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ÌÅÒÎÄÎÌ ÍÀÈÌÅÍÜØÈÕ ÊÂÀÄÐÀÒÎÂ

Á.Ä. Íãóåí, Â.Ô. ×èñòÿêîâ

Â íàñòîÿùåå âðåìÿ, ïðè àíàëèçå ñëîæíûõ ýëåêòðè÷åñêèõ è ýëåêòðîííûõ ñõåì,
÷àñòî âñòðå÷àþòñÿ ñèñòåìû, âêëþ÷àþùèå â ñåáÿ âçàèìîñâÿçàííûå äèôôåðåíöèàëü-
íûå, èíòåãðàëüíûå è àëãåáðàè÷åñêèå óðàâíåíèÿ. Àëãåáðàè÷åñêèå óðàâíåíèÿ îòâå÷àþò
çà îòëè÷èå â ìîäåëÿõ áàëàíñîâûõ ñîîòíîøåíèé, â ÷àñòíîñòè, çàêîíîâ ñîõðàíåíèÿ èëè
óðàâíåíèé ñîñòîÿíèÿ, ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé îïèñûâàþò äèíàìèêó
ïðîöåññà. Åñëè ïðîöåññ îáëàäàåò ïîñëåäåéñòâèåì, òî ìàòåìàòè÷åñêàÿ ìîäåëü ìîæåò
âêëþ÷àòü è èíòåãðàëüíûå óðàâíåíèÿ (ÈÓ). Ñèñòåìû âçàèìîñâÿçàííûõ äèôôåðåíöè-
àëüíûõ, àëãåáðàè÷åñêèõ è èíòåãðàëüíûõ óðàâíåíèé ìîæíî çàïèñàòü â âèäå âåêòîð-
íûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ìàòðèöåé íåïîëíîãî ðàíãà â îáëàñòè
îïðåäåëåíèÿ ïðè ñòàðøåé ïðîèçâîäíîé èñêîìîé âåêòîð-ôóíêöèè. ×èñëåííîå ðåøåíèå
êðàåâûõ è íà÷àëüíûõ çàäà÷ äëÿ òàêèõ ñèñòåì ñîïðÿæåíî ñ áîëüøèìè òðóäíîñòÿìè.
Â äàííîé ðàáîòå îáñóæäàåòñÿ ìåòîä íàèìåíüøèõ êâàäðàòîâ è ïðèâåäåíû ðåçóëüòàòû
÷èñëåííûõ ðàñ÷åòîâ.

Êëþ÷åâûå ñëîâà: âûðîæäåííàÿ ñèñòåìà; îáùåå ðåøåíèå; èíòåãðî-äèôôåðåí-

öèàëüíûå óðàâíåíèÿ; êðàåâàÿ çàäà÷à; ìåòîä íàèìåíüøèõ êâàäðàòîâ.

