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Î ÌÎÄÅËÈÐÎÂÀÍÈÈ ÄÅÔÎÐÌÀÖÈÉ ÏËÀÑÒÈÍ

À.Ë. Óøàêîâ

Ðàññìàòðèâàåòñÿ ýëëèïòè÷åñêèå êðàåâûå çàäà÷è ÷åòâåðòîãî ïîðÿäêà, ëåæàùèå â

îñíîâå ìàòåìàòè÷åñêèõ ìîäåëåé äåôîðìàöèé ïëàñòèí íà óïðóãèõ îñíîâàíèÿõ ïðè ñìå-

øàííûõ êðàåâûõ óñëîâèÿõ ÷åòûðåõ òåîðåòè÷åñêè âîçìîæíûõ òèïîâ. Ïðåäëàãàþòñÿ çà-

ìåùåíèÿ ýòèõ çàäà÷ â âàðèàöèîííîé ôîðìå íà èõ ôèêòèâíûå ïðîäîëæåíèÿ. Ðåøåíèÿ

ïîñëåäíèõ çàäà÷ ñ ïîìîùüþ ìîäèôèêàöèé ìåòîäîâ ôèêòèâíûõ êîìïîíåíò ñâîäÿòñÿ

ê ðåøåíèÿì çàäà÷ â ïðÿìîóãîëüíîé îáëàñòè. Ïðèâîäÿòñÿ îïòèìàëüíûå îöåíêè ñõî-

äèìîñòè èòåðàöèîííûõ ïðîöåññîâ íà íåïðåðûâíîì óðîâíå. Ïðè ïðîñòîé äèñêðåòèçà-

öèè ôèêòèâíî ïðîäîëæåííûõ çàäà÷ ïî ìåòîäó êîíå÷íûõ ýëåìåíòîâ íà ïàðàáîëè÷åñêèõ

âîñïîëíåíèÿõ ïîëó÷àþòñÿ ýôôåêòèâíûå ÷èñëåííûå ìîäèôèêàöèè ìåòîäîâ ôèêòèâíûõ

êîìïîíåíò ïðîñòûå ïðè ïðàêòè÷åñêîé ðåàëèçàöèè íà ÝÂÌ. Ïîëó÷àåìûå ñèñòåìû ëè-

íåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ìîãóò îïòèìàëüíî ðåøàòüñÿ ñ ïîìîùüþ ìåòîäîâ

èòåðàöèîííûõ ôàêòîðèçàöèé. Â èòîãå ïðåäëîæåííûå ÷èñëåííûå ìåòîäû ÿâëÿþòñÿ ëî-

ãàðèôìè÷åñêè îïòèìàëüíûìè èëè îïòèìàëüíûìè ïî êîëè÷åñòâó àðèôìåòè÷åñêèõ îïå-

ðàöèé, íåîáõîäèìûõ äëÿ äîñòèæåíèÿ çàäàâàåìûõ îòíîñèòåëüíûõ ïîãðåøíîñòåé.

Êëþ÷åâûå ñëîâà: äåôîðìàöèè ïëàñòèí; ôèêòèâíûå ïðîäîëæåíèÿ.

1. Ìàòåìàòè÷åñêèå ìîäåëè äåôîðìàöèè ïëàñòèí. Ïóñòü Ωα ⊂ R2 � îãðàíè÷åííûå
îáëàñòè. Ðàññìàòðèâàþòñÿ ìàòåìàòè÷åñêèå ìîäåëè òåîðèè óïðóãîñòè äëÿ âû÷èñëåíèé äå-
ôîðìàöèé ïëàñòèí ŭα íà óïðóãèõ îñíîâàíèÿõ ïîä äåéñòâèÿìè äàâëåíèé f̆α ïðè ðàçëè÷íûõ
îäíîðîäíûõ êðàåâûõ óñëîâèÿõ

∆2ŭα + ăαŭα = f̆α, α = 1, 2,

ŭα|Γα,0
= ∂ŭα

∂nα

∣∣∣
Γα,0

= 0, ŭα|Γα,1
= lα,1ŭα|Γα,1

= 0,

∂ŭα
∂nα

∣∣∣
Γα,2

= lα,2ŭα|Γα,2
= 0, lα,1ŭα|Γα,3

=, lα,2ŭα|Γα,3
= 0.

