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ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ

Í.À. Ìàíàêîâà

Â ñâÿçè ñ áîëüøèì êîëè÷åñòâîì ïðèëîæåíèé íà ïåðâûé ïëàí âûõîäèò âîïðîñ î

÷èñëåííîì ðåøåíèè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ. Â ñëó÷àå íåëèíåéíîãî óðàâíåíèÿ

ñîñòîÿíèÿ ïîèñê ÷èñëåííîãî ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ çíà÷èòåëüíî

çàòðóäíÿåòñÿ. Îäíèì èç ïîäõîäîâ ê ðåøåíèþ äàííîé ïðîáëåìû ÿâëÿåòñÿ ìåòîä äå-

êîìïîçèöèè. Ýòîò ìåòîä ïîçâîëÿåò ëèíåàðèçîâàòü èñõîäíîå óðàâíåíèå è âåñü ôåíîìåí

íåëèíåéíîñòè ïåðåíåñòè íà ôóíêöèîíàë êà÷åñòâà, ÷òî â çíà÷èòåëüíîé ñòåïåíè ïîçâîëÿ-

åò óïðîñòèòü ÷èñëåííóþ ñõåìó íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è îïòèìàëü-

íîãî óïðàâëåíèÿ. Â ñòàòüå ðàññìîòðåí ìåòîä äåêîìïîçèöèè äëÿ çàäà÷è îïòèìàëüíîãî

óïðàâëåíèÿ ðåøåíèÿìè ïîëóëèíåéíîé ìîäåëè ñîáîëåâñêîãî òèïà.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñîáîëåâñêîãî òèïà; îïòèìàëüíîå óïðàâëåíèå; ìåòîä

äåêîìïîçèöèè.

Ââåäåíèå. Ìíîãèå íà÷àëüíî-êðàåâûå çàäà÷è äëÿ ïîëóëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ, íåðàçðåøåííûõ îòíîñèòåëüíî ïðîèçâîäíîé ïî âðåìåíè, îïèñûâàþùèå ïðîöåññû,
ïðîòåêàþùèå â ìåõàíèêå, òåõíèêå, ïðîèçâîäñòâå, â ïîäõîäÿùèõ ôóíêöèîíàëüíûõ ïðîñòðàí-
ñòâàõ ìîãóò áûòü ñâåäåíû ê çàäà÷å Øîóîëòåðà � Ñèäîðîâà äëÿ ïîëóëèíåéíîãî óðàâíåíèÿ
ñîáîëåâñêîãî òèïà

L
.
x +Mx+

k∑
j=1

Nj(x) = u, L(x(0)− x0) = 0. (1)

Â ðàáîòå [1] áûëî ïîêàçàíî, ÷òî ðàññìîòðåíèå óñëîâèÿ Øîóîëòåðà � Ñèäîðîâà äëÿ óðàâ-
íåíèé ñîáîëåâñêîãî òèïà ïîçâîëÿåò óéòè îò ôåíîìåíà íåñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è Êî-
øè ïðè ïðîèçâîëüíûõ íà÷àëüíûõ äàííûõ è ïîçâîëÿåò çíà÷èòåëüíî óïðîñòèòü ÷èñëåííûå
àëãîðèòìû íàõîæäåíèÿ ïðèáëèæåííûõ ðåøåíèé. Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâ-
ëåíèÿ ðåøåíèÿìè çàäà÷è (1)

J(x, u) → inf, u ∈ Uad. (2)

