çàäà÷è
îïòèìàëüíîãî èçìåðåíèÿ ñ ó÷åòîì èíåðöèîííîñòè ëåæàò àëãîðèòìû ÷èñëåííîãî ðåøåíèÿ
ñèñòåì ëåîíòüåâñêîãî òèïà è êëàññà çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåì ëåîíòüåâ-
ñêîãî òèïà ñ íà÷àëüíûìè óñëîâèÿìè Øîóîëòåðà � Ñèäîðîâà, ðàçðàáîòàííûå À.Â. Êåëëåð
[1]. Îòìåòèì, ÷òî çäåñü ïðåäïîëàãàåòñÿ äåòåðìèíèðîâàííîñòü âõîäíîãî ñèãíàëà u = u(t),
ò.å. îòñóòñòâèå ñëó÷àéíûõ âîçìóùåíèé, íàïðèìåð, àääèòèâíîãî áåëîãî øóìà. Ïðè èçó÷å-
íèè ìîäåëè ñ äåòåðìèíèðîâàííûì âíåøíèì ñèãíàëîì î÷åíü ïîëåçíûìè îêàçàëèñü ìåòîäû
è ðåçóëüòàòû òåîðèè óðàâíåíèé ñîáîëåâñêîãî òèïà è âûðîæäåííûõ ãðóïï îïåðàòîðîâ [7],
ïîñêîëüêó îíè ïîçâîëèëè ñîçäàòü ýôôåêòèâíûé âû÷èñëèòåëüíûé àëãîðèòì [1].

Â íàñòîÿùåå âðåìÿ ïðîâîäÿòñÿ èññëåäîâàíèÿ ìîäåëåé Øåñòàêîâà � Ñâèðèäþêà, â êî-
òîðûõ íàðÿäó ñ äåòåðìèíèðîâàííûì ñèãíàëîì ïðåäïîëàãàåòñÿ íàëè÷èå áåëîãî øóìà, êàê
àääèòèâíîãî [8, 9], òàê è ìóëüòèïëèêàòèâíîãî [10, 11]. Ïîñêîëüêó ìîäåëü ïðåäñòàâëåíà âû-
ðîæäåííîé ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, òî ê íåé òðóäíî ïðè-
ìåíèìû ñóùåñòâóþùèå íûíå ïîäõîäû Èòî � Ñòðàòîíîâè÷à � Ñêîðîõîäà è Ìåëüíèêîâîé �
Ôèëèíêîâà � Àëüøàíñêîãî, â êîòîðûõ áåëûé øóì ïîíèìàåòñÿ êàê îáîáùåííàÿ ïðîèçâîäíàÿ
âèíåðîâñêîãî ïðîöåññà. Âìåñòî ýòîãî ïðåäëîæåíà íîâàÿ êîíöåïöèÿ ≪áåëîãî øóìà≫, ðàâíîãî
ñèììåòðè÷åñêîé ïðîèçâîäíîé â ñðåäíåì (ïðîèçâîäíîé Íåëüñîíà � Ãëèêëèõà [12, 13]) âèíå-
ðîâñêîãî ïðîöåññà, ïðè÷åì ïîäìå÷åíî, ÷òî äàííàÿ ïðîèçâîäíàÿ ñîâïàäàåò ñ ≪îáû÷íîé≫ ïðî-
èçâîäíîé áðîóíîâñêîãî äâèæåíèÿ òåîðèè Ýéíøòåéíà � Ñìîëóõîâñêîãî [14].

Òàêæå áûëè ðàññìîòðåíû ëèíåéíûå óðàâíåíèÿ ñîáîëåâñêîãî òèïà ïåðâîãî ïîðÿäêà

Lu̇ = Mu+ f (3)

ñ íà÷àëüíî-êîíå÷íûì óñëîâèåì [3]

P0(u(τ0)− u0) = P1(u(τ1)− u1) = 0, (4)

ïðè÷åì äàæå èçó÷åíî îïòèìàëüíîå óïðàâëåíèå ðåøåíèÿìè ýòèõ çàäà÷ [15]. Ïîìèìî ýòîãî,
áûëè ðàññìîòðåíû áîëåå îáùèå, ìíîãîòî÷å÷íûå íà÷àëüíî-êîíå÷íûå óñëîâèÿ

Pj(u(τj)− uj) = 0, j = 0, n. (5)

Çäåñü Pj , j = 0, n � ñïåöèàëüíûì îáðàçîì ïîñòðîåííûå îòíîñèòåëüíî ñïåêòðàëüíûå ïðîåê-
òîðû [16]. Çàìåòèì åùå, ÷òî åñëè â (5) âçÿòü j = 0, òî ýòî óñëîâèå íè÷òî èíîå, êàê óñëîâèå
Øîóîëòåðà � Ñèäîðîâà.
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Òàêæå áûëè ïîëó÷åíû ðåçóëüòàòû èññëåäîâàíèÿ ïîëíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà
âûñîêîãî ïîðÿäêà

Au(n) = Bn−1u
(n−1) + ...+B0u+ f, (6)

äëÿ êîòîðîãî óñëîâèå Øîóîëòåðà � Ñèäîðîâà [17] èìååò âèä

P0(u
(m)(0)− um) = 0,m = 0, ..., n− 1, (7)

à íà÷àëüíî-êîíå÷íîå óñëîâèå [18] ïðåäñòàâèìî â âèäå

P0(u
(m)(0)− u0m) = 0, P1(u

(m)(τ)− uτm) = 0, m = 0, ..., n− 1, (8)

ïðè÷åì, ïîìèìî îäíîçíà÷íîé ðàçðåøèìîñòè ïîñòàâëåíûõ çàäà÷, èññëåäóåòñÿ è îïòèìàëüíîå
óïðàâëåíèå èõ ðåøåíèÿìè. Ïðè÷åì Pj , j = 0, 1, àíàëîãè÷íî ïðåäûäóùåìó ñëó÷àþ, ñïåöè-
àëüíûì îáðàçîì ïîñòðîåííûå îòíîñèòåëüíî ñïåêòðàëüíûå ïðîåêòîðû.

Ñòàòüÿ ñîñòîèò èç ñåìè ïàðàãðàôîâ. Â ïåðâîì ïðèâåäåíû ðåçóëüòàòû èññëåäîâàíèé
ðàçðåøèìîñòè çàäà÷è îïòèìàëüíîãî èçìåðåíèÿ â ìîäåëè Øåñòàêîâà � Ñâèðèäþêà, âûïîë-
íåííûõ À.Â. Êåëëåð è åå ó÷åíèöåé [5]. Âî âòîðîì ïàðàãðàôå ïðåäñòàâëåí êðàòêèé îáçîð
íûíå ñóùåñòâóþùèõ ïîäõîäîâ ê ïîíÿòèþ áåëîãî øóìà, ïî÷åðïíóòûé â [14]. Òðåòèé ïàðà-
ãðàô ñîäåðæèò ðåçóëüòàòû ðàçðåøèìîñòè îñëàáëåííîé çàäà÷è Øîóîëòåðà � Ñèäîðîâà äëÿ
ñèñòåìû ëåîíòüåâñêîãî òèïà ñ àääèòèâíûì ≪áåëûì øóìîì≫, ïîëó÷åííûå À.Ë. Øåñòàêî-
âûì è Ã.À. Ñâèðèäþêîì [14]. Â ÷åòâåðòîì ïàðàãðàôå ïðèâîäèòñÿ ðåçóëüòàò, äîêàçàííûé
Ñ.À. Çàãðåáèíîé, îá îäíîçíà÷íîé ðàçðåøèìîñòè ìíîãîòî÷å÷íîé íà÷àëüíî-êîíå÷íîé çàäà÷è
äëÿ óðàâíåíèÿ ñîáîëåâñêîãî òèïà ïåðâîãî ïîðÿäêà [3]. Ðåçóëüòàòàì èññëåäîâàíèÿ îïòèìàëü-
íîãî óïðàâëåíèÿ ðåøåíèÿìè òàêîé çàäà÷è, ïîëó÷åííûì Í.À. Ìàíàêîâîé è åå ó÷åíèêîì,
ïîñâÿùåí ñëåäóþùèé, ïÿòûé ïàðàãðàô [15]. Øåñòîé è ñåäüìîé ïàðàãðàôû ñîäåðæàò ðå-
çóëüòàòû èññëåäîâàíèÿ À.À. Çàìûøëÿåâîé è åå ó÷åíèöû, ñâÿçàííûå ñ èññëåäîâàíèÿìè îï-
òèìàëüíûõ óïðàâëåíèé ðåøåíèÿìè çàäà÷è Øîóîëòåðà � Ñèäîðîâà [17] è íà÷àëüíî-êîíå÷íîé
çàäà÷è [19] äëÿ óðàâíåíèé ñîáîëåâñêîãî òèïà âòîðîãî ïîðÿäêà ñîîòâåòñòâåííî.

Ýòà ñòàòüÿ íàïèñàíà ê þáèëåþ îäíîãî èç ðîäîíà÷àëüíèêîâ óñëîâèÿ Øîóîëòåðà � Ñè-
äîðîâà � ïðîôåññîðà Íèêîëàÿ Àëåêñàíäðîâè÷à Ñèäîðîâà. Àâòîðû îò âñåé äóøè æåëàþò
âûäàþùåìóñÿ ìàòåìàòèêó, ñîçäàòåëþ îäíîé èç êðóïíåéøèõ íàó÷íûõ øêîë ïî óðàâíåíèÿì
ñîáîëåâñêîãî òèïà è ïðåêðàñíîìó ÷åëîâåêó íîâûõ òâîð÷åñêèõ óñïåõîâ è ìíîãèõ ëåò ñ÷àñò-
ëèâîé æèçíè.