(1)

Çäåñü ãðàíèöû sα = ∂Ωα = Γ̄α,0
∪

Γ̄α,1
∪
Γ̄α,2

∪
Γ̄α,3, Γα,i

∩
Γα,j = ∅, åñëè i ̸= j, i, j = 0, 1, 2, 3,

n⃗α � âíåøíèå íîðìàëè ê ∂Ωα ăα ∈ [0; +∞), σα ∈ (0; 1) � êîíñòàíòû. Äèôôåðåíöèàëüíûå
îïåðàòîðû

lα,1ŭα = ∆ŭα + (1− σα)nα,1nα,2ŭαxy − n2
α,2ŭαxx − n2

α,1ŭαyy,

lα,2uα =
∂∆ŭα
∂nα

+ (1− σα)
∂

∂sα
(nα,1nα,2(ŭαyy − ŭαxx) + (n2

α,1 − n2
α,2)ŭαxy),

ïðè÷åì nα,1 = − cos(nα, x), nα,2 = − cos(nα, y). Êðàåâûå óñëîâèÿ èç (1) îïðåäåëÿþò, ÷òî ó
ïëàñòèí íà Γα,0 æåñòêàÿ çàäåëêà, íà Γα,1 � øàðíèðíîå îïèðàíèå, íà Γα,2 � ñèììåòðèÿ è íà
Γα,3 � ñâîáîäíîå îïèðàíèå.

Ìîäåëÿì èç (1) ñîîòâåòñòâóþò ñëåäóþùèå âàðèàöèîííûå ìîäåëè äåôîðìàöèè ïëàñòèí

ŭα ∈ H̆α : Λα(ŭα, v̆α) = ğα(v̆α) ∀v̆α ∈ H̆α, ğα ∈ H̆ ′
α, α = 1, 2, (2)

ãäå

H̆α = H̆α(Ωα) =

{
v̆α ∈ W 2

2 (Ωα) : v̆α|Γα,0
∪

Γα,1
= 0,

∂v̆α
∂n⃗α

∣∣
Γα,0

∪
Γα,2

= 0

}
−

ñîáîëåâñêèå ïðîñòðàíñòâà ôóíêöèé íà îáëàñòÿõ Ωα,

Λα(ŭα, v̆α) =

∫
Ωα

(σα∆ŭα∆v̆α + (1− σα)(ŭαxxv̆αxx + 2ŭαxyv̆αxy + ŭαyyv̆αyy) + aαŭαv̆α)dΩα−
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áèëèíåéíûå ôîðìû è ğα(v̆α) =

∫
Ωα

f̆αv̆αdΩα � ëèíåéíûå ôóíêöèîíàëû. Ïðåäïîëîæèì, ÷òî

äëÿ çàäà÷è (2) èìåþò ìåñòî îöåíêè

∃c1, c2 ∈ (0;+∞) : c1 ∥v̆α∥2W 2
2 (Ωα)

≤ Λα(v̆α, v̆α) ≤ c2 ∥v̆α∥2W 2
2 (Ωα)

∀v̆α ∈ H̆α, α = 1, 2.

2. Ôèêòèâíûå ïðîäîëæåíèÿ íåïðåðûâíûõ çàäà÷ è èõ ðåøåíèé. Ðàññìîòðèì ôèê-
òèâíûå ïðîäîëæåíèÿ âàðèàöèîííûõ ìîäåëåé äåôîðìàöèé ïëàñòèí (2) âèäà

ŭ ∈ V̆ : Λ1(ŭ, I1v̆)+Λ2(ŭ, v̆) = ğ1(I1v̆)+ ğ2(v̆) ∀v̆ ∈ V̆ , ğ3−α(v̆) = 0 ∀v̆ ∈ V̆3−α, α = 1, 2, (3)