Ââåäåíèå

Â òå÷åíèå ïîñëåäíèõ ñîðîêà ëåò áîëüøîå âíèìàíèå óäåëÿåòñÿ ñèñòåìàì äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ ìàòðèöåé íåïîëíîãî ðàíãà èëè âûðîæäåííûì îïåðàòîðîì â îáëàñòè îïðåäå-
ëåíèÿ ïðè ñòàðøåé ïðîèçâîäíîé èñêîìîé âåêòîð-ôóíêöèè è ÷èñëåííûì ìåòîäàì èõ ðåøåíèÿ
[1�5]. Ñèñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ìàòðèöåé íåïîëíîãî ðàíãà â îáëà-
ñòè îïðåäåëåíèÿ ïðè ñòàðøåé ïðîèçâîäíîé èñêîìîé âåêòîð-ôóíêöèè è îñîáåííî ÷èñëåííûå
ìåòîäû ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ íèõ â ïðîøëîå òðèäöàòèëåòèå èññëåäîâàëèñü ôðàãìåí-
òàðíî. Ñåé÷àñ ýòî áûñòðî ðàñòóùàÿ îáëàñòü èññëåäîâàíèÿ (ñì. íàïðèìåð, ìîíîãðàôèþ [6],
è ðàáîòû [7�10] ñ ïðèâåäåííîé òàì áèáëèîãðàôèåé). Ðàíåå èçó÷àëèñü òîëüêî ïîñòàíîâêè íà-
÷àëüíûõ çàäà÷. Êðàåâûå çàäà÷è ïðàêòè÷åñêè íå ðàññìàòðèâàëèñü. Ìåòîäû, ïðèìåíÿåìûå â
ðàáîòàõ [11, 12] ïðè ðåøåíèè êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíå-
íèé (ÄÀÓ), ñëîæíî, à äëÿ ñèñòåì ñ ïðÿìîóãîëüíûìè ìàòðèöàìè êîýôôèöèåíòîâ íåâîçìîæ-
íî àäàïòèðîâàòü ê íàøèì çàäà÷àì. Â äàííîé ðàáîòå èçó÷àåòñÿ ìåòîä íàèìåíüøèõ êâàä-
ðàòîâ, ïðèìåíÿåìûé â ðàáîòå [13] äëÿ ðåøåíèÿ íà÷àëüíûõ çàäà÷ äëÿ äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêèõ óðàâíåíèé.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñèñòåìó èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (ÈÄÓ)

(Λ1 + V )x := A(t)ẋ(t) +B(t)x(t) +

∫ t

α
K(t, s)x(s)ds = f, t ∈ T = [α, β], (1)
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ãäå A(t), B(t), K(t, s)− (ν × n)-ìàòðèöû, ẋ(t) = dx(t)/dt, x(t), f ≡ f(t)-èñêîìàÿ è çàäàííàÿ
âåêòîð-ôóíêöèÿ ñîîòâåòñòâåííî, Λ1x := A(t)ẋ + B(t)x, V−îïåðàòîð Âîëüòåððà ñ ÿäðîì
K(t, s), ñ êðàåâûìè óñëîâèÿìè:

Cx(α) +Dx(β) = a, (2)

ãäå C, D − (m × n)-ìàòðèöû, a-çàäàííûé âåêòîð. Ïðåäïîëàãàåòñÿ, ÷òî âõîäíûå äàííûå
äîñòàòî÷íî ãëàäêèå, è âûïîëíåíî óñëîâèå

rankA(t) < min{ν, n}, t ∈ T. (3)

Åñëè ν = n, òî óñëîâèå (3) ýêâèâàëåíòíî ðàâåíñòâó detA(t) ≡ 0, t ∈ T.
Ñèñòåìà (1) íàçûâàåòñÿ çàìêíóòîé, åñëè ν = n, ïåðåîïðåäåëåííîé, åñëè ν > n, è íåäî-

îïðåäåëåííîé , åñëè ν < n.
Â ðàáîòå èñïîëüçóþòñÿ íîðìû q-ìåðíîãî âåêòîðà b = (b1, b2, ..., bq)

T ,∈ Rq, è âåêòîð-
ôóíêöèè b(t) = (b1(t), b2(t), ..., bq(t))

T , t ∈ T , âû÷èñëÿåìûå ïî ïðàâèëàì

∥b∥2E =

q∑
j=1

b2j , ∥b∥I = max
j∈[1,··· ,q]

|bj | , ∥b(t)∥2L2(T ) =

∫ β

α
∥b(s)∥2E ds, ∥b(t)∥C(T ) = max

t∈T
∥b(t)∥I ,

ãäå T -ñèìâîë òðàíñïîíèðîâàíèÿ.

Çàìå÷àíèå 1. Äëÿ óïðîùåíèÿ çàïèñè óêàçàíèå çàâèñèìîñòè îò t â ðàáîòå áóäåò èíîãäà
îïóñêàòüñÿ, åñëè ýòî íå âûçûâàåò ïóòàíèöû. Âêëþ÷åíèÿ V (t) ∈ Ci(T ), i > 1, ãäå V (t)−
ìàòðèöà èëè âåêòîð-ôóíêöèÿ, îçíà÷àþò, ÷òî âñå ïðîèçâîäíûå âñåõ åå ýëåìåíòîâ íåïðåðûâ-
íû äî ïîðÿäêà i âêëþ÷èòåëüíî. Íåïðåðûâíîñòè ñîîòâåòñòâóþò îáîçíà÷åíèÿ: V (t) ∈ C(T ).
Çàïèñü V (t) ∈ L2(T ) îçíà÷àåò, ÷òî âñå ýëåìåíòû V (t) ÿâëÿþòñÿ ôóíêöèÿìè ñóììèðóåìûìè
ñ êâàäðàòîì íà T .