1. Óñëîâèå Øîóîëòåðà � Ñèäîðîâà
â òåîðèè îïòèìàëüíûõ èçìåðåíèé

Ïóñòü L è M � êâàäðàòíûå ìàòðèöû ïîðÿäêà n. Ìàòðèöà M íàçûâàåòñÿ (L, p)-
ðåãóëÿðíîé, åñëè ∃α ∈ C òàêîå, ÷òî det(αL − M) ̸= 0, ïðè ýòîì p ∈ {0} ∪ N � ïîðÿäîê
ïîëþñà â òî÷êå ∞ L�ðåçîëüâåíòû (µL−M)−1 ìàòðèöû M . Ðàññìîòðèì çàäà÷ó Øîóîëòåðà�
Ñèäîðîâà [

(αL−M)−1 L
]p+1

(x(0)− x0) = 0 (9)

äëÿ ñèñòåìû ëåîíòüåâñêîãî òèïà

Lẋ = Mx+ f, (10)

ãäå detL = 0, α ∈ ρL(M), x0 ∈ Rn, âåêòîð-ôóíêöèÿ f : [0, τ ] → Rn, τ ∈ R+. Â êîíå÷íîìåðíîì
ñëó÷àå (L, p)-îãðàíè÷åííûé îïåðàòîð ïðåäñòàâëÿåò ñîáîé (L, p)-ðåãóëÿðíóþ ìàòðèöó. Â ñâîþ
î÷åðåäü, ñëó÷àé (L, p)-ðàäèàëüíîñòè îïåðàòîðà ÿâëÿåòñÿ áîëåå îáùèì, ïî ñðàâíåíèþ ñ (L, p)-
îãðàíè÷åííîñòüþ îïåðàòîðà M , ïîýòîìó ñïðàâåäëèâà

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2015. Ò. 8, � 2. Ñ. 5�23
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Òåîðåìà 1. Ïóñòü ìàòðèöà M (L, p)-ðåãóëÿðíà, p ∈ {0} ∪ N, âåêòîð-ôóíêöèÿ f : [0, τ ] →
Rn. Òîãäà äëÿ ëþáîãî x0 ∈ Rn ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (9), (10), èìåþùåå
âèä

x(t)= lim
k→∞

xk(f, t)= lim
k→∞

− p∑
q=0

(
M−1(I−Qk)L

)q
M−1(I−Qk)f

(q)(t) +Xt
kx0 +

t∫
0

Rt−s
k Qkf(s)ds

 ,

(11)
ãäå

Xt
k =

[(
L− tk−1M

)−1
L
]k

, Qk =
[
kLL

k (M)
]p+1

,

Rt
k =

[(
L− tk−1M

)−1
L
]k−1 (

L− tk−1M
)−1

.
(12)

Âåêòîð-ôóíêöèÿ xk(f, t) ÿâëÿåòñÿ ïðèáëèæåííûì ðåøåíèåì çàäà÷è (9), (10) ïðè t ∈
[0, 1], k > K, ãäå K = max{k1, k2}:

k1 >
1

|αn−p|

n−p∑
i=0

|αi|+ 1, k2 >
1

|αn−p| pp
n−p∑
i=0

|αi| (p+ 1)n−i + 1, (13)

çäåñü αi = (−1)n−i
Cn−i

n∑
r=1

∆r
n−i � êîýôôèöèåíòû ïîëèíîìà det(µL − M) ñòåïåíè (n − p), i =

0, n, ∆r
n−i � îïðåäåëèòåëè, ïîëó÷àåìûå èç îïðåäåëèòåëÿ ìàòðèöû L ïóòåì çàìåíû (n − i)

ñòîëáöîâ ñîîòâåòñòâóþùèìè ñòîëáöàìè ìàòðèöû M , r � ïîðÿäêîâûé íîìåð îïðåäåëèòåëÿ,
(n− p) ≤ rankL.

Ïóñòü òåïåðü L, M è C � êâàäðàòíûå ìàòðèöû ïîðÿäêà n, ïðè÷åì, áûòü
ìîæåò, detL = 0, ìàòðèöà M � (L, p)-ðåãóëÿðíà, p ∈ {0} ∪ N � ïîðÿäîê ïî-
ëþñà òî÷êè ∞ L-ðåçîëüâåíòû ìàòðèöû M , u : [0, τ ] → Rn, τ ∈ R+. Ðàñ-
ñìîòðèì ïðîñòðàíñòâî ñîñòîÿíèé χ = {x ∈ L2 ((0, τ) ,Rn) : ẋ ∈ L2 ((0, τ) ,Rn)},
ïðîñòðàíñòâî èçìåðåíèé U =

{
u ∈ L2 ((0, τ),Rn) : u(p+1) ∈ L2 ((0, τ),Rn)

}
è

ïðîñòðàíñòâî íàáëþäåíèé Y = C[χ]. Âûäåëèì â U êîìïàêòíîå âûïóêëîå ïîäìíîæåñòâî U∂

� ìíîæåñòâî äîïóñòèìûõ èçìåðåíèé. Â êà÷åñòâå äîïóñòèìûõ èçìåðåíèé ðàññìàòðèâàþòñÿ
òàêèå, ÷òî

p+1∑
q=0

τ∫
0

∥∥∥u(q)(t)∥∥∥2 dt ≤ d,

ãäå d = const � ïðåäåëüíî äîïóñòèìîå çíà÷åíèå âåêòîð-ôóíêöèè èçìåðåíèé. Òðåáóåòñÿ íàéòè
âåêòîð-ôóíêöèþ v ∈ U∂ , ìèíèìèçèðóþùóþ çíà÷åíèå ôóíêöèîíàëà

J(u) =

1∑
q=0

τ∫
0

∥∥∥Cx(q)(u, t)− y
(q)
0 (t)

∥∥∥2 dt, (14)

ò.å.
J(v) = min

u∈U∂

J(u), (15)

ïðè÷åì x(v) ∈ χ ïî÷òè âñþäó íà (0, τ) óäîâëåòâîðÿåò ñèñòåìå ëåîíòüåâñêîãî òèïà

Lẋ = Mx+Bu (16)

è ïðè íåêîòîðûõ x0 ∈ Rn, α ∈ ρL(M) � óñëîâèþ Øîóîëòåðà � Ñèäîðîâà[
(αL−M)−1 L

]p+1
(x(0)− x0) = 0. (17)
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ÎÁÇÎÐÍÛÅ ÑÒÀÒÜÈ

Çäåñü x = col (x1, . . . , xn) è ẋ = col (ẋ1, . . . , ẋn) � âåêòîð-ôóíêöèè ñîñòîÿíèÿ è ñêîðîñòè èçìå-
íåíèÿ ñîñòîÿíèÿ ÈÓ ñîîòâåòñòâåííî; y0(t) = col (y01(t), . . . , y0n(t)) � íàáëþäåíèå â ìîìåíòû
âðåìåíè t, ïîëó÷åííîå â õîäå íàòóðíîãî ýêñïåðèìåíòà; u = col (u1, . . . , un) � âåêòîð-ôóíêöèÿ
èçìåðåíèé; y = col (y1, . . . , yn) � âåêòîð-ôóíêöèÿ íàáëþäåíèé; n � ÷èñëî ïàðàìåòðîâ ñîñòî-
ÿíèé ñèñòåìû; B � êâàäðàòíàÿ ìàòðèöà ïîðÿäêà n, õàðàêòåðèçóþùàÿ âçàèìîâëèÿíèå ïàðà-
ìåòðîâ èçìåðåíèÿ; ìàòðèöû M è L õàðàêòåðèçóþò âçàèìîâëèÿíèå ñîñòîÿíèÿ è ñêîðîñòåé
ñîñòîÿíèÿ ÈÓ ñîîòâåòñòâåííî; ìàòðèöà C õàðàêòåðèçóåò ñâÿçü ìåæäó ñîñòîÿíèåì ñèñòåìû
è íàáëþäåíèåì; ∥ · ∥ � åâêëèäîâà íîðìà ïðîñòðàíñòâà Rn.

Òåîðåìà 2. Ïóñòü ìàòðèöà M (L, p)�ðåãóëÿðíà, p ∈ {0} ∪ N, τ ∈ R+, ïðè÷åì detM ̸= 0.
Òîãäà äëÿ ëþáûõ x0 ∈ Rn, y0 ∈ Y ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå (y, v) ∈ Y×U∂ çàäà÷è
(14) � (17), ãäå y = Cx, a x(t) îïðåäåëåí (11) ïðè f = Bu.

2. Êîíöåïöèè áåëîãî øóìà

Ïóñòü L, M � êâàäðàòíûå ìàòðèöû ïîðÿäêà n, ïðè÷åì detL = 0, à ïó÷îê L + λM
p-ðåãóëÿðåí. Ïðèâåäåì ñèñòåìó (1), âîñïîëüçîâàâøèñü èçâåñòíîé òåîðèåé Êðîíåêåðà � Âåé-
åðøòðàññà (ñì. íàïðèìåð [20], ãë.12), ê ýêâèâàëåíòíîé ñèñòåìå

L̃ ˙̃x = M̃x̃+ ỹ, (18)

ãäå ìàòðèöû L̃ = diag{Nν1 , Nν2 , . . . , Nνk , Il}, M̃ = diag{Im, S}, Nνj � æîðäàíîâû êëåòêè ïî-

ðÿäêà νj , j = 1, k, ñ íóëÿìè íà ãëàâíîé äèàãîíàëè; Il è Im � åäèíè÷íûå ìàòðèöû, l = n−m,

m =
k∑

j=1

νj ; S � êâàäðàòíàÿ ìàòðèöà ïîðÿäêà l. Â (18)m êîìïîíåíò âåêòîð-ôóíêöèé x̃ = x̃(t)

ñîîòâåòñòâóþò âûõîäíîìó ñèãíàëó, à îñòàëüíûå êîìïîíåíòû õàðàêòåðèçóþò ñîñòîÿíèå ÈÓ;
âåêòîð-ôóíêöèÿ ỹ = ỹ(t) ìîäåëèðóåò âõîäíîé ñèãíàë. Òî æå ñàìîå íåîáõîäèìî ñêàçàòü ïðî
èõ ïðîîáðàçû èç (1). Àëãîðèòì ñâåäåíèÿ (1) ê (18) â òåîðèè âûãëÿäèò î÷åíü ïðîñòûì, îäíà-
êî âåñüìà íåóñòîé÷èâ â ÷èñëåííîé ðåàëèçàöèè. Â îòëè÷èå îò ïðåäûäóùåãî ïàðàãðàôà, ãäå
âõîäíîé ñèãíàë äåòåðìèíèðîâàí, íåîáõîäèìî áûëî èçó÷èòü ìîäåëü Øåñòàêîâà � Ñâèðèäþêà
(18), ãäå íà âõîäå íå òîëüêî ïîëåçíûé ñèãíàë, íî è ÁØ.