Çäåñü J(x, u) � íåêîòîðûé, ñïåöèàëüíûì îáðàçîì ïîñòðîåííûé ôóíêöèîíàë êà÷åñòâà; óïðàâ-
ëåíèå u ∈ Uad, ãäå Uad � íåêîòîðîå çàìêíóòîå è âûïóêëîå ìíîæåñòâî â ïðîñòðàíñòâå óïðàâ-
ëåíèé U. Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ëèíåéíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà ðàñ-
ñìàòðèâàëàñü â ìîíîãðàôèè [2, ãë. 7]. Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ïîëóëèíåéíîãî
óðàâíåíèÿ ñîáîëåâñêîãî òèïà ðàññìàòðèâàëàñü â [3]. Â ñëó÷àå íåëèíåéíîãî óðàâíåíèÿ ñîñòî-
ÿíèÿ ïîèñê îïòèìàëüíîãî óïðàâëåíèÿ çàòðóäíÿåòñÿ. Îäíèì èç ïîäõîäîâ ê ðåøåíèþ äàííîé
ïðîáëåìû ÿâëÿåòñÿ ìåòîä äåêîìïîçèöèè [4]. Ýòîò ìåòîä ïîçâîëÿåò ëèíåàðèçîâàòü èñõîäíîå
óðàâíåíèå è âåñü ôåíîìåí íåëèíåéíîñòè ïåðåíåñòè íà ôóíêöèîíàë, ÷òî â çíà÷èòåëüíîé ñòå-
ïåíè óïðîùàåò ÷èñëåííóþ ñõåìó íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è îïòèìàëüíîãî
óïðàâëåíèÿ. Â ñòàòüå ðàññìîòðåí ìåòîä äåêîìïîçèöèè â çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ
(2) äëÿ ïîëóëèíåéíîé ìîäåëè ñîáîëåâñêîãî òèïà (1).

1. Ïîñòàíîâêà çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ. Ïóñòü H = (H; ⟨·, ·⟩) � âåùåñòâåííîå
ñåïàðàáåëüíîå ãèëüáåðòîâî ïðîñòðàíñòâî, îòîæäåñòâëåííîå ñî ñâîèì ñîïðÿæåííûì; (H,H∗) è
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(Bj ,B
∗
j ), j = 1, k, k ∈ N � äóàëüíûå (îòíîñèòåëüíî äâîéñòâåííîñòè ⟨·, ·⟩) ïàðû ðåôëåêñèâíûõ

áàíàõîâûõ ïðîñòðàíñòâ, ïðè÷åì âëîæåíèÿ

H ↪→ Bk ↪→ ... ↪→ B1 ↪→ H ↪→ B∗
1 ↪→ ... ↪→ B∗

k ↪→ H∗ (3)

ïëîòíû è íåïðåðûâíû, à âëîæåíèå H ↪→ H êîìïàêòíî. Ïóñòü L ∈ L(H;H∗) � ëèíåéíûé,
íåïðåðûâíûé, ñàìîñîïðÿæåííûé, íåîòðèöàòåëüíî îïðåäåëåííûé, ôðåäãîëüìîâ îïåðàòîð,
÷åé îðòîíîðìàëüíûé (â ñìûñëå H) íàáîð ñîáñòâåííûõ âåêòîðîâ {φk} îáðàçóåò áàçèñ â ïðî-
ñòðàíñòâå H, à M ∈ L(H;H∗) � ëèíåéíûé, íåïðåðûâíûé, ñèììåòðè÷íûé, 2-êîýðöèòèâíûé
îïåðàòîð. Ïóñòü Nj ∈ Cr(Bj ;B

∗
j ), r ≥ 1, j = 1, k � s-ìîíîòîííûå è pj-êîýðöèòèâíûå îïåðà-

òîðû, ãäå pj ≥ 2 è pk = max
j

pj , èìåþò ñèììåòðè÷íóþ ïðîèçâîäíóþ Ôðåøå.

Ïîñòðîèì ïðîñòðàíñòâî U = L2(0, T ;H
∗) è îïðåäåëèì â ïðîñòðàíñòâå U íåïóñòîå çàìêíó-

òîå è âûïóêëîå ìíîæåñòâî Uad. Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ (1), (2), ãäå
ôóíêöèîíàë êà÷åñòâà çàäàäèì ôîðìóëîé

J(x, u) = α

T∫
0

∥x(t)− zd(t)∥pkBk
dt+ β

T∫
0

∥u(t)∥2H∗ dt, α+ β = 1, (4)

ãäå zd = zd(t) � æåëàåìîå ñîñòîÿíèå.
Ââåäåì â ðàññìîòðåíèå ìíîæåñòâî

coim L = {x ∈ H : ⟨x, φ⟩ = 0 ∀φ ∈ kerL \ {0}}.

Ïîñòðîèì ïðîñòðàíñòâî

X = {x| x ∈ L∞(0, T ; coim L) ∩ Lpk(0, T ;Bk),
dx

dt
∈ L2(0, T ; coim L)}.