Ïîä ðåøåíèåì çàäà÷è (1), (2) ìû áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ x ≡ x(t) ∈ C1(T ),
êîòîðàÿ îáðàùàåò ñèñòåìó (1) â òîæäåñòâî íà T ïðè ïîäñòàíîâêå è óäîâëåòâîðÿåò óñëî-
âèþ (2).

Çàäà÷è (1), (2), óäîâëåòâîðÿþùèå óñëîâèþ (3), ÷àñòî âîçíèêàþò ïðè àíàëèçå ñëîæíûõ
ýëåêòðè÷åñêèõ è ýëåêòðîííûõ ñõåì [14]. Ñõåìà îáû÷íî èçîáðàæàåòñÿ â âèäå íàïðàâëåííîãî
ãðàôà (öåïè), ñîñòîÿùåãî èç âåòâåé è óçëîâ ñ ôèêñèðîâàííûì íàïðàâëåíèåì êàæäîé âåòâè.
Â îáùåì ñëó÷àå óðàâíåíèÿ öåïè ñîñòîÿò èç äâóõ ÷àñòåé: óðàâíåíèÿ áàëàíñà òîêîâ (ðàñõîäîâ)
â óçëàõ (ïåðâûé çàêîí Êèðõãîôà), óðàâíåíèé áàëàíñà íàïðÿæåíèé (ïåðåïàäîâ äàâëåíèé) â
êîíòóðàõ (âòîðîé çàêîí Êèðõãîôà), äîïîëíÿåìûõ óðàâíåíèÿìè âåòâåé (îáîáùåííûé çàêîí
Îìà). Çàêîíû Êèðõãîôà ìîæíî ïðåäñòàâèòü â ìàòðè÷íîé ôîðìå ñ èñïîëüçîâàíèåì êîíòóð-
íîé è óçëîâîé ìàòðèö: A, B ñîîòâåòñòâåííî. Â ðåçóëüòàòå ðÿäà ïðåîáðàçîâàíèé (ñì. [7]) ìû
ïîëó÷èì èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå âèäà(

BL
0

)
ẋ+

(
BR
A

)
x+

(
BC̃â
0

) t∫
t0

x(s)ds+

(
uC(t0) + eâ

0

)
= 0,

ãäå x ≡ x(t)−âåêòîð-ôóíêöèÿ òîêîâ íà âåòâÿõ, Râ, C̃â � äèàãîíàëüíûå ìàòðèöû àêòèâíûõ
ñîïðîòèâëåíèé è âåëè÷èí, îáðàòíûõ åìêîñòÿì âåòâåé ñîîòâåòñòâåííî; Lâ � ìàòðèöà èíäóê-
òèâíîñòåé, êîòîðàÿ ìîæåò áûòü âûðîæäåííîé, uC(t0)+eâ− âåêòîð íàïðÿæåíèé íà çàæèìàõ
èñòî÷íèêîâ (òîêà è íàïðÿæåíèÿ). Ïðè âûïèñûâàíèè óðàâíåíèé Êèðõãîôà è ìàòðèöû èíäóê-
òèâíîñòåé ìû ìîæåì ïîëó÷èòü ëèíåéíî-çàâèñèìûå óðàâíåíèÿ, è êîíå÷íàÿ ñèñòåìà ìîæåò
áûòü ïåðåîïðåäåëåííîé. Â çàâèñèìîñòè îò ñóòî÷íîãî òåìïåðàòóðíîãî ðåæèìà ñîïðîòèâëå-
íèÿ, èíäóêòèâíîñòè, åìêîñòè âåòâåé ìîãóò çàâèñåòü îò âðåìåíè.
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2. Òåîðåìû î ðàçðåøèìîñòè