Ïðèíÿòî ñ÷èòàòü, ÷òî èñòîðèÿ èçó÷åíèÿ ÁØ âîñõîäèò ê òåîðèè áðîóíîâñêîãî äâèæåíèÿ
À. Ýéíøòåéíà è Ì. Ñìîëóõîâñêîãî. Èç ýòîé òåîðèè ñëåäîâàëî, ÷òî ñìåùåíèå ÷àñòèöû â
áðîóíîâñêîì äâèæåíèè ïðîïîðöèîíàëüíî

√
t, ãäå t � âðåìÿ. Ïîýòîìó ñêîðîñòü ÷àñòèöû ïðî-

ïîðöèîíàëüíà (2
√
t)−1 è ïîýòîìó íå îïðåäåëåíà â ìîìåíò âðåìåíè t = 0. Ñëåäóþùèé øàã â

ýòîì íàïðàâëåíèè áûë ñäåëàí Í. Âèíåðîì, êîòîðûé ïðåäïîëîæèë, ÷òî ñìåùåíèå ÷àñòèöû
îïðåäåëÿåòñÿ ñëó÷àéíûì ïðîöåññîì, âïîñëåäñòâèè ïîëó÷èâøèì åãî èìÿ. Èòàê, âèíåðîâñêèì
íàçûâàåòñÿ ñëó÷àéíûé ïðîöåññ w(t), îáëàäàþùèé ñëåäóþùèìè ñâîéñòâàìè:

(w1) w(0) = 0 ïî÷òè íàâåðíîå (ï.í.), è âûáîðî÷íûå òðàåêòîðèè w(t) ï.í. íåïðåðûâíû;
(w2) ìàòåìàòè÷åñêîå îæèäàíèå E(w(t)) = 0, è àâòîêîððåëÿöèîííàÿ ôóíêöèÿ E((w(t)−

w(s))2) = |t− s|;
(w3) âûáîðî÷íûå òðàåêòîðèè w(t) ï.í. íåäèôôåðåíöèðóåìû ïðè âñåõ t ∈ [0,+∞) è íà

ëþáîì ñêîëü óãîäíî ìàëîì ïðîìåæóòêå èìåþò íåîãðàíè÷åííóþ âàðèàöèþ.
Îáû÷íî ïîä áåëûì øóìîì ïîíèìàþò îáîáùåííóþ ïðîèçâîäíóþ âèíåðîâñêîãî ïðîöåñ-

ñà (ò.ê. ≪îáû÷íîé≫ ïðîèçâîäíîé â ñèëó (w3) íå ñóùåñòâóåò). Èìåííî â òàêîì ñìûñëå ÁØ
âûñòóïàåò, íàïðèìåð, â ëèíåéíûõ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèÿõ âèäà

dx = (Sx+ y)dt+Aδw. (19)

Çäåñü â ïðàâîé ÷àñòè ñèìâîëîì δw îáîçíà÷åí îáîáùåííûé äèôôåðåíöèàë îò âèíåðîâñêîãî
ïðîöåññà w(t), ò.å. ÁØ. Ïåðâûì óðàâíåíèÿ âèäà (19) íà÷àë èçó÷àòü Ê. Èòî, çàòåì ê èñ-

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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ñëåäîâàíèÿì ïîäêëþ÷èëèñü Ð.Ë. Ñòðàòîíîâè÷ è À.À. Ñêîðîõîä. Èõ ïîäõîäû ðàçëè÷àþòñÿ,

ãëàâíûì îáðàçîì, â òðàêòîâêå èíòåãðàëà

∫ τ

0
Aδw(t), êîòîðûé âîçíèêàåò â ïðàâîé ÷àñòè (19)

ïîñëå èíòåãðèðîâàíèÿ. Â íàñòîÿùåå âðåìÿ äàííûé ïîäõîä ðàñïðîñòðàíåí è íà óðàâíåíèÿ â
÷àñòíûõ ïðîèçâîäíûõ. Êðîìå òîãî, â ïîñëåäíåå âðåìÿ â øêîëå È.Â. Ìåëüíèêîâîé ñëîæè-
ëîñü è àêòèâíî ðàçâèâàåòñÿ íîâîå íàïðàâëåíèå òåîðèè ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ
óðàâíåíèé. Çäåñü óðàâíåíèå (19) ïîíèìàåòñÿ â âèäå

ẋ = Sx+ y + ẇ, (20)

ãäå âñå ïðîèçâîäíûå ðàññìàòðèâàþòñÿ â ïðîñòðàíñòâå Øâàðöà. Òàêèì îáðàçîì, îáîáùåííàÿ
ïðîèçâîäíàÿ âèíåðîâñêîãî ïðîöåññà â ïðàâîé ÷àñòè (20) � àääèòèâíûé ÁØ.

Îòìåòèì åùå, ÷òî îáçîð ïîäõîäîâ Èòî � Ñòðàòîíîâè÷à � Ñêîðîõîäà è Ìåëüíèêîâîé �
Ôèëèíêîâà � Àëüøàíñêîãî ïðåäñòàâëåí â [14]. Îäíàêî èõ âðÿä ëè âîçìîæíî ïðèìåíèòü ê
èçó÷åíèþ óðàâíåíèé âèäà (1). Ïåðâûé ïîäõîä íå ïðèìåíèì ïîòîìó, ÷òî óðàâíåíèÿ (1) (èëè
â ýêâèâàëåíòíîé ôîðìå (18)) ðàçáèâàþòñÿ íà äâå ÷àñòè â ñèëó òåîðèè Êðîíåêåðà � Âåé-
åðøòðàññà; îäíó èç íèõ ìîæíî ðåøàòü èíòåãðèðîâàíèåì, êàê, íàïðèìåð (19), çàòî äðóãàÿ
ðåøàåòñÿ òîëüêî ìíîãîêðàòíûì äèôôåðåíöèðîâàíèåì, ÷òî äîñòàòî÷íî çàòðóäíèòåëüíî â
ñèëó ñâîéñòâà (w3). Âòîðîé ïîäõîä íå ïðèìåíèì èç-çà òîãî, ÷òî â òåîðèè îïòèìàëüíûõ èç-
ìåðåíèé ïðèõîäèòñÿ îïèðàòüñÿ íà òåîðèþ îïòèìàëüíîãî óïðàâëåíèÿ ðåøåíèÿìè óðàâíåíèé
âèäà (1), à îíà ñóùåñòâóåò ïîêà òîëüêî â ðàìêàõ ãèëüáåðòîâûõ ïðîñòðàíñòâ, è åå ðàñïðî-
ñòðàíåíèå íà ëîêàëüíî-âûïóêëûå ïðîñòðàíñòâà äî ñèõ ïîð íå îñóùåñòâëåíî.

À.Ë. Øåñòàêîâûì è Ã.À. Ñâèðèäþêîì áûëî ïðåäëîæåíî èñïîëüçîâàòü âìåñòî îáîáùåí-
íîé ïðîèçâîäíîé âèíåðîâñêîãî ïðîöåññà ïðîèçâîäíóþ â ñðåäíåì [14]. Îñíîâû òåîðèè òàêèõ
ïðîèçâîäíûõ çàëîæèë Î. Íåëüñîí [12], à ñàìó òåîðèþ äî åå íûíåøíåãî ñîñòîÿíèÿ ðàçâèë
Þ.Å. Ãëèêëèõ [13]. Îäíèì èç âàæíåéøèõ îáúåêòîâ ýòîé òåîðèè ÿâëÿåòñÿ ñèììåòðè÷åñêàÿ
ïðîèçâîäíàÿ â ñðåäíåì ñëó÷àéíîãî ïðîöåññà, íàçûâàåìàÿ åùå òåêóùåé ñêîðîñòüþ ýòîãî ïðî-
öåññà. Â äàëüíåéøåì êðàòêîñòè ðàäè èìåííî ýòó ïðîèçâîäíóþ áóäåì íàçûâàòü ïðîèçâîäíîé
Íåëüñîíà � Ãëèêëèõà. Áóäåì, èñïîëüçóÿ èõ îáîçíà÷åíèÿ, îáîçíà÷àòü ñèìâîëàìè DSw(t) ýòó
ïðîèçâîäíóþ âèíåðîâñêîãî ïðîöåññà w(t).

Îáñóäèì ïðåèìóùåñòâà òàêîé çàìåíû. Âî-ïåðâûõ, ïðîèçâîäíàÿ Íåëüñîíà � Ãëèêëèõà
â ñëó÷àå äåòåðìèíèðîâàííîãî (ò.å. íåñëó÷àéíîãî) ãëàäêîãî ïðîöåññà ñîâïàäàåò ñ ≪îáû÷-
íîé≫ ïðîèçâîäíîé òî÷íî òàê æå êàê îáîáùåííàÿ ïðîèçâîäíàÿ ñîâïàäàåò ñ ≪îáû÷íîé≫ ïðîèç-
âîäíîé ãëàäêîé ôóíêöèè. Âî-âòîðûõ, ïðîèçâîäíàÿ Íåëüñîíà � Ãëèêëèõà âèíåðîâñêîãî ïðî-
öåññà w(t) ïîñ÷èòàíà è èìååò ñëåäóþùèé âèä: Dsw(t) = (2t)−1w(t). Èìåííî ýòîò ñëó÷àéíûé
ïðîöåññ íàçâàí ≪áåëûì øóìîì≫(≪ÁØ≫), îáðàùàÿ âíèìàíèå íà êàâû÷êè. Êàê è îáîáùåí-
íàÿ ïðîèçâîäíàÿ âèíåðîâñêîãî ïðîöåññà, ýòîò ≪ÁØ≫ â ñèëó ñâîéñòâà (w2) èìååò íóëåâîå
ìàòåìàòè÷åñêîå îæèäàíèå. Íàêîíåö, â-òðåòüèõ, åñëè âèíåðîâñêèé ïðîöåññ w(t) ìîäåëèðóåò
ñìåùåíèå ÷àñòèöû â áðîóíîâñêîì äâèæåíèè, òî, ñîãëàñíî òåîðèè Ýéíøòåéíà � Ñìîëóõîâ-
ñêîãî, åãî âûáîðî÷íûå òðàåêòîðèè ï.í. ýêâèâàëåíòíû

√
t. Îòñþäà DSw(t) ï.í. ðàâíî (2

√
t)−1,

÷òî ïðîñòî-òàêè ñîâïàäàåò ñ ≪îáû÷íîé≫ ïðîèçâîäíîé áðîóíîâñêîãî äâèæåíèÿ.

