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In the article the mathematical model of ion-acoustic waves in a plasma in an external
magnetic field is studied. This model can be reduced to a Cauchy problem for a Sobolev type
equation of the fourth order with polynomially (A, p)-bounded operator pencil. Therefore
abstract results on solvability of the Cauchy problem for such equation can be used. In the
article a theorem on the unique solvability of the Cauchy — Dirichlet problem is mentioned.
Based on the theoretical results there was developed an algorithm for the numerical solution
of the problem, using a modified Galerkin method. The algorithm is implemented in Maple.
The article includes description of this algorithm. It is illustrated by model examples
showing the work of the developed program.
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first obtained by Y.D. Pletner [2], which describes the ion-acoustic waves in a plasma
in an external magnetic field. Here Aj is a Laplace operator in R?, the function @ is a
generalized potential of the electric field, the constants w , w2 and 73 characterize ion
gyrofrequency, Langmuir frequency and the Debye radius, respectively. Transform equation
(1) and consider a more general problem.
Let Q = (0,a) x (0,b) x (0,¢) C R3. In the cylinder Q x R consider the Cauchy —
Dirichlet problem

v(x,0) =vo(z), wv(x,0) =v1(2),

0*v D3v
S (@0) =), S(@,0) =wv2), reQ )
v(x,t) =0, (x,t) €N xR (3)
for equation
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describing the ion-acoustic waves in a plasma in a magnetic field, and the negative values
of the parameter A do not contradict the physical meaning of this problem. Stochastic
mathematical model of ion-acoustic waves in a plasma was considered in [3].

1. Analytical Study of the Mathematical Model of Ion-Acoustic Waves
in a Plasma in a Magnetic Field. Introduce the eigenfunctions of the Laplace operator
A in the domain (2 satisfying conditions (3): @gmn = {sin ’T'fl sin 7022 gin T8 1 where k,
m, n € N, and the eigenvalues Ay, = —(k* +m? + n?). Obviously, the spectrum o(A) is
negative, discrete with finite multipicities and thickens only to —oo. Since {p,} C C*°(9),
then
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where < -+ > is a scalar product in L*(Q).

Lemma 1. [4] (i) Let A & o(A). Then the pencil B is polynomially (A, 0)-bounded.
ﬁ
(i) (A € a(A)) AN (X# N). Then the pencil B is polynomially (A, 1)-bounded.
%
(111) (N € a(A)) AN (A= N). Then the pencil B is polynomially (A, 3)-bounded.

Theorem 1. [4] (i) Let A & o(A). Then, for arbitrary vo, vy, ve,vs € Y there exists a
unique solution of problem (2) — (4).
(1) Let X € o(A) u X = N. Then for arbitrary vy, vy, vs,v3 € U, i.e., such that

Z < Pkmn, Vj >= 0, ] = O, ...,3,
Akmn=A

there exists a unique solution of problem (2) — (4).

2. Numerical Solution Algorithm. Based on the theoretical results there was developed
an algorithm for numerical solution of problem (2) — (4) modelling ion-acoustic waves in a
plasma in an external magnetic field, implemented in a software environment Maple 15.0.
The program uses a phase space method and a modified Galerkin method.

A numerical solution algorithm is shown in a block diagram in picture 1. The developed
program allows you to:

1. Specify the sizes of the domain 2 for the mathematical model of ion-acoustic waves
in a plasma in an external magnetic field.

2. Enter the parameters of the equation: AN initial  data:
vo(x,y, 2),v1(x,y, 2),ve(x,y, 2),v3(x, y, 2), and the order of Galerkin approximations N.

3. Print the numerical solution of the problem.

4. Get a graphical image of the received waves with animated distribution over time.

A detailed description of the algorithm (each block of the algorithm corresponds to
one step):

Step 1. After the start of the program the number of terms in a Galerkin sum N,
parameters A, A\, «, initial data vy, vy, v, v3, the positive numbers a,b,c and period
7 :t € [0, 7] are entered.
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Step 2. In a cycle approximate solution V is represented as the Galerkin sum

N
Z‘J’Zk:ﬂ Ay jo(t) sin T sin T gin A2,

Step 3. Expression for V' is substituted into equation.

Step 4. Start the cycle by 4, j, k from 1 to N.

Step 5. Taking the inner product of equation by the corresponding eigenfunctions
ei(x), ¥;(y), xu(2)-

Step 6. Checking if A belongs to the spectrum of the Laplace operator.

If sixth step is true:

Step 7. Verification of condition A = ;.

If seven step is true:

Step 8. Solving of an algebraic equation with respect to A, ; x(t).

If seven step is false:

Step 9. Initial data vg, v1 are multiplied by the eigenfunctions ¢;(x), ¥;(y), xx(2)-

Step 10. Solving of the ordinary differential equation of the second order, corresponding
to the current number ¢, 7, k£ in the cycle.

If the sixth step false:

Step 11. Initial data vy, v1, ve, vz are scalar multiplied by the eigenfunctions
ei(2), ¥V (y), xi(2).