Óðàâíåíèÿ âèäà (1) ìîãóò îáëàäàòü ñëîæíîé âíóòðåííåé ñòðóêòóðîé. Â òàêîì ñëó÷àå
ìû ìîæåì èäòè òîëüêî ïî ïóòè âûäåëåíèÿ êëàññîâ óðàâíåíèé, äëÿ êîòîðûõ äîêàçàíû óòâåð-
æäåíèÿ î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèé, ñ ïîñëåäóþùåé ðàçðàáîòêîé ÷èñëåííûõ
ìåòîäîâ ðåøåíèÿ.

Îïðåäåëåíèå 1. Åñëè ñóùåñòâóåò îïåðàòîð

Λ̃k = L0(t) + L1(t)
d

dt
+ ...+ Lk(t)

(
d

dt

)k

,

ãäå L0(t), L1(t), ..., Lk(t)− (ν × ν)-ìàòðèöû èç C(T ), ñî ñâîéñòâîì

Λ̃k ◦ (Λ1 + V )y = Ã(t)ẏ + B̃(t)y +

∫ t

α
K̃(t, s)y(s)ds ∀y ∈ Ck+1(T ),

ãäå Ã(t), B̃(t), K̃(t, s)− (ν × n)-ìàòðèöû, íåïðåðûâíûå â ñâîèõ îáëàñòÿõ îïðåäåëåíèÿ,

rankÃ(t) = min{ν, n} ∀t ∈ T,

òî áóäåì ãîâîðèòü, ÷òî äëÿ ñèñòåìû (1) îïðåäåëåí ëåâûé ðåãóëÿðèçèðóþùèé îïåðàòîð
(ËÐÎ). Ìèíèìàëüíî âîçìîæíîå ÷èñëî k íàçûâàåòñÿ èíäåêñîì ñèñòåìû (1).

Îïðåäåëåíèå 2. Åñëè äëÿ ïó÷êà (ν×n)-ìàòðèö λA(t)+B(t) ñóùåñòâóåò (ν×ν)-ìàòðèöà
P (t) ñî ñâîéñòâàìè

detP (t) ̸= 0 ∀t ∈ T, P (t)[λA(t) +B(t)] = λ

(
A1(t)
0

)
+

(
B1(t)
B2(t)

)
,

rank

(
A1(t)
B2(t)

)
= min{ν, n} ∀t ∈ T,

òî áóäåì ãîâîðèòü, ÷òî ïó÷îê ìàòðèö λA(t) +B(t) èìååò èíäåêñ îäèí íà îòðåçêå T .

Ëåììà 1. [6] Ïó÷îê (n× n)-ìàòðèö λA(t) +B(t) èìååò èíäåêñ îäèí íà îòðåçêå T òîãäà
è òîëüêî òîãäà, êîãäà âûïîëíåí êðèòåðèé ≪ðàíã-ñòåïåíü≫:

rank A(t) = deg det[λA(t) +B(t)] = const = r ∀t ∈ T. (4)

Äàëåå íàì ïîòðåáóåòñÿ òàêîå óòâåðæäåíèå.

Ëåììà 2. [6] Ïóñòü (ν×n)-ìàòðèöà A(t) ∈ Ci(T ), i = 0, 1, 2, · · · , èìååò ïîñòîÿííûé ðàíã
r íà T . Òîãäà ñóùåñòâóþò êâàäðàòíûå ìàòðèöû P (t), Q(t) ∈ Ci(T ) ñîîòâåòñòâóþùåé
ðàçìåðíîñòè ñî ñâîéñòâàìè

detP (t) ̸= 0, detQ(t) ̸= 0 ∀t ∈ T, P (t)A(t)Q(t) =

(
Er 0
0 0

)
, t ∈ T, (5)

ãäå Er−åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè r.