ãäå

V̆ = V̆ (Ω) =

{
v̆ ∈ W 2

2 (Ω) : v̆|Γ0
∪

Γ1
= 0,

∂v̆

∂n⃗

∣∣
Γ0

∪
Γ2

= 0

}
−

ñîáîëåâñêîå ïðîñòðàíñòâî ôóíêöèé íà îáëàñòè Ω ñ íîðìîé ∥v̆∥V̆ =
√

Λ(v̆, v̆). Îãðàíè÷åííûå
ïëîñêèå îáëàñòè Ω, Ω3−α òàêèå, ÷òî Ω1, Ω2 ⊂ Ω, Ω̄ = Ω̄1

∪
Ω̄2, Ω1

∩
Ω2 = ∅, Γ1,0

∩
Γ2,3 ⊇

∂Ω1
∩

∂Ω2 = S ̸= ∅. Ãðàíèöà s = ∂Ω = Γ̄0
∪

Γ̄1
∪

Γ̄2
∪
Γ̄3, Γi

∩
Γj = ∅, åñëè i ̸= j, i, j =

0, 1, 2, 3, ïðè÷åì n⃗ åå âíåøíÿÿ íîðìàëü. Îïðåäåëèì ïîäïðîñòðàíñòâà ïðîñòðàíñòâà V̆

V̆i2 =
{
v̆i2 ∈ V̆ : v̆i2

∣∣
Ω\Ωi

= 0
}
, i = 1, 2.

Çàäàäèì Λ(ŭ, v̆) = Λ1(ŭ, v̆) + Λ2(ŭ, v̆), ïðè÷åì Λi(ŭ, v̆) = Λi(ŭ |Ωi , v̆ |Ωi ), ği(v̆) = ği(v̆ |Ωi )
ïðè ëþáûõ ŭ, v̆ ∈ V̆ , i = 1, 2. Â ýòîì ñëó÷àå áóäåì ñ÷èòàòü, ÷òî èìåþò ìåñòî îöåíêè

∃c1, c2 ∈ (0;+∞) : c1 ∥v̆∥2W 2
2 (Ω) ≤ Λ(v̆, v̆) ≤ c2 ∥v̆∥2W 2

2 (Ω) ∀v̆ ∈ V̆ .

Ïóñòü V̆0 = V̆1 ⊕ V̆4 � ïðÿìàÿ ñóììà ïîäïðîñòðàíñòâ V̆i2 , i = 1, 2, â ñêàëÿðíîì ïðîèçâåäåíèè

Λ(·, ·), ïîäïðîñòðàíñòâî V̆3 =
{
v̆3 ∈ V̆ : Λ(v̆3, v̆0) = 0 ∀v̆0 ∈ V̆0

}
, ò.å. V̆ = V̆0⊕ V̆3 â ñêàëÿðíîì

ïðîèçâåäåíèè Λ(·, ·). Ïðè÷åì ÷åðåç v̆0 ∈ V̆ , v̆3 ∈ V̆ îáîçíà÷åíû ïðîåêöèè v íà ñîîòâåòñòâó-
þùèå ïîäïðîñòðàíñòâà. Äàëåå ââîäÿòñÿ ïîäïðîñòðàíñòâà V̆8−3i = V̆3 ⊕ V̆i2 , i = 1, 2, òîãäà
èìååò ìåñòî V̆ = V̆1 ⊕ V̆2. Áóäåì ñ÷èòàòü, ÷òî H̆i = H̆i(Ωi) = V̆i(Ωi), V̆ (Ωi) = V̆ |Ωi , i = 1, 2,
H2 = V (Ω2).

Îïðåäåëèì, ÷òî Ii2 : V̆ → V̆i2 , i = 1, 2, � îãðàíè÷åííûå îïåðàòîðû, ïðè÷åì V̆i2 = imIi2 .
Çàìåòèì ïðè ýòîì, ÷òî Ii2 = I 2

i2 , ò.å. Ii2 ïðîåêòîðû, íî íå îáÿçàòåëüíî îðòîïðîåêòîðû. Áóäåì

ñ÷èòàòü, ÷òî I0 = I1 + I4. Çäåñü I0 : V̆ → V̆0 � îãðàíè÷åííûé îïåðàòîð, ïðè÷åì V̆0 = imI0,
ïðè ýòîì I0 = I20 , ò.å. I0 ïðîåêòîð, íî íå îáÿçàòåëüíî îðòîïðîåêòîð. Ìîæíî îòìåòèòü, ÷òî

Λ1(ŭ, I0v̆) = Λ1(ŭ, I1v̆), ğ1(I0v̆) = ğ1(I1v̆)∀ŭ, v̆ ∈ V̆ .