3. Îñëàáëåííàÿ çàäà÷à Øîóîëòåðà � Ñèäîðîâà äëÿ óðàâíåíèé
ëåîíòüåâñêîãî òèïà ñ àääèòèâíûì ≪áåëûì øóìîì≫

Ïóñòü P(Iba×Ω) ≡ P(Iba×Ω;Rn) � ìíîæåñòâî ñëó÷àéíûõ ïðîöåññîâ ñî çíà÷åíèÿìè â Rn.
Ñëó÷àéíûé ïðîöåññ η ∈ P(Iba ×Ω) áóäåì îáîçíà÷àòü ñèìâîëàìè η = η(t), ñ÷èòàÿ åãî çàâèñè-
ìîñòü îò âòîðîé ïåðåìåííîé ω ∈ Ω, èìåþùåé ìåñòî ïî óìîë÷àíèþ. Ïðîèçâîäíóþ Íåëüñîíà �

Ãëèêëèõà DS (åñëè îíà ñóùåñòâóåò) ñëó÷àéíîãî ïðîöåññà η áóäåì îáîçíà÷àòü ñèìâîëîì
◦
η,

ò.å. DSη = DSη(t) =
◦
η=

◦
η (t). Ïîäìíîæåñòâî (ïðîñòðàíñòâî Ëåáåãà) ñëó÷àéíûõ ïðîöåññîâ
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P(Iba × Ω), èìåþùèõ ï.í. íåïðåðûâíî äèôôåðåíöèðóåìûå äî ïîðÿäêà k âêëþ÷èòåëüíî (â
ñìûñëå Íåëüñîíà � Ãëèêëèõà) òðàåêòîðèè, îáîçíà÷èì ÷åðåç Lk

q (I
b
a × Ω), k ∈ {0} ∪ N.

Äàëåå, ïóñòü L è M � êâàäðàòíûå ìàòðèöû ïîðÿäêà n, detL = 0, è ïó÷îê µL − M
p-ðåãóëÿðåí. Ðàññìîòðèì ñèñòåìó ëåîíòüåâñêîãî òèïà

L
◦
η= Mη+

◦
w, (21)

ãäå
◦
w= (2t)−1w(t) � ≪ÁØ≫. Ñëó÷àéíûé ïðîöåññ η ∈ L1

1((0, τ)× Ω) áóäåì íàçûâàòü ðåøåíè-
åì ñèñòåìû (21), åñëè ï.í. âñå åãî òðàåêòîðèè óäîâëåòâîðÿþò (21) ïðè âñåõ τ ∈ (0,+∞).
Îñëàáëåííîé (â ñìûñëå Ñ.Ã. Êðåéíà) çàäà÷åé Øîóîëòåðà � Ñèäîðîâà íàçîâåì ñëåäóþùóþ
íà÷àëüíóþ çàäà÷ó

lim
t→0+

[RL
α(M)]p+1(η(t)− ξ0) = 0, (22)

ãäå RL
α(M) = (αL − M)−1L � ïðàâàÿ L-ðåçîëüâåíòà ìàòðèöû M , α ∈ ρL(M) � L-

ðåçîëüâåíòíîå ìíîæåñòâî ìàòðèöû M . Îòìåòèì ñðàçó, ÷òî, ïîñêîëüêó ker[RL
α(M)]p+1 =

kerP , im[RL
α(M)]p+1 = imP , ãäå P =

1

2πi

∫
γ
RL

µ(M)dµ � ïðîåêòîð íà Rn, òî çàäà÷à (22)

ýêâèâàëåíòíà çàäà÷å
lim
t→0+

P (η(t)− ξ0) = 0. (23)

Èòàê, ðåøåíèå η = η(t) ñèñòåìû (21) áóäåì íàçûâàòü ðåøåíèåì çàäà÷è (21), (22) (èëè, ÷òî
ýêâèâàëåíòíî, � (21), (23)), åñëè îíî ï.í. óäîâëåòâîðÿåò (22).

Íàðÿäó ñ ïðîåêòîðîì P ââåäåì â ðàññìîòðåíèå ïðîåêòîð Q =
1

2πi

∫
γ
LL
µ(M)dµ, ãäå

LL
µ(M) = L(µL−M)−1 � ëåâàÿ L-ðåçîëüâåíòà ìàòðèöû M , à γ ∈ C êàê è âûøå � çàìêíóòûé

êîíòóð, îãðàíè÷èâàþùèé L-ñïåêòð σL(M) ìàòðèöû M .

Ëåììà 1. Ïóñòü ïó÷îê µL − M p-ðåãóëÿðåí, òîãäà dimkerP = dimkerQ, LP = QL,
MP = QM .

Ââèäó p-ðåãóëÿðíîñòè ïó÷êà µL − M ìîæíî, íå òåðÿÿ îáùíîñòè, ñ÷èòàòü detM ̸= 0.
Äåéñòâèòåëüíî, ñäåëàâ â (21) çàìåíó η(t) = ω(t)eαt, ãäå α ∈ ρL(M), ïðèäåì ê ñèñòåìå âèäà
(21), ïðè÷åì â ïðàâîé ÷àñòè áóäåò ìàòðèöà M ′ = M − αL. Î÷åâèäíî, detM ′ ̸= 0. Ïîñòðîèì
ìàòðèöó (In − P )M−1(In −Q)L(In − P ) ≡ H.

Ëåììà 2. Ïóñòü ïó÷îê µL−M p-ðåãóëÿðåí, detM ̸= 0, òîãäà ìàòðèöà H íèëüïîòåíòíà
ñòåïåíè íå âûøå p.

Ëåììà 3. Ïóñòü ïó÷îê µL −M p-ðåãóëÿðåí, òîãäà ñóùåñòâóåò êâàäðàòíàÿ ìàòðèöà Λ
ïîðÿäêà n òàêàÿ, ÷òî ΛQL = LPΛ = diag{Om, Il} ñ òî÷íîñòüþ äî ïåðåñòàíîâêè ñòðî÷åê,
ãäå m = dimkerP , l = n−m.

Ïîëîæèì S = ΛQM è ïîñòðîèì

etS =
1

2πi

∫
γ
RL

µ(M)eµtdµ.

Êàê íåòðóäíî âèäåòü, ñåìåéñòâî {etS : t ∈ R} îáðàçóåò ãðóïïó, ïðè÷åì åå åäèíèöà
etS |t=0 = P .

Òåîðåìà 3. Ïóñòü ïó÷îê µL−M p-ðåãóëÿðåí, detM ̸= 0. Òîãäà äëÿ ëþáûõ ξ0 ∈ V(Ω;Rn) è
τ ∈ (0,+∞) ñóùåñòâóåò ðåøåíèå η ∈ L1

1((0, τ) × Ω) çàäà÷è (21), (22), ïðè÷åì âñå ðåøåíèÿ
ï.í. èìåþò âèä

η(t) = −
p∑

k=0

HkM−1(In −Q)Dk
S

◦
w (t) + etSξ0 +

∫ t

0
e(t−s)SΛQ

◦
w (s)ds. (24)

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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Çäåñü H0 = In − P ïî ïîñòðîåíèþ, è η ∈ L1
1((0, τ) × Ω) ïðè âñåõ τ ∈ (0,+∞). Íåïî-

ñðåäñòâåííîé ïîäñòàíîâêîé óáåæäàåìñÿ, ÷òî (24) ÿâëÿåòñÿ ðåøåíèåì (21). Ïîñêîëüêó ïðè
äåéñòâèè ïðîåêòîðîì P íà ïåðâîå ñëàãàåìîå (â äåéñòâèòåëüíîñòè, � âû÷èòàåìîå) â (24) ìû
ïîëó÷àåì òîæäåñòâåííûé íóëü ïðè âñåõ t ∈ (0, τ), òî ÿñíî, ÷òî (23), à òåì ñàìûì è (22),
òîæå âûïîëíÿåòñÿ.

Ïðèìåð 1. Îäíà èç ïðîñòåéøèõ ìîäåëåé ÈÓ, ðàññìîòðåííàÿ â [4, 5], èìååò ïðèìåíèòåëüíî
ê ðàññìîòðåííîé çäåñü ñèòóàöèè ñëåäóþùèé âèä

◦
α= Aα+

◦
ω, β = Cα. (25)

Çäåñü ñëó÷àéíûé ïðîöåññ α = α(t) ìîäåëèðóåò ñîñòîÿíèå ÈÓ, ìàòðèöû A è C � åãî

óñòðîéñòâî, β = β(t) � íàáëþäàåìûé ïðîöåññ, â äàííîì ñëó÷àå, ≪ÁØ≫
◦
ω=

◦
ω (t). Ïîëîæèâ

η = (α1, . . . , αm, β1, . . . , βl), L = diag{Il,Om},

M =

(
A O
C −Im

)
,

ïðèäåì ê ñèñòåìå (21)
◦
w= (

◦
ω1, . . . ,

◦
ωl, 0, . . . , 0︸ ︷︷ ︸

l

). Êàê íåòðóäíî çàìåòèòü, âî-ïåðâûõ, detM ̸=

0, ïîñêîëüêó detM = (−1)m detA è detA ̸= 0 ïî ïîñòðîåíèþ. À âî-âòîðûõ, ïó÷îê µL −M
0-ðåãóëÿðåí. Ïðîåêòîðû Q = L,

P =

(
Il O
C Om

)
,

îïåðàòîð Λ = L, ãðóïïà ðàçðåøàþùèõ îïåðàòîðîâ

etM =

(
etA O
CetA Om

)
,

ãäå etA =
1

2πi

∫
γ

(µIl−A)−1eµtdµ, à êîíòóð γ îãðàíè÷èâàåò îáëàñòü, ñîäåðæàùóþ ñïåêòð σ(A)

ìàòðèöû A (êñòàòè ñêàçàòü, çäåñü σ(A) = σL(M)). Â ìîäåëè (25) èçó÷èì òîëüêî íàáëþäåíèå
β, è, êðîìå òîãî, ïî òåõíè÷åñêèì ïðè÷èíàì íà÷àëüíóþ ñëó÷àéíóþ âåëè÷èíó ξ0 (â (22), (23))
ìîæíî ïîëîæèòü ðàâíîé íóëþ ï.í.