Îïðåäåëåíèå 1. Ñëàáûì îáîáùåííûì ðåøåíèåì çàäà÷è (1) íàçîâåì âåêòîð-ôóíêöèþ x ∈
X, óäîâëåòâîðÿþùóþ óñëîâèÿì

T∫
0

φ(t)

[⟨
L
dx

dt
, w

⟩
+ ⟨Mx,w⟩+

k∑
j=1

⟨Nj(x), w⟩

]
dt =

T∫
0

φ(t) ⟨u,w⟩ dt

L(x(0)− x0) = 0, ∀w ∈ H, ∀φ ∈ L2(0, T ).

(5)

Òåîðåìà 1. Ïðè ëþáûõ x0 ∈ H, T ∈ R+, u ∈ L2(0, T ;H
∗) ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

x ∈ X çàäà÷è (1).

Äîêàçàòåëüñòâî òåîðåìû àíàëîãè÷íî ïðèâåäåííîìó â ðàáîòå [3].

Îïðåäåëåíèå 2. Ïàðó (x̃, ũ) ∈ X×Uad íàçîâåì ðåøåíèåì çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ

(1), (2), åñëè

J(x̃, ũ) = inf
(x,u)

J(x, u),

ãäå ïàðû (x, u) ∈ X × Uad óäîâëåòâîðÿþò (1) â ñìûñëå îïåðåäåëåíèÿ 1; âåêòîð-ôóíêöèþ ũ
íàçîâåì îïòèìàëüíûì óïðàâëåíèåì â çàäà÷å (1), (2).

Çàìå÷àíèå 1. Äîïóñòèìûì ýëåìåíòîì çàäà÷è (1), (2) íàçîâåì ïàðó (x, u) ∈ X × Uad,
óäîâëåòâîðÿþùóþ çàäà÷å (1). Ïîñêîëüêó ìíîæåñòâî Uad ̸= ∅, òî äëÿ ëþáîãî u ∈ Uad ⊂ U
â ñèëó òåîðåìû 1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå x = x(u) çàäà÷è (1), ïîýòîìó óñëîâèå
ñóùåñòâîâàíèÿ äîïóñòèìûõ ýëåìåíòîâ çàäà÷è (1), (2) âûïîëíåíî.
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Òåîðåìà 2. Ïðè ëþáûõ x0 ∈ H, T ∈ R+ ñóùåñòâóåò ðåøåíèå çàäà÷è (1), (2).

Äîêàçàòåëüñòâî òåîðåìû àíàëîãè÷íî ïðèâåäåííîìó â ðàáîòå [3].

2. Ìåòîä äåêîìïîçèöèè. Ëèíåàðèçóåì óðàâíåíèå â (1) ïðè ïîìîùè ââåäåíèÿ äîïîëíè-
òåëüíîé ïåðåìåííîé â óðàâíåíèå ñîñòîÿíèÿ. Äëÿ ýòîãî îïðåäåëèì x = x(u, v) = x(t, u, v) êàê
ðåøåíèå ëèíåéíîé çàäà÷è îòíîñèòåëüíî âåêòîð-ôóíêöèè x

L
.
x +Mx+

k∑
j=1

Nj(v) = u, L(x(0)− x0) = 0,

u ∈ Uad, v ∈ Lpk(0, T ;Bk).

(6)

Ïîñòðîèì ïðîñòðàíñòâî

X1 = {x| x ∈ L∞(0, T ; coim L) ∩ L2(0, T ;H),
dx

dt
∈ L2(0, T ; coim L)}.

Òåîðåìà 3. Ïðè ëþáûõ x0 ∈ H, T ∈ R+, u ∈ Uad, v ∈ Lpk(0, T ;Bk) çàäà÷à (6) èìååò

åäèíñòâåííîå ñëàáî îáîáùåííîå ðåøåíèå x ∈ X1.