Ïðåäïîëîæåíèå 1. Èìåþò ìåñòî ñëåäóþùèå íåðàâåíñòâà

∃β1 ∈ (0; 1] ∃β2 ∈ [β1; 1] : β1Λ(v̆3, v̆3) ≤ Λ2(v̆3, v̆3) ≤ β2Λ(v̆3, v̆3) ∀v̆3 ∈ V̆3.

3. Ìîäèôèêàöèè ìåòîäîâ ôèêòèâíûõ êîìïîíåíò. Äëÿ âû÷èñëåíèé äåôîðìàöèé ïëà-
ñòèí íà íåïðåðûâíîì óðîâíå áûëè ïðåäëîæåíû ñëåäóþùèå èòåðàöèîííûå ïðîöåññû [1].

ŭk ∈ V̆ : Λ(ŭk − ŭk−1, v̆) = −τk(Λ1(ŭ
k−1, I1v̆) + Λ2(ŭ

k−1, v̆)− ğ1(I1v̆)− ğ2(v̆)) ∀v̆ ∈ V̆ ,
τ1 = (2− α) + (α− 1)τ, τ ∈ (0; 2),

τk ∈ (0; 2β−1
2 ), k ∈ N\ {1} ; ∀ŭ0 ∈ V̆α ⊂ V̆ , α = 1, 2.

(4)

Òåîðåìà 1. Äëÿ èòåðàöèîííûõ ïðîöåññîâ èç (4) èìåþò ìåñòî ñëåäóþùèå îöåíêè∥∥∥ŭk − ŭ
∥∥∥
V̆
≤ ε̆α

∥∥ŭ0 − ŭ
∥∥
V̆
, k ∈ N, α = 1, 2.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2015. Ò. 8, � 2. Ñ. 138�142
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À.Ë. Óøàêîâ∥∥∥I1ŭk − ŭ
∥∥∥
V̆
≤ ∥I1∥V̆

∥∥∥ŭk − ŭ
∥∥∥
V̆
, α = 1,

ãäå

0 ≤ ε̆α ≤ ((2− α)δ1 + (α− 1)q1) q
k−1,

δ1 =
√

∥I1∥2V̆ − 1, ∥I − I1∥V̆ , 0 ≤ q1 = max {|1− τβ1| , |1− τ | } , τ ∈ (0; 2),

0 ≤ q = max {|1− τβ1| , |1− τβ2| } < 1, τ ∈ (0; 2β−1
2 ).

Çäåñü I îïåðàòîð òîæäåñòâåííîãî ïðåîáðàçîâàíèÿ èç V̆ â V̆ . Åñëè α = 2 è τ1 = τ = 2/(1 + β1),
òî q1 = (1− β1)/(1 + β1). Åñëè τk = τ = 2/(β2 + β1), òî q = (β2 − β1)/(β2 + β1), k ∈ N\ {1} .
4. Äèñêðåòèçàöèè ôèêòèâíî ïðîäîëæåííûõ çàäà÷. Ïðè äèñêðåòèçàöèè çàäà÷ èç (3)
áóäåì äîïîëíèòåëüíî ïðåäïîëàãàòü, ÷òî

V̆ = V̆ (Ω) =

{
v̆ ∈ W 2

2 (Ω) : v̆|Γ0
∪

Γ1
= 0,

∂v̆

∂n⃗

∣∣
Γ0

∪
Γ2

= 0

}
,

ãäå îáëàñòü Ω = (0; b1) × (0; b2), ñ ãðàíèöàìè Γ0 = ∅, Γ̄1 = {b1} × [0; b2]
∪
[0; b1) × {b2},

s = Γ̄1
∪

Γ̄2, Γ3 = ∅, s = ∂Ω, b1, b2 ∈ (0;+∞), ò.å. ðàññìàòðèâàþòñÿ çàäà÷è, ðåøåíèå êîòîðûõ
èçó÷àëîñü óæå ðàíåå â [2]. Ïðåäëàãàåòñÿ ðàññìîòðåòü íà îñíîâå ìåòîäà êîíå÷íûõ ýëåìåí-
òîâ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ïîëó÷àþùèõñÿ ïðè äèñêðåòèçàöèè çàäà÷,
ïðåäëîæåííûõ â (3),

Bū = ḡ. (5)