Ñëåäñòâèå 1. Âñå íàáëþäåíèÿ â ìîäåëè (25) ï.í. äàþòñÿ ôîðìóëîé

β(t) = C

∫ t

0
e(t−s)A ◦

ω (s)ds, t ∈ R+. (26)

Îòñþäà âûòåêàþò äâà âàæíûõ âûâîäà: âî-ïåðâûõ, ñëó÷àéíûé ïðîöåññ íàáëþäåíèé
β(0) = 0 ï.í., è âî-âòîðûõ, òðàåêòîðèè β(t) ï.í. íåïðåðûâíû.

4. Ìíîãîòî÷å÷íîå íà÷àëüíî-êîíå÷íîå óñëîâèå äëÿ óðàâíåíèé
ñîáîëåâñêîãî òèïà ïåðâîãî ïîðÿäêà

Ïóñòü U è F � áàíàõîâû ïðîñòðàíñòâà, îïåðàòîðû L ∈ L(U;F) è M ∈ Cl(U;F), ïðè÷åì
îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí [7]. Ðàññìîòðèì ëèíåéíîå óðàâíåíèå ñîáîëåâñêîãî òèïà

Lu̇ = Mu+ f. (27)
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Êðîìå òîãî, ïóñòü âûïîëíåíî óñëîâèå íà îòíîñèòåëüíûé ñïåêòð îïåðàòîðà M

σL(M) =

n∪
j=0

σL
j (M), n ∈ N, ïðè÷åì σL

j (M) ̸= ∅, ñóùåñòâóåò

çàìêíóòûé êîíòóð γj ⊂ C è γj = ∂Dj , ãäå Dj ⊃ σL
j (M), ÷òî

Dj ∩ σL
0 (M) = ∅ è Dk ∩Dl = ∅ ïðè âñåõ j, k, l = 1, n, k ̸= l.

 (28)

Òîãäà ñóùåñòâóþò îòíîñèòåëüíî ñïåêòðàëüíûå ïðîåêòîðû P , Q (ñì. [21]), à òàêæå Pj , Qj ,
j = 1, n, [16], ïðè÷åì

Pj =
1

2πi

∫
γj

(µL−M)−1Ldµ, Qj =
1

2πi

∫
γj

L(µL−M)−1dµ, j = 1, n.

Ââåäåì â ðàññìîòðåíèå ïîäïðîñòðàíñòâà U1j = imPj , F
1j = imQj , j = 0, n. Ïîëîæèì P0 =

P −
n∑

j=1
Pj , P0 ∈ L(U) � ïðîåêòîð. Ïî ïîñòðîåíèþ U1 =

n⊕
j=0

U1j è F1 =
n⊕

j=0

F1j . ×åðåç L1j

îáîçíà÷èì ñóæåíèå îïåðàòîðà L íà U1j , j = 0, n, à ÷åðåç M1j îáîçíà÷èì ñóæåíèå îïåðàòîðà
M íà domM ∩ U1j , j = 0, n. Ïîñêîëüêó, êàê íåòðóäíî ïîêàçàòü, Pjφ ∈ dom M , åñëè φ ∈
dom M , òî îáëàñòü îïðåäåëåíèÿ dom M1j = dom M ∩ U1j ïëîòíà â U1j , j = 0, n.

Òåîðåìà 4. (Îáîáùåííàÿ ñïåêòðàëüíàÿ òåîðåìà) Ïóñòü îïåðàòîðû L ∈ L(U;F) è M ∈
Cl(U;F), à îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí, ïðè÷åì âûïîëíåíî óñëîâèå (28). Òîãäà

(i) îïåðàòîðû L1j ∈ L(U1j ;F1j), M1j ∈ L(U1j ;F1j), j = 0, n;
(ii) ñóùåñòâóþò îïåðàòîðû L−1

1j ∈ L(F1j ;U1j), j = 0, n.

Èòàê, ïóñòü âûïîëíåíî óñëîâèå (28), çàôèêñèðóåì τj ∈ R+, (τj < τj+1), uj ∈ U, j = 0, n,
âîçüìåì f ∈ C∞(R+;F), j = 0, n. Ðàññìîòðèì ìíîãîòî÷å÷íîå íà÷àëüíî-êîíå÷íîå óñëîâèå

Pj(u(τj)− uj) = 0, j = 0, n (29)

äëÿ óðàâíåíèÿ (27).

Îïðåäåëåíèå 1. Âåêòîð-ôóíêöèþ u ∈ C([0, τn];U)∩C1((0, τn);U), óäîâëåòâîðÿþùóþ óðàâ-
íåíèþ (27), íàçîâåì ðåøåíèåì ìíîãîòî÷å÷íîé íà÷àëüíî-êîíå÷íîé çàäà÷è (27), (29), åñëè
îíà óäîâëåòâîðÿåò óðàâíåíèþ (27), è óñëîâèÿì lim

t→τ0+
P0(u(t) − u0) = 0, Pj(u(τj) − uj) = 0,

j = 1, n.

Òåîðåìà 5. [16] Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí, ïðè÷åì âûïîëíåíî óñëîâèå (28).
Òîãäà äëÿ ëþáûõ âåêòîðîâ uj ∈ U, äëÿ ëþáûõ âåêòîð-ôóíêöèé f0 ∈ Cp+1((0, τ);F0), f1

j ∈
C([0, τn];F

1
j ), j = 1, n, ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ C([0, τn];U) ∩ C1((0, τn);U),

êîòîðîå ê òîìó æå èìååò âèä

u(t) = −
p∑

q=0

HqM−1
0

dq

dtq
f0(t) +

n∑
j=0

(
U

t−τj
j uτj −

∫ τ

t
Rt−s

1j f1
j (s)ds

)
. (30)

Îòìåòèì, íàêîíåö, ÷òî ìíîãèå ôèçè÷åñêèå, òåõíè÷åñêèå è òåõíîëîãè÷åñêèå ïðîöåññû è
ÿâëåíèÿ òàêèå, êàê, íàïðèìåð, ïëîñêîïàðàëëåëüíàÿ òåðìîêîíâåêöèÿ âÿçêîóïðóãîé íåñæè-
ìàåìîé æèäêîñòè, ìîäåëèðóþòñÿ óðàâíåíèÿìè ñîáîëåâñêîãî òèïà (27). Ïðè ýòîì âîçíèêàåò
íåîáõîäèìîñòü îñóùåñòâëÿòü ìíîãî÷èñëåííûå íàáëþäåíèÿ èçó÷àåìûõ ïðîöåññîâ è ÿâëåíèé
ñ ðàçëè÷íûõ òî÷åê è â ðàçëè÷íûå ìîìåíòû âðåìåíè. Íàïðèìåð, â öåëÿõ ïðåäîòâðàùåíèÿ
àâàðèéíûõ ñèòóàöèé, íåîáõîäèìî â ðàçëè÷íûå ìîìåíòû âðåìåíè îòñëåæèâàòü âûïîëíåíèå

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2015. Ò. 8, � 2. Ñ. 5�23
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òåõíîëîãèè â ðàçëè÷íûõ òî÷êàõ ïðè îáåñïå÷åíèè íåïðåðûâíîñòè ïðîöåññà òåðìîêîíâåêöèè.
Ïîëó÷åííûå ðå çóëüòàòû íàáëþäåíèé ïîçâîëÿþò, ðåøèâ ìíîãîòî÷å÷íóþ íà÷àëüíî-êîíå÷íóþ
çàäà÷ó (27), (29), âîññòàíîâèòü ïàðàìåòðû èçó÷àåìûõ ïðîöåññîâ [3, 16].

5. Îïòèìàëüíîå óïðàâëåíèå ðåøåíèÿìè íà÷àëüíî-êîíå÷íîé
çàäà÷è äëÿ óðàâíåíèÿ ñîáîëåâñêîãî òèïà ïåðâîãî ïîðÿäêà

Ïóñòü X, Y, U � ãèëüáåðòîâû ïðîñòðàíñòâà, îïåðàòîðû L,M ∈ L(X,Y), ïðè÷åì îïåðàòîð
M (L, p)-îãðàíè÷åí, à îïåðàòîð B ∈ L(U;Y). Äëÿ óðàâíåíèÿ ñîáîëåâñêîãî òèïà

Lẋ = Mx+ y +Bu (31)

ðàññìîòðåíà íà÷àëüíî-êîíå÷íàÿ çàäà÷à [3, 18],

Pin(x(0)− x0) = 0, Pfin(x(τ)− xτ ) = 0, (32)

ãäå τ ∈ R+ (äëÿ îïðåäåëåííîñòè, âîîáùå ìîæíî τ ∈ R\{0}), x0, xτ ∈ X. Çàäà÷à îïòèìàëüíîãî
óïðàâëåíèÿ ðåøåíèÿìè çàäà÷è (31), (32), çàêëþ÷àåòñÿ â îòûñêàíèè òàêîé ïàðû (x̂, û) ∈
X× Uad, äëÿ êîòîðîé âûïîëíÿåòñÿ ñîîòíîøåíèå

J(x̂, û) = inf
(x,u)∈X×Uad

J(x, u). (33)

Çäåñü J(x, u) � íåêîòîðûé ñïåöèàëüíûì îáðàçîì ïîñòðîåííûé ôóíêöèîíàë êà÷åñòâà; óïðàâ-
ëåíèå u ∈ Uad, ãäå Uad � íåêîòîðîå çàìêíóòîå è âûïóêëîå ìíîæåñòâî â ïðîñòðàíñòâå óïðàâ-
ëåíèé U, à âñå x ∈ X � ðåøåíèÿ çàäà÷è (31), (32). Òàêèì îáðàçîì, îïòèìàëüíîå óïðàâëåíèå
ðåøåíèÿìè çàäà÷è (31) � (33) äàåò âîçìîæíîñòü ìèíèìèçèðîâàòü øòðàôíûå ñàíêöèè.