Äîêàçàòåëüñòâî. Ïåðåïèøåì çàäà÷ó (6) â âèäå

L
.
x +Mx = y, L(x(0)− x0) = 0, (7)

ãäå y = u −
k∑

j=1
Nj(v), y ∈ L2(0, T ;H

∗) ∩ Lqk(0, T ;B
∗
k). Òîãäà â ñèëó òåîðåìû 1 ñóùåñòâóåò

åäèíñòâåííîå ñëàáî îáîáùåííîå ðåøåíèå çàäà÷è (6) â ñìûñëå îïðåäåëåíèÿ 1.

Òîãäà çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ (1), (2) ñ ôóíêöèîíàëîì êà÷åñòâà (4) ýêâèâà-
ëåíòíà çàäà÷å

L
.
x +Mx+

k∑
j=1

Nj(v) = u, x(u, v) = v, L(x(0)− x0) = 0,

u ∈ Uad, v ∈ Lpk(0, T ;Bk),

(8)

Jθ(x, u, v) = θ · α
T∫
0

∥x(t)− zd(t)∥pkBk
dt+

+(1− θ) · α
T∫
0

∥v(t)− zd(t)∥pkBk
dt+ β

T∫
0

∥u(t)∥2H∗ dt → inf, θ ∈ (0, 1).

(9)

Â ñèëó ðàâåíñòâà x(u, v) = v ôóíêöèîíàë (9) ýêâèâàëåíòåí ôóíêöèîíàëó (4).

Îïðåäåëåíèå 3. Òðîéêó (x̃, ṽ, ũ) ∈ X1 × Lpk(0, T ;Bk) × Uad íàçîâåì ðåøåíèåì çàäà÷è

îïòèìàëüíîãî óïðàâëåíèÿ (8), (9), åñëè

Jθ(x̃, ṽ, ũ) = inf
(x,v,u)

Jθ(x, v, u),

ãäå (x, u, v) óäîâëåòâîðÿåò (8) â ñìûñëå îïðåäåëåíèÿ 1.

Òåîðåìà 4. Ïðè ëþáûõ x0 ∈ H, T ∈ R+ ñóùåñòâóåò ðåøåíèå çàäà÷è (8), (9).

Äîêàçàòåëüñòâî. Èç òåîðåìû 1 âûòåêàåò, ÷òî îïåðàòîð (L
d

dt
+ M) : X1 → L2(0, T ;H

∗) ∩
Lqk(0, T ;B

∗
k) åñòü ãîìåîìîðôèçì. Ïîýòîìó ôóíêöèîíàë ñòîèìîñòè (4) ìîæíî çàïèñàòü â âèäå

J(x, v, u) = J(v, u). Ïóñòü {um} ⊂ Uad, {vm} ⊂ Lpk(0, T ;Bk) � ïîñëåäîâàòåëüíîñòè òàêèå, ÷òî
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lim
m→∞

J(vm, um) = inf J(v, u),

òîãäà èç (9) âûòåêàåò, ÷òî

∥um∥L2(0,T ;H∗) ≤ const, ∥vm∥Lpk
(0,T ;Bk) ≤ const (10)

ïðè âñåõ m ∈ N. Èç (10) (ïåðåõîäÿ, åñëè íàäî, ê ïîäïîñëåäîâàòåëüíîñòè) èçâëå÷åì ñëàáî
ñõîäÿùèåñÿ ïîñëåäîâàòåëüíîñòè:

um ⇀ ũ ñëàáî â ïðîñòðàíñòâå L2(0, T ;H
∗),

vm ⇀ ṽ ñëàáî â ïðîñòðàíñòâå Lpk(0, T ;Bk).

Â ñèëó òåîðåìû Ìàçóðà òî÷êà ũ ∈ Uad. Îáîçíà÷èì çà xm = x(vm, um) ðåøåíèå óðàâíåíèÿ

L
.
xm +Mxm +

k∑
j=1

Nj(vm) = um. (11)

Òîãäà â ñèëó ñâîéñòâ îïåðàòîðîâ M , Nj ïîëó÷èì

Mxm ∈ L2(0, T ;H
∗), N(vm) =

k∑
j=1

Nj(vm) ∈ Lqk(0, T ;B
∗
k).

Èç (8) ïîëó÷èì, ÷òî L
.
xm∈ L2(0, T ;H

∗)∩Lqk(0, T ;B
∗
k). Ââåäåì â coimL íîðìó |x|2 = ⟨Lx, x⟩ .