Çäåñü ū ∈ RN , ḡ ∈ RN . Ïóñòü v̄ ∈ RN : v̄ = (v1, ..., vN )′, N = m · n, m, n∈ N, à vn(i−1)+j =
vi,j , i = 1, ...,m, j = 1, ..., n, è vi,j ÿâëÿþòñÿ çíà÷åíèÿìè ôóíêöèè äèñêðåòíîãî àðãóìåíòà,
ñîîòâåòñòâóþùåãî óçëàì ñåòêè (xi, yj) = ((i− 0, 5)h1, (j − 0, 5)h2), øàãè ñåòêè h1 = b1/(m+
0, 5), h2 = b2/(n+0, 5), ñîñòîÿùåé èç óêàçàííûõ âûøå óçëîâ. Ìàòðèöà B ðàçìåðíîñòè N×N

⟨Bū, v̄⟩ = Λ1(ũ, I1ṽ) + Λ2(ũ, ṽ)∀ũ, ṽ ∈ Ṽ ⊂ V̆ ,

à âåêòîðû ḡ îïðåäåëåíû ⟨ḡ, v̄⟩ = ğ1(I1ṽ) + ğ2(ṽ) äëÿ ëþáîãî ṽ ∈ Ṽ . Çäåñü ⟨ · , · ⟩ � ñêàëÿðíîå

ïðîèçâåäåíèå âåêòîðîâ, ïðè÷åì ⟨ū, v̄⟩ =
N∑
k=1

ukvkh1h2 äëÿ ëþáûõ ū, v̄ ∈ RN . Ïîäïðîñòðàíñòâî

Ṽ =

ṽ : ṽ =

m∑
i=1

n∑
j=1

vi,jΦ
i,j(x, y), vi,j ∈ R,

 ⊂ V̆ ,

ãäå áàçèñíûå ôóíêöèè

Φi,j(x, y) = Ψ1,i(x)Ψ2,j(y),Ψ1,i(x) = E(1/i)Ψ(x/h1 − i+ 3)+Ψ(x/h1 − i+ 2)−E(i/m)Ψ(x/h1 − i),

Ψ2,j(y) = E(1/j)Ψ(y/h2 − j + 3)+Ψ(y/h2 − i+ 2)−E(j/n)Ψ(y/h2 − j), i = 1, ...,m, j = 1, ..., n,

Ψ(z) =


0, 5z2, z ∈ [0; 1] ,

−z2 + 3z − 1, 5, z ∈ [1; 2] ,
0, 5z2 − 3z + 4, 5, z ∈ [2; 3] ,

Ψ(z) = 0 , z /∈ [0; 3], E( · ) � öåëàÿ ÷àñòü ÷èñëà. Áóäåì ïðåäïîëàãàòü, ÷òî îïåðàòîð I0 ïðîñòî
îáíóëÿåò âñå êîýôôèöèåíòû vi,j ó áàçèñíûõ ôóíêöèé Φi,j(x, y), íîñèòåëè êîòîðûõ èìåþò íå
ïóñòîå ïåðåñå÷åíèå ñ ãðàíèöåé S, ò.å. ñ ãðàíèöåé (÷àñòüþ ãðàíèöû îáëàñòè), ÷åðåç êîòîðóþ
îñóùåñòâëÿþòñÿ ïðîäîëæåíèÿ çàäà÷ è èõ ðåøåíèé. Ââåäåì â ðàññìîòðåíèå ïîäïðîñòðàíñòâà

Ṽi2 =
{
ṽi2 ∈ Ṽ : ṽi2

∣∣
Ω\Ωi

= 0
}
, i = 1, 2.
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Ïóñòü Ṽ0 = Ṽ1 ⊕ Ṽ4 ïðÿìàÿ ñóììà ïîäïðîñòðàíñòâ Ṽi2 , i = 1, 2, â ñêàëÿðíîì ïðîèçâåäåíèè
Λ(·, ·). Ïîäïðîñòðàíñòâî

Ṽ3 =
{
ṽ3 ∈ Ṽ : Λ(ṽ3, ṽ0) = 0 ∀ṽ0 ∈ Ṽ0

}
,

ò.å. Ṽ = Ṽ0 ⊕ Ṽ3 â ñêàëÿðíîì ïðîèçâåäåíèè Λ(·, ·), à ÷åðåç ṽ0 ∈ Ṽ , ṽ3 ∈ Ṽ îáîçíà÷å-
íû ïðîåêöèè ṽ íà ñîîòâåòñòâóþùèå ïîäïðîñòðàíñòâà. Ââåäåì ñëåäóþùèå ïîäïðîñòðàíñòâà:
Ṽ8−3i = Ṽ3 ⊕ Ṽi2 , i = 1, 2, òîãäà èìååò ìåñòî Ṽ = Ṽ1 ⊕ Ṽ2.