Îïðåäåëåíèå 2. Âåêòîð-ôóíêöèþ x ∈ H1(X) = {x ∈ L2(0, τ ;X) : ẋ ∈ L2(0, τ ;X)} íàçîâåì
ñèëüíûì ðåøåíèåì óðàâíåíèÿ

Lẋ = Mx+ y, (34)

åñëè îíà ï. â. íà (0, τ) îáðàùàåò åãî â òîæäåñòâî. Ñèëüíîå ðåøåíèå x = x(t) óðàâíåíèÿ
(34) íàçîâåì ñèëüíûì ðåøåíèåì íà÷àëüíî-êîíå÷íîé çàäà÷è, åñëè îíî óäîâëåòâîðÿåò (32)
(ñì. [22]).

Â ñèëó íåïðåðûâíîñòè âëîæåíèÿ H1(X) ↪→ C([0, τ ];X) ýòî îïðåäåëåíèå êîððåêòíî. Òåð-
ìèí ≪ñèëüíîå ðåøåíèå≫ ââåäåí äëÿ òîãî, ÷òîáû îòëè÷àòü ðåøåíèå óðàâíåíèÿ (34) â äàííîì
ñìûñëå îò ðåøåíèÿ (30), ïðåäñòàâëåííîãî â ïðåäûäóùåì ïàðàãðàôå, êîòîðîå òåïåðü óìåñòíî
íàçûâàòü ≪êëàññè÷åñêèì≫. Çàìåòèì, ÷òî êëàññè÷åñêîå ðåøåíèå ÿâëÿåòñÿ òàêæå è ñèëüíûì
ðåøåíèåì çàäà÷è (32), (34).

Áûëà äîêàçàíà [23] ñëåäóþùàÿ

Òåîðåìà 6. Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí, p ∈ {0} ∪ N. Òîãäà ñóùåñòâóåò åäèí-
ñòâåííîå ñèëüíîå ðåøåíèå çàäà÷è (32), (34) äëÿ ëþáûõ x0, xτ ∈ X è f ∈ Hp+1(Y) =

=

v ∈ L2(0, τ ;Y) : v(p+1) ∈ L2(0, τ ;Y), p ∈ {0} ∪ N; [v, w] =
p+1∑
q=0

τ∫
0

⟨
v(q), w(q)

⟩
Y
dt

.

Ïîëó÷åííûé ðåçóëüòàò áûë èñïîëüçîâàí äëÿ ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ
(31), (32). Ââåäåì â ðàññìîòðåíèå ïðîñòðàíñòâî óïðàâëåíèé

Hp+1(U) = {u ∈ L2(0, τ ;U) : u
(p+1) ∈ L2(0, τ ;U), p ∈ {0} ∪ N}.

14 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2015, vol. 8, no. 2, pp. 5�23



ÎÁÇÎÐÍÛÅ ÑÒÀÒÜÈ

Ïðîñòðàíñòâî Hp+1(U) ãèëüáåðòîâî, â ñèëó ãèëüáåðòîâîñòè U, ñî ñêàëÿðíûì ïðîèçâåäåíèåì

[v, w] =

p+1∑
q=0

∫ τ

0

⟨
v(q), w(q)

⟩
U
dt.

Âûäåëèì â ïðîñòðàíñòâå Hp+1(U) çàìêíóòîå è âûïóêëîå ïîäìíîæåñòâî Hp+1
∂ (U) � ìíîæå-

ñòâî äîïóñòèìûõ óïðàâëåíèé. Ââåäåì â ðàññìîòðåíèå Z � íåêîòîðîå ãèëüáåðòîâî ïðîñòðàí-
ñòâî íàáëþäåíèé è îïåðàòîð C ∈ L(X;Z), çàäàþùèé íàáëþäåíèå z(t) = Cx(t). Çàìåòèì, ÷òî
åñëè x ∈ H1(X), òî z ∈ H1(Z).

Îïðåäåëåíèå 3. Âåêòîð-ôóíêöèþ û ∈ Hp+1
∂ (U) íàçîâåì îïòèìàëüíûì óïðàâëåíèåì ðåøå-

íèÿìè çàäà÷è (31), (32), åñëè âûïîëíåíî (33), ãäå âñå x ∈ X � ðåøåíèÿ çàäà÷è (31), (32).

Äîêàçàíî ñóùåñòâîâàíèå åäèíñòâåííîãî óïðàâëåíèÿ û ∈ Hp+1
∂ (U), ìèíèìèçèðóþùåãî

ôóíêöèîíàë ñòîèìîñòè

J(x, u) =

1∑
q=0

∫ τ

0
∥z(q) − z

(q)
0 ∥2Zdt+

p+1∑
q=0

τ∫
0

⟨
Nqu

(q), u(q)
⟩
U
dt, (35)

ãäå Nq ∈ L(U), q = 0, 1, . . ., p + 1, � ñàìîñîïðÿæåííûå è ïîëîæèòåëüíî îïðåäåëåííûå
îïåðàòîðû, z0 = z0(t) � æåëàåìîå íàáëþäåíèå. Ñïðàâåäëèâà

Òåîðåìà 7. Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí, p ∈ {0}∪N. Òîãäà äëÿ ëþáûõ y ∈ Hp+1(Y),
x0, xτ ∈ X ñóùåñòâóåò åäèíñòâåííîå îïòèìàëüíîå óïðàâëåíèå ðåøåíèÿìè çàäà÷è (31),
(32).

Â ñëó÷àå p = 0 ñïðàâåäëèâî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ îïòè-
ìàëüíîãî óïðàâëåíèÿ

Òåîðåìà 8. Ïóñòü îïåðàòîð M (L, 0)-îãðàíè÷åí. Òîãäà ïðè ëþáûõ y ∈ H1(Y) è x ∈ H1(X)
îïòèìàëüíîå óïðàâëåíèå û ∈ H1

∂(U) äëÿ çàäà÷è (31), (32) õàðàêòåðèçóåòñÿ ñîîòíîøåíè-
ÿìè −L∗ξ̇ = M∗ξ + C∗Λ(Cx(t, u) − z0), P ∗

inξ(τ) = 0, P ∗
finξ(0) = 0, è äëÿ âñåõ u ∈ H1

∂(U)
âûïîëíÿåòñÿ íåðàâåíñòâî

⟨
Λ−1
U B∗ξ(t, û), u(t)− û(t)

⟩
H1(Z)

+

1∑
q=0

τ∫
0

⟨
Nqû

(q)(t), u(q)(t)− û(q)(t)
⟩
U
≥ 0,

ãäå x(t, û) ∈ H1(X), ξ(t, û) ∈ H1(Y∗).

Ïîä÷åðêíåì, ÷òî òàêæå áûëî äîêàçàíî ñóùåñòâîâàíèå åäèíñòâåííîãî ñèëüíîãî ðåøåíèÿ
íà÷àëüíî-êîíå÷íîé çàäà÷è äëÿ ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà â ñëó-
÷àå îòíîñèòåëüíî p-ñåêòîðèàëüíîãî îïåðàòîðà, ñóùåñòâîâàíèå åäèíñòâåííîãî îïòèìàëüíîãî
óïðàâëåíèÿ ðåøåíèÿìè ðàññìàòðèâàåìîé çàäà÷è è ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ îïòè-
ìàëüíîñòè óïðàâëåíèÿ â ýòîì ñëó÷àå. Àáñòðàêòíûå òåîðåòè÷åñêèå ðåçóëüòàòû ïðèìåíåíû
â èññëåäîâàíèÿõ îïòèìàëüíîãî óïðàâëåíèÿ â ìîäåëÿõ ïðîöåññîâ, îïèñûâàåìûõ ëèíåéíû-
ìè óðàâíåíèÿìè Õîôôà [15] è Äçåêöåðà [24], çàäàííûìè íà ãðàôå ñ íà÷àëüíî-êîíå÷íûìè
óñëîâèÿìè. Ðàçðàáîòàí è ðåàëèçîâàí ñ ïîìîùüþ êîìïëåêñà ïðîãðàìì äëÿ ÝÂÌ àëãîðèòì
÷èñëåííîãî ìåòîäà ðåøåíèÿ ïîñòàâëåííûõ çàäà÷.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2015. Ò. 8, � 2. Ñ. 5�23
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6. Çàäà÷à Øîóîëòåðà � Ñèäîðîâà äëÿ óðàâíåíèÿ ñîáîëåâñêîãî
òèïà âòîðîãî ïîðÿäêà

Ïóñòü X, Y � ãèëüáåðòîâû ïðîñòðàíñòâà, îïåðàòîðû A,B1, B0 ∈ L(X;Y), C ∈ L(U;Y),
ïðè÷åì ïó÷îê B⃗ îïåðàòîðîâ B1, B0 ÿâëÿåòñÿ (A, p)-îãðàíè÷åííûì. Äëÿ ëèíåéíîãî íåîäíî-
ðîäíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà âòîðîãî ïîðÿäêà

Aẍ = B1ẋ+B0x+ y (36)

ðàññìîòðèì çàäà÷ó Øîóîëòåðà � Ñèäîðîâà

P (x(0)− x0) = 0, P (ẋ(0)− x1) = 0, (37)

ãäå

P =
1

2πi

∫
γ

RA
µ (B⃗)µAdµ ∈ X− ïðîåêòîð.

Èìååò ìåñòî îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è Øîóîëòåðà � Ñèäîðîâà (37) äëÿ óðàâ-
íåíèÿ (36)

Òåîðåìà 9. [17] Ïóñòü ïó÷îê îïåðàòîðîâ B⃗ ÿâëÿåòñÿ (A, p)-îãðàíè÷åííûì. Òîãäà äëÿ ëþ-
áûõ x0, x1 ∈ X è âåêòîð-ôóíêöèè y ∈ Cp+2((−T, T );Y) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå
x ∈ C2((−T, T );X) çàäà÷è (36), (37) âèäà

x(t) = −
p∑

q=0

K2
q (B

0
0)

−1 dq

dtq
(I−Q)y(t) +M1(t)Px0 +N1(t)Px1 +

t∫
0

N(t− s)(A1)−1Qy(s) ds,

ãäå M1(t), N1(t) � ñóæåíèÿ âûðîæäåííûõ M - è N -ôóíêöèé íà ïîäïðîñòðàíñòâî X1 [25].