Step 12. Solving of the ordinary differential equation of the fourth order corresponding
to the current number i, j, k.

Step 13. End of cycle by ¢, 7, k.

Step 14. Founded Galerkin coefficients A; ;x(t) are substituted into the approximate
solution obtained in step 3.

Step 15. The resulting approximate solution is displayed as a graph of the solution
with the animation over time from 0 to 7, with chosen fixed variable (for example z).

3. Numerical Experiment. [llustrate the described algorithm by several computational
examples.

Example 1. Consider the problem

v(z,y,2,t) =0, (x,y,2,t) €00 xR, (5)
v(z,y,2,0) =sinzsinysinz, v(z,y,2,0) = 10sinzsinysin z,
0? 03
a—t;)(x, y,2,0) = 3sinxsinysin z, a—t;j(x,y, 2,0) = sinzxsinysin z, (6)
oM v 0%
A—2)—+(A—-1)—+— =0. 7
R T ™

It is required to find the numerical solution of problem (5) — (7) when A = 2, X =
l,a =1, in a domain [0, 7] x [0, 7] x [0, 7], t € [0,2].

Eigenfunctions ¢;(z),v;(y), xx(2) of the homogeneous Dirichlet problem for the
Laplace operator in the domain [0, 7] x [0, 7] x [0, 7] have the form {siniz,sin jy,sin kz}.
Obviously, in this case, equation (7) is not degenerate, therefore, the algorithm will take
place in accordance with steps 11, 12 described in Section 2 of this article.

Graph of the solution is presented in picture 2 a.
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Fig. 1. A block diagram of algorithm
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Example 2. Consider the problem

v(z,y,z,t) =0, (z,y,2,t) €00 xR, (8)
v(z,y,2,0) =8sinzsinysinz, wv(z,y,2,0)=0,1sinzsinysinz,
821)( 0) = 5sinzsin i 8311( 0) = sin 2 sin ysi (9)
——(x,y,2,0) =bsinzsinysinz, ——=(z,v,2,0)=sinxsinysinz
8t2 7y7 ? y ? 6t3 7y7 ? y ?
ot Pv v
A+4)—+(A+4)— — — = 10
(BF 05 T (B Y5 ~ o2 (10

It is required to find the numerical solution of problem (7) — (10) when A = 4, \ =
4,0 =1, in a domain [0, 7] x [0, 7] x [0, 7], ¢ € [0, 3].

Eigenfunctions ¢;(x),¢;(y), xx(2) of the homogeneous Dirichlet problem for the
Laplace operator in the domain [0, 7] x [0, 7] x [0, 7] have the form {siniz,sin jy,sinkz}.
Obviously, in this case, equation (10) is degenerate, therefore, the algorithm will take place
in accordance with step 8 described in Section 2 of this article.

Graph of the solution is presented in picture 2 b.
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Fig. 2. a) Solution from example 1; b) solution from example 2
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BBIYUCJINTEJIBbHBIN SKCIIEPUMEHT
TJId OJHOM MATEMATUYECKOU
MOJJIEJIN NMOHHO-3BYKOBHBIX BOJIH

A.A. Bamviwasesa, A.C. Mypasves

B crarbe paccmoTpeHa MareMaTrwdecKas MOIEIb MOHHO-3BYKOBBIX BOJIH B ILJIA3Me BO
BHEIITHEM MArHUTHOM moJie. JlaHHas MareMaTHdecKkasi MOJENb MOXKET ObITh PEIyIUpPOBAHA
K 3a7ade Komm qjg ypaBHeHUs cODOJIEBCKOTO THUITA 9€TBEPTOrO MOPSIKA C MOJUHOMUAATb-
HO (A, p)-OrpaHMYeHHBIM IIyYKOM O1epaTopoB. CJlel0BATEIBHO NPUMEHUMBI a0CTPAKTHDIE
Pe3yIbTATHI IO paspermmMocT 3aaaau Ko mjist Takoro ypashenusi. B crarbe cdopmy-
JIMpOBaHa Teopema 00 OMHO3HAYHON paspemumMocTu 3amaun Komwu — Jdupuxie. Ha ocHoBe
TEOPETUUECKUX PE3YABTATOB ObLIT pa3zpaboTan aaropuTM JJisl YUCIEHHOTO PEIeHUs 3aIa0H,
OCHOBaHHBIN Ha MOAUMDUIUPOBAHHOM Merose LanepkuHa. AJITopuT™ peasn3oBaH B Cpeje
Maple. B kosrie npuBeieHbl IPUMEPDI, B KOTOPBIX PEIEHUE IOJIYIeHO IPH IIOMOIIK Pa3pa-
OGOTAaHHOIT TTPOrPAMMBI.

Katoueevie cA08a: MAMEMAMUMECKAS MOOEAD; UOHHO-36YKOBBIE 60AHVL; Memod [anep-

KUHa.
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