Çàìå÷àíèå 1. Èìåþò ìåñòî ñëåäóþùèå íåðàâåíñòâà

∃β̃1 ∈ (0; 1] ∃β̃2 ∈
[
β̃1; 1

]
: β̃1Λ(ṽ3, ṽ3) ≤ Λ2(ṽ3, ṽ3) ≤ β̃2Λ(ṽ3, ṽ3) ∀ṽ3 ∈ Ṽ3.

5. Ìîäèôèêàöèè ìåòîäîâ ôèêòèâíûõ êîìïîíåíò íà äèñêðåòíîì óðîâíå. Ïðåäëà-
ãàþòñÿ èòåðàöèîííûå ïðîöåññû âû÷èñëåíèé äåôîðìàöèé ïëàñòèí íà äèñêðåòíîì óðîâíå

ũk ∈ Ṽ : Λ(ũk − ũk−1, ṽ) = −τk(Λ1(ũ
k−1, I1ṽ) + Λ2(ũ

k−1, ṽ)− ğ1(I1ṽ)− ğ2(ṽ)) ∀ṽ ∈ Ṽ ,
τ1 = (2− α) + (α− 1)τ, τ ∈ (0; 2),

τk ∈ (0; 2β̃−1
2 ), k ∈ N\ {1} ; ∀ũ0 ∈ Ṽα ⊂ Ṽ , α = 1, 2;

(6)

ìîäèôèêàöèè ìåòîäîâ ôèêòèâíûõ êîìïîíåíò íà ìàòðè÷íîì óðîâíå

ūk ∈ RN : Λ(ūk − ūk−1) = −τk(Būk−1 − ḡ),
τ1 = (2− α) + (α− 1)τ, τ ∈ (0; 2),

τk ∈ (0; 2β̃−1
2 ), k ∈ N\ {1} ; ∀ū0 ∈ V̄α ⊂ RN , α = 1, 2,

(7)

ãäå

Ṽ1 =
{
ṽ1 ∈ Ṽ : ṽ1 ∈ V̆1

}
, Ṽ2 =

{
ṽ2 ∈ Ṽ : Λ(ṽ2, ṽ1) = 0 ∀ṽ1 ∈ Ṽ1

}
,

V̄α ⊂ RN � ïîäïðîñòðàíñòâà, ñîîòâåòñòâóþùèå ïîäïðîñòðàíñòâàì Ṽα, α = 1, 2, à ìàòðèöà Λ
ðàçìåðíîñòè N ×N îïðåäåëÿåòñÿ ⟨Λū, v̄⟩ = Λ(ũ, ṽ) äëÿ ëþáûõ ũ, ṽ ∈ Ṽ ⊂ V̆ .

Çàìå÷àíèå 2. Åñëè ïðåäïîëàãàòü, ÷òî îïåðàòîð I1ïðîñòî îáíóëÿåò âñå êîýôôèöèåíòû
vi,j ó áàçèñíûõ ôóíêöèé Φi,j(x, y), íîñèòåëè êîòîðûõ èìåþò íå ïóñòîå ïåðåñå÷åíèå ñ Ω\Ω1,
òî â (6), (7), â îöåíêàõ îòíîñèòåëüíîé ïîãðåøíîñòè ìîæåò ïîÿâèòüñÿ çàâèñèìîñòü îò øàãîâ
ñåòêè

∃c ∈ (0 +∞) : δ1 =
√

∥I1∥2V̆ − 1, ∥I − I1∥V̆ ≤ c |h|−3/2 , |h| = min {h1, h2} .

Çàìå÷àíèå 3. Åñëè â (6), (7), α = 2 è τ1 = τ = 2
/
(1 + β̃1), òî q1 = (1− β̃1)

/
(1 + β̃1).

Åñëè â (6), (7) τk = 2
/
(β̃2 + β̃1), òî q = (β̃2 − β̃1)

/
(β̃2 + β̃1), k ∈ N\ {1} .