Îïðåäåëåíèå 4. Âåêòîð-ôóíêöèþ x ∈ H2(X) = {x ∈ L2(0, τ ;X) : ẍ ∈ L2(0, τ ;X)} íàçîâåì
ñèëüíûì ðåøåíèåì óðàâíåíèÿ (36), åñëè îíà ï.â. íà ïðîìåæóòêå (0, τ) îáðàùàåò åãî â òîæ-
äåñòâî. Ñèëüíîå ðåøåíèå x = x(t) óðàâíåíèÿ (36) íàçîâåì ñèëüíûì ðåøåíèåì çàäà÷è (36),
(37), åñëè îíî óäîâëåòâîðÿåò óñëîâèÿì (37).

Òåîðåìà 10. Ïóñòü ïó÷îê îïåðàòîðîâ B⃗ ÿâëÿåòñÿ (A, p)-îãðàíè÷åííûì, p ∈ {0}∪N. Òîãäà
ñóùåñòâóåò åäèíñòâåííîå ñèëüíîå ðåøåíèå çàäà÷è (36), (37) äëÿ ëþáûõ x0, x1 ∈ X è

y∈Hp+2(Y)=

v ∈ L2(0, τ ;Y) : v(p+2) ∈L2(0, τ ;Y), p ∈ {0} ∪ N; [v, w] =
p+2∑
q=0

τ∫
0

⟨v(q), w(q)⟩Ydt

.

Ïîëó÷åííûå ðåçóëüòàòû áûëè ïðèìåíåíû äëÿ ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ
ðåøåíèÿìè çàäà÷è Øîóîëòåðà � Ñèäîðîâà (37) äëÿ óðàâíåíèÿ

Aẍ = B1ẋ+B0x+ y + Cu. (38)

Çäåñü çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ çàêëþ÷àåòñÿ â îòûñêàíèè ïàðû (x̂, û), äëÿ êîòîðîé
âûïîëíÿåòñÿ ñîîòíîøåíèå

J(x̂, û) = inf
(x,u)∈X×Uad

J(x, u), (39)

ãäå ôóíêöèîíàë êà÷åñòâà çàäàåòñÿ ñëåäóþùèì îáðàçîì:

J(x, u) =

2∑
q=0

τ∫
0

∥x(q) − x̃(q)∥2 dt+
p+2∑
q=0

τ∫
0

⟨Nqu
(q), u(q)⟩U dt. (40)
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Çäåñü Nq ∈ L(U), q = 0, 1, . . . , p + 2, � ñàìîñîïðÿæåííûå è ïîëîæèòåëüíî îïðåäåëåííûå
îïåðàòîðû, x̃(t) � ïëàíîâîå ñîñòîÿíèå ñèñòåìû. Óïðàâëåíèå u ïðèíàäëåæèò Uad, ãäå Uad �
íåêîòîðîå çàìêíóòîå è âûïóêëîå ìíîæåñòâî â ïðîñòðàíñòâå óïðàâëåíèé U, à x ∈ X � ðåøåíèå
çàäà÷è (37), (38).

Ââåäåì â ðàññìîòðåíèå ãèëüáåðòîâî (â ñèëó ãèëüáåðòîâîñòè ïðîñòðàíñòâà U) ïðîñòðàí-
ñòâî óïðàâëåíèé

Hp+2(U) = {u ∈ L2(0, τ ;U) : u(p+2) ∈ L2(0, τ ;U), p ∈ {0} ∪ N}

ñî ñêàëÿðíûì ïðîèçâåäåíèåì [v, w] =

p+2∑
q=0

τ∫
0

⟨v(q), w(q)⟩U dt. Âûäåëèì â ïðîñòðàíñòâå Hp+2(U)

çàìêíóòîå è âûïóêëîå ïîäìíîæåñòâî Hp+2
∂ (U)� ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé.

Îïðåäåëåíèå 5. Âåêòîð-ôóíêöèþ û ∈ Hp+2
∂ (U) íàçîâåì îïòèìàëüíûì óïðàâëåíèåì ðå-

øåíèÿìè çàäà÷è (36), (37), åñëè âûïîëíåíî ñîîòíîøåíèå (39).

Òåîðåìà 11. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 10. Òîãäà äëÿ ëþáûõ x0, x1 ∈ X è y ∈
Hp+2(Y) ñóùåñòâóåò åäèíñòâåííîå îïòèìàëüíîå óïðàâëåíèå ðåøåíèÿìè çàäà÷è (37) äëÿ
óðàâíåíèÿ (38).

Ïîìèìî åäèíñòâåííîñòè îïòèìàëüíîãî óïðàâëåíèÿ ðåøåíèÿìè çàäà÷è (37) äëÿ óðàâíå-
íèÿ (38) íàéäåíî ñëåäóþùåå íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå: óïðàâëåíèå û ∈ Hp+2

∂ (U)

îïòèìàëüíî òîãäà è òîëüêî òîãäà, êîãäà J ′(û)(u− û) ≥ 0, u ∈ Hp+2
∂ (U), ò.å. äëÿ ôóíêöèîíàëà

(40) âûïîëíÿåòñÿ ñîîòíîøåíèå ⟨x(t, û)− x̃, x(t, u)−x(t, û)⟩H2(X)+ [û, u− û] ≥ 0, u ∈ Hp+2
∂ (U),

ãäå [û, u− û] =
p+2∑
q=0

τ∫
0

⟨Nqû
(q)(t), u(q)(t)− û(q)(t)⟩U dt � áèëèíåéíàÿ íåïðåðûâíàÿ êîýðöèòèâíàÿ

ôîðìà íà Hp+2(U).

Òåîðåìà 12. Ïóñòü ïó÷îê îïåðàòîðîâ B⃗ ÿâëÿåòñÿ (A, 0)-îãðàíè÷åííûì. Òîãäà ïðè ëþáûõ
y ∈ H2(Y) è x̃ ∈ H2(X) îïòèìàëüíîå óïðàâëåíèå û ∈ H2

∂(U) äëÿ çàäà÷è (38), (37), (40)
óäîâëåòâîðÿåò íåðàâåíñòâó

⟨Λ−1
U C∗ξ(t, û), u(t)− û(t)⟩H2(U) +

2∑
q=0

τ∫
0

⟨Nqû
(q)(t), u(q)(t)− û(q)(t)⟩U ≥ 0, u ∈ H2

∂(U),

ãäå ξ(t, û) ∈ H2(Y∗) � ðåøåíèå çàäà÷è A∗ξ̈ = −(B1)
∗ξ̇ + (B0)

∗ξ + (x(t, u) − x̃), P ∗(ξ(τ)) = 0,
P ∗(ξ̇(τ)) = 0.

7. Îïòèìàëüíîå óïðàâëåíèå ðåøåíèÿìè íà÷àëüíî-êîíå÷íîé
çàäà÷è äëÿ óðàâíåíèÿ ñîáîëåâñêîãî òèïà âòîðîãî ïîðÿäêà

Ïóñòü X è Y, U � ãèëüáåðòîâû ïðîñòðàíñòâà, îïåðàòîðû A,B1, B0 ∈ L(X;Y), C ∈
L(U;Y), ôóíêöèè u : [0, τ) ⊂ R+ → U, y : [0, τ) ⊂ R+ → Y (τ < ∞).

Aẍ = B1ẋ+B0x+ y + Cu. (41)

Ðàññìîòðèì íà÷àëüíî-êîíå÷íóþ çàäà÷ó

Pin(ẋ(0)− x01) = 0, Pin(x(0)− x00) = 0;
Pfin(ẋ(τ)− xτ1) = 0, Pfin(x(τ)− xτ0) = 0;

(42)
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çäåñü Pin(fin) � íåêîòîðûå ïðîåêòîðû â ïðîñòðàíñòâå X. Íàñ áóäåò èíòåðåñîâàòü çàäà÷à îïòè-
ìàëüíîãî óïðàâëåíèÿ, êîòîðàÿ çàêëþ÷àåòñÿ â îòûñêàíèè ïàðû (x̂, û), ãäå x̂ � ðåøåíèå çàäà÷è
(41), (42), à û ∈ Uad � óïðàâëåíèå, äëÿ êîòîðîãî âûïîëíÿåòñÿ ñîîòíîøåíèå

J(x̂, û) = min
(x,u)∈X×Uad

J(x, u). (43)

Çäåñü J(x, u) � íåêîòîðûé ñïåöèàëüíûì îáðàçîì ïîñòðîåííûé ôóíêöèîíàë êà÷åñòâà, Uad �
íåêîòîðîå çàìêíóòîå è âûïóêëîå ìíîæåñòâî â ïðîñòðàíñòâå óïðàâëåíèé U.

Äëÿ íà÷àëà ðàññìîòðèì ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå ñîáîëåâñêîãî òèïà âòîðîãî
ïîðÿäêà

Aẍ = B1ẋ+B0x+ y. (44)

Ïóñòü âûïîëíÿåòñÿ óñëîâèå∫
γ

RA
µ (B⃗) dµ ≡ O, γ = {µ ∈ C : |µ| = r > a}. (A)

Ëåììà 4. [25] Ïóñòü ïó÷îê B⃗ ïîëèíîìèàëüíî A-îãðàíè÷åí, è âûïîëíåíî óñëîâèå (A). Òîãäà

îïåðàòîðû P =
1

2πi

∫
γ

RA
µ (B⃗)µAdµ, Q =

1

2πi

∫
γ

µARA
µ (B⃗) dµ � ïðîåêòîðû â ïðîñòðàíñòâàõ

X è Y ñîîòâåòñòâåííî.