Â ñèëó ïðèíöèïà Êóðàíòà ýòà íîðìà ýêâèâàëåíòà íîðìå, èíäóöèðîâàííîé èç íàäïðîñòðàí-
ñòâà H. Èç óðàâíåíèÿ (11) ïîëó÷èì

|xm(t)|2 + C1

t∫
0

∥xm(τ)∥2Hdτ ≤ C2

T∫
0

∥um(τ)∥2H∗dτ + |xm(0)|2 ≤ C3,

t∫
0

| .
xm (τ)|2dτ ≤ C4,

(12)

ãäå Ci = const > 0. Òîãäà â ñèëó (10), (12) ìîæíî èçâëå÷ü òàêèå ïîäïîñëåäîâàòåëüíîñòè,
êîòîðûå ñíîâà îáîçíà÷èì {xm}, {vm}, {um}, ÷òî

xm ⇀ x̃ ∗ −ñëàáî â L∞(0, T ; coimL),

xm ⇀ x̃ − ñëàáî â L2(0, T ;H),

Mxm ⇀ Mx̃ − ñëàáî â L2(0, T ;H
∗).

N(vm) ⇀ µ − ñëàáî â Lqk(0, T ;B
∗
k).

Ïåðåéäåì ê ïðåäåëó â óðàâíåíèè ñîñòîÿíèÿ (11) è ïîëó÷èì

L
.
x̃ +Mx̃+ µ = ũ.

Â ñèëó (12) xm îãðàíè÷åíû â L∞(0, T ; coimL)∩L2(0, T ;H),
.
xm îãðàíè÷åíû â L2(0, T ; coimL).

Òîãäà â ñèëó êîìïàêòíîãî âëîæåíèÿ H ↪→ H ïîëó÷èì, ÷òî ïîñëåäîâàòåëüíîñòü xm ñõîäèòñÿ
ñèëüíî è ïî÷òè âñþäó â L2(0, T ;H). Âîñïîëüçóåìñÿ ëåììîé 1.3 [5, ñ. 25] è ïîëó÷èì µ = N(ṽ).
Çíà÷èò, ïåðåõîäÿ ê ïðåäåëó â óðàâíåíèè ñîñòîÿíèÿ (11), ïîëó÷èì

L
.
x̃ +Mx̃+

k∑
j=1

Nj(ṽ) = ũ.

Ñëåäîâàòåëüíî, x̃ = x̃(ṽ, ũ) = ṽ è lim inf J(um, vm) ≥ J(ũ, ũ). Çíà÷èò, (ũ, ṽ) åñòü îïòèìàëüíîå
óïðàâëåíèå â çàäà÷å (8), (9).
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Due to the large number of applications the question of numerical solution of optimal

control problems becomes very important. In the case of nonlinear state equations the search

for optimal control is signi�cantly di�cult. One approach to the solution of this problem

is the decomposition method. This method allows to linearize the original equation and to

transfer the whole phenomenon of nonlinearity to the functional that greatly simpli�es the

numerical scheme for �nding of approximate solution an optimal control problem.

Keywords: Sobolev type equations; optimal control; decomposition method.

References

1. Sviridyuk G.A., Zagrebina S.A. The Showalter � Sidorov Problem as a Phenomena of the
Sobolev-Type Equations. The Bulletin of Irkutsk State University. Series: Mathematics, 2010,
vol. 3, no. 1, pp. 104�125. (in Russian)

2. Sviridyuk G.A., Fedorov V.E. Linear Sobolev Type Equations and Degenerate Semigroups of

Operators. Utrecht, Boston, K�oln, VSP, 2003.
3. Manakova N.A. Optimal Control Problem for the Oskolkov Nonlinear Filtration Equation.

Di�erential Equations, 2007, vol. 43, no. 9, pp. 1213�1221.
4. Lions J.-L. Contr�ole optimal de syst�emes gouvern�es par des �equations aux d�eriv�ees partielles.

Paris, Dunod, 1968.
5. Lions J.-L. Quelques m�erthodes de re�solution des probl�emes aux limites non lin�eaires. Paris,

Dunod, 1968.

Received February 21, 2015

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2015. Ò. 8, � 2. Ñ. 133�137

137