Âûâîä. Ïðè ðåøåíèè çàäà÷, âîçíèêàþùèõ íà êàæäîì øàãå èòåðàöèîííûõ ïðîöåññîâ èç (7)
ìîæíî èñïîëüçîâàòü ìåòîä èòåðàöèîííûõ ôàêòîðèçàöèé èç [2]. Äëÿ ðåøåíèÿ çàäà÷ èç (5) ñ
N íåèçâåñòíûìè (øàãè ñåòêè îäíîãî ïîðÿäêà) ïî ïðåäëîæåííûì èòåðàöèîííûì ïðîöåññàì
èç (7) òðåáóåòñÿ, åñëè α = 1 íå áîëåå ÷åì O(N lnN ln2 ε−1

α ) àðèôìåòè÷åñêèõ îïåðàöèé, åñ-
ëè α = 2 íå áîëåå ÷åì O(N ln2 ε−1

α ) àðèôìåòè÷åñêèõ îïåðàöèé. Äëÿ âûáîðà èòåðàöèîííûõ
ïàðàìåòðîâ τk íå òðåáóåòñÿ çíàíèÿ êîíñòàíò β̃1, β̃2. Ïðè âûáîðå ýòèõ ïàðàìåòðîâ ìîæíî
èñïîëüçîâàòü èçâåñòíûå âàðèàöèîííûå ìåòîäû è ðåêîìåíäîâàòü, ïðè α = 1 ñî âòîðîé èòå-
ðàöèè ìåòîä ñêîðåéøåãî ñïóñêà, à ïðè α = 2 óæå ñ ïåðâîé èòåðàöèè ìåòîä ìèíèìàëüíûõ
ïîïðàâîê.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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141



À.Ë. Óøàêîâ

Ëèòåðàòóðà

1. Óøàêîâ, À.Ë. Ìîäèôèêàöèÿ ìåòîäà ôèêòèâíûõ êîìïîíåíò / À.Ë. Óøàêîâ; ×åëÿá. ãîñ.
òåõí. óí-ò. � ×åëÿáèíñê, 1991. � 40 ñ. (Äåï. â ÂÈÍÈÒÈ 11.11.1991, �4232-Â1991)

2. Óøàêîâ, À.Ë. Èòåðàöèîííàÿ ôàêòîðèçàöèÿ íà ôèêòèâíîì ïðîäîëæåíèè äëÿ ÷èñëåííî-
ãî ðåøåíèÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà / À.Ë. Óøàêîâ // Âåñòíèê
ÞÓðÃÓ. Ñåðèÿ: Ìàòåìàòèêà, Ìåõàíèêà, Ôèçèêà. � 2014. � Ò. 6, �2. � Ñ. 17�22.

Àíäðåé Ëåîíèäîâè÷ Óøàêîâ, ñòàðøèé ïðåïîäàâàòåëü, êàôåäðà ≪Äèôôåðåíöèàëüíûå è
ñòîõàñòè÷åñêèå óðàâíåíèÿ≫, Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (×åëÿáèíñê,
Ðîññèéñêàÿ Ôåäåðàöèÿ), ushakov_al@inbox.ru.

Ïîñòóïèëà â ðåäàêöèþ 27 ÿíâàðÿ 2015 ã.

MSC 65N85 DOI: 10.14529/mmp150213

About Modelling of Deformations of Plates

A.L. Ushakov, South Ural State University (Chelyabinsk, Russian Federation),
ushakov_al@inbox.ru

Of concern are the elliptic boundary problems of the fourth order which are underlying

in mathematical models of deformations of plates on the elastic bases under the mixed

boundary conditions of four theoretically possible types. Replacements of these problems in

a variation form to their �ctitious continuations are proposed. Solutions of the last problems

by means of modi�cations of �ctitious components methods are reduced to solutions of

problems in a rectangular area. Optimum estimates of convergence of iterative processes

at the continuous level are given. At simple sampling of �ctitiously continued problems

by method of �nal elements on parabolic completions, e�ective numerical modi�cations

of �ctitious components methods turn out to be suitable for practical realization on the

computer. The received systems of linear algebraic equations can be optimally solved by

means of iterative factorizations methods. As a result the proposed numerical methods are

log-optimal or optimal by number of arithmetic operations necessary for achievement of set

relative errors.

Keywords: deformations of plates; �ctitious continuations.
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