Åñëè ïó÷îê B⃗ ïîëèíîìèàëüíî A-îãðàíè÷åí, è âûïîëíåíî óñëîâèå (À), òî ñóùåñòâó-
åò åäèíñòâåííîå ñåìåéñòâî âûðîæäåííûõ M,N -ôóíêöèé îäíîðîäíîãî óðàâíåíèÿ (44) [25].
Ïóñòü òåïåðü âûïîëíåíû óñëîâèÿ

A-ñïåêòð ïó÷êà B⃗ σA(B⃗) = σA
0 (B⃗)

∪
σA
1 (B⃗), ïðè÷åì σA

k (B⃗) ̸= ∅, k = 0, 1;
è ñóùåñòâóåò êîíòóð γ0 ⊂ C, îãðàíè÷èâàþùèé îáëàñòü Γ0 ⊂ C òàêóþ,

÷òî Γ0
∩

σA
0 (B⃗) = σA

0 (B⃗), Γ0
∩

σA
1 (B⃗) = ∅;

(B)

è ∫
γ0

RA
µ (B⃗)dµ = O. (A0)

Òîãäà ñóùåñòâóþò îòíîñèòåëüíî ñïåêòðàëüíûå ïðîåêòîðû Pfin =
1

2πi

∫
γ0

µRA
µ (B⃗)Adµ ∈

L(X), Pin = P − Pfin. Âîçüìåì ïðîèçâîëüíûå âåêòîðû x00, x01, xτ0 , xτ1 ∈ X.

Îïðåäåëåíèå 6. Ðåøåíèå x = x(t) óðàâíåíèÿ (44) íàçîâåì ðåøåíèåì íà÷àëüíî-êîíå÷íîé
çàäà÷è äëÿ óðàâíåíèÿ (44), åñëè îíî óäîâëåòâîðÿåò óñëîâèÿì (42).

Òåîðåìà 13. Ïóñòü ïó÷îê B⃗ (A, p)-îãðàíè÷åí, è âûïîëíåíû óñëîâèÿ (A), (B), (A0). Òîãäà
äëÿ ëþáûõ τ ∈ R, x0k, xτk ∈ X, k = 0, 1, âåêòîð-ôóíêöèè y = y(t), t ∈ [0, τ ], òàêîé, ÷òî
y0 = (I −Q)y ∈ Cp+1([0, τ ];Y0)∩Cp+2((0, τ ];Y0), yfin = Qfiny ∈ C([0, τ ];Yfin), yin = Qiny ∈
C([0, τ ];Yin) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå x = x(t) çàäà÷è (42), (44), êîòîðîå ê òîìó
æå èìååò ñëåäóþùèé âèä:

x(t) = −
p∑

q=0

K2
q (B

0
0)

−1 dq

dtq
y0(t) +M t−τ

fin xτ0 +M t
inx

0
0+

+N t−τ
fin xτ1 +N t

inx
0
1 +

∫ t

0
N t−s

in yin(s)ds−
∫ τ

t
N t−s

fin y
fin(s)ds,

(45)
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ãäå N t
fin =

1

2πi

∫
γ0

RA
µ (B⃗)Aeµtdµ, t ∈ R, M t

fin =
1

2πi

∫
γ0

RA
µ (B⃗)(µA−B1)e

µtdµ, t ∈ R � ïðîïàãà-

òîðû óðàâíåíèÿ (44).

Íåîáõîäèìî îòìåòèòü, ÷òî êðîìå ýòîãî áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ îäíî-
çíà÷íîé ðàçðåøèìîñòè íà÷àëüíî-êîíå÷íîé çàäà÷è (8) äëÿ ëèíåéíûõ ïîëíûõ óðàâíåíèé ñî-
áîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà (6) ñ îòíîñèòåëüíî p-îãðàíè÷åííûì, îòíîñèòåëüíî p-
ñåêòîðèàëüíûì îïåðàòîðîì, îòíîñèòåëüíî ïîëèíîìèàëüíî îãðàíè÷åííûì îïåðàòîðíûì ïó÷-
êîì, ïðè÷åì ðåçóëüòàòû ëåãëè â îñíîâó ÷èñëåííûõ ìåòîäîâ. Ïîëó÷åííûå àáñòðàêòíûå ðå-
çóëüòàòû áûëè èñïîëüçîâàíû â èññëåäîâàíèÿõ ìîäåëåé ñîáîëåâñêîãî òèïà âûñîêîãî ïîðÿäêà,
âîçíèêàþùèõ â ãèäðîäèíàìèêå, ýëåêòðîäèíàìèêå, ãåîëîãèè, áèîèíæåíåðèè.

Îïðåäåëåíèå 7. Âåêòîð-ôóíêöèþ x ∈ H2(X) íàçîâåì ñèëüíûì ðåøåíèåì óðàâíåíèÿ (44),
åñëè îíà ï. â. íà (0, τ) îáðàùàåò åãî â òîæäåñòâî. Ñèëüíîå ðåøåíèå x = x(t) óðàâíåíèÿ
(44) íàçîâåì ñèëüíûì ðåøåíèåì çàäà÷è (42),(44), åñëè îíî óäîâëåòâîðÿåò (42).

Â ñèëó íåïðåðûâíîñòè âëîæåíèÿ H2(X) ↪→ C1([0, τ ];X) íàøå îïðåäåëåíèå êîððåêòíî.
Òåðìèí ≪ñèëüíîå ðåøåíèå≫ ââåäåí äëÿ òîãî, ÷òîáû îòëè÷àòü ðåøåíèå óðàâíåíèÿ (44) â
äàííîì ñìûñëå îò ðåøåíèÿ (45), êîòîðîå îáû÷íî íàçûâàþò ≪êëàññè÷åñêèì≫. Çàìåòèì, ÷òî
êëàññè÷åñêîå ðåøåíèå (45) ÿâëÿåòñÿ òàêæå è ñèëüíûì ðåøåíèåì çàäà÷è (42), (44).

Òåîðåìà 14. Ïóñòü ïó÷îê îïåðàòîðîâ B⃗ (A, p)-îãðàíè÷åí, p ∈ {0}∪N, âûïîëíåíû óñëîâèÿ
(A), (B), (A0). Òîãäà äëÿ ëþáûõ x0k, x

τ
k ∈ X, k = 0, 1 è y ∈ Hp+2(Y) ñóùåñòâóåò åäèíñòâåííîå

ñèëüíîå ðåøåíèå çàäà÷è (42) äëÿ óðàâíåíèÿ (44).

Âûäåëèì â ïðîñòðàíñòâå Hp+2(U) çàìêíóòîå è âûïóêëîå ïîäìíîæåñòâî Uad = Hp+2
∂ (U)�

ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé.

Îïðåäåëåíèå 8. Âåêòîð-ôóíêöèþ û ∈ Hp+2
∂ (U) íàçîâåì îïòèìàëüíûì óïðàâëåíèåì ðå-

øåíèÿìè çàäà÷è (41), (42), åñëè âûïîëíåíî ñîîòíîøåíèå (43).

Íàøåé öåëüþ ÿâëÿåòñÿ äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ åäèíñòâåííîãî óïðàâëåíèÿ û ∈
Hp+2

∂ (U), ìèíèìèçèðóþùåãî ôóíêöèîíàë êà÷åñòâà

J(x, u) =
2∑

q=0

∫ τ

0
||x(q) − x̃(q)||2dt+

p+2∑
q=0

∫ τ

0

⟨
Nqu

(q), u(q)
⟩
U
dt. (46)

Çäåñü Nq ∈ L(U), q = 0, 1, . . ., p + 2, � ñàìîñîïðÿæåííûå è ïîëîæèòåëüíî îïðåäåëåííûå
îïåðàòîðû, x̃(t) � ïëàíîâîå ñîñòîÿíèå ñèñòåìû.

Òåîðåìà 15. Ïóñòü ïó÷îê îïåðàòîðîâ B⃗ (A, p)-îãðàíè÷åí, p ∈ {0}∪N, âûïîëíåíû óñëîâèÿ
(A), (B), (A0). Òîãäà äëÿ ëþáûõ x0k, x

τ
k ∈ X, k = 0, 1 è y ∈ Hp+2(Y) ñóùåñòâóåò åäèíñòâåííîå

îïòèìàëüíîå óïðàâëåíèå ðåøåíèÿìè çàäà÷è (42) äëÿ óðàâíåíèÿ (41).

Òåîðåìà 16. Ïóñòü ïó÷îê îïåðàòîðîâ B⃗ (A, 0)-îãðàíè÷åí. Òîãäà ïðè ëþáûõ y ∈ H2(Y) è
x ∈ H2(X) îïòèìàëüíîå óïðàâëåíèå u0 ∈ H2

∂(U) äëÿ çàäà÷è (41), (42) õàðàêòåðèçóåòñÿ
ñîîòíîøåíèÿìè A∗ξ̈ = −(B1)

∗ξ̇ + (B0)
∗ξ + (x(t, u) − x̃), P ∗

fin(ξ(0)) = 0, P ∗
fin(ξ̇(0)) = 0,

P ∗
in(ξ(τ)) = 0, P ∗

in(ξ̇(τ)) = 0, è âûïîëíÿåòñÿ íåðàâåíñòâî

⟨
Λ−1
U C∗ξ(t, u0), u(t)− u0(t)

⟩
H2(U)

+
2∑

q=0

τ∫
0

⟨
Nqu

(q)
0 (t), u(q)(t)− u

(q)
0 (t)

⟩
U
≥ 0 ∀u ∈ H2

∂(U),

ãäå x(t, u0) ∈ H2(X), ξ(t, u0) ∈ H2(Y∗).
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At present, investigations of Sobolev-type models are actively developing. In the

solution of applied problems the results allowing to get their numerical solutions are very
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signi�cant. The initial Showalter � Sidorov condition is not simply a generalization of the

Cauchy condition for Sobolev-type models. It allows to �nd an approximate solution without

checking the coordination of initial data. This article presents an overview of some results

of the Chelyabinsk mathematical school on Sobolev type equations obtained using either

directly Showalter � Sidorov condition or its generalizations.

The article consists of seven sections. The �rst one includes results on investigation of

solvability of an optimal measurement problem for the Shestakov � Sviridyuk model. The

second section provides an overview of the currently existing approaches to the concept

of white noise. The third section contains results on solvability of a weakened Showalter

� Sidorov problem for the Leontief type system with additive "white noise". In the fourth

section we present results on the unique solvability of multipoint initial-�nal value problem

for the Sobolev type equation of the �rst order. A study of optimal control of solutions to this

problem is discussed in the �fth section. The sixth and the seventh sections contain results

related to research of optimal control of solutions to the Showalter � Sidorov problem and

initial-�nal value problem for the Sobolev-type equation of the second order, respectively.

Keywords: Sobolev type equations; Leontief type sistems; optimal control; Showalter �

Sidorov problem; the (multipoint) initial-�nale value condition; optimal measurement.
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