Ñëåäñòâèå 1. Äëÿ (ν × n)-ìàòðèö A(t) ïîëíîãî ðàíãà, êîãäà rankA(t) = min{ν, n} ∀t ∈ T ,
ñóùåñòâóþò ìàòðèöû P (t), Q(t) èç ëåììû 2 ñî ñâîéñòâàìè

A(t)Q(t) =
(
Eν 0

)
, ν < n, P (t)A(t) =

(
En

0

)
, n < ν, t ∈ T.
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Ñâîéñòâà ñèñòåì (1), èìåþùèõ èíäåêñ îäèí, îïðåäåëÿþòñÿ ñëåäóþùèì óòâåðæäåíèåì.

Òåîðåìà 1. Ïóñòü äëÿ ñèñòåìû (1) âûïîëíåíû óñëîâèÿ
1) A(t), B(t), f(t) ∈ C1(T ),K(t, s) ∈ C1(T × T );
2) ïó÷îê ìàòðèö λA(t) +B(t) èìååò èíäåêñ îäèí íà îòðåçêå T .
Òîãäà:
1) ñèñòåìà (1) èìååò èíäåêñ îäèí;
2) ñóùåñòâóþò êâàäðàòíûå ìàòðèöû P(t), Q(t) ∈ C1(T ) ïîäõîäÿùåé ðàçìåðíîñòè ñî ñâîé-
ñòâàìè detP(t) ̸= 0, detQ(t) ̸= 0 ∀t ∈ T , ñèñòåìà

P(t)(Λ1 + V )Q(t)u = P(t)f,

èìååò âèä(
Er 0 0
0 0 0

)u̇1u̇2
u̇3

+

(
J(t) 0 B13

0 Eν−r 0

)u1u2
u3

+

(
V11 V12 V13
V21 V22 V23

)u1u2
u3

 = P(t)f =

(
f̃1
f̃2

)
, ν < n,

(6)(
Er 0
0 0

)(
u̇1
u̇2

)
+

(
J(t) 0
0 En−r

)(
u1
u2

)
+

(
V11 V12
V21 V22

)(
u1
u2

)
= P(t)f =

(
f̃1
f̃2

)
, ν = n, (7)

ãäå J(t)−íåêîòîðûé (r × r)-áëîê,

Vijz =

∫ t

α
Kij(t, s)z(s)ds,

Kij(t, s)−áëîêè ïîäõîäÿùåé ðàçìåðíîñòè ïðîèçâåäåíèÿ P(t)K(t, s)Q(t), uj− êîìïîíåíòû
âåêòîð-ôóíêöèè u, ñîîòâåòñòâóþùèå áëî÷íîé ñòðóêòóðå ìàòðèö êîýôôèöèåíòîâ.

Áîëåå òîãî, åñëè n < ν, rank(A(t)|B(t)) = n ∀t ∈ T , òî ñóùåñòâóþò êâàäðàòíûå ìàò-
ðèöû P(t), Q(t) ∈ C1(T ) ïîäõîäÿùåé ðàçìåðíîñòè ñî ñâîéñòâàìè detP(t) ̸= 0, detQ(t) ̸=
0 ∀t ∈ T , ñèñòåìà

P(t)(Λ1 + V )Q(t)u = P(t)f,

èìååò âèäEr 0
0 0
0 0

(
u̇1
u̇2

)
+

J(t) 0
0 En−r

0 0

(
u1
u2

)
+

V11 V12
V21 V22
V31 V32

(
u1
u2

)
= P(t)f =

f̃1f̃2
f̃3

 . (8)

Äîêàçàòåëüñòâî. Â êà÷åñòâå ËÐÎ ìîæíî ïðèíÿòü îïåðàòîð

Ω1 =

(
P1(t)
0

)
+

(
0

(d/dt)P2(t)

)
,

(
P1(t)
P2(t

)
= P (t), (9)

ãäå P (t)−ìàòðèöà èç îïðåäåëåíèÿ 2. Äàëåå, óìíîæèì ñèñòåìó (1) íà ìàòðèöó P (t) è ïðîèç-
âåäåì çàìåíó x(t) = Q(t)y(t), ãäå P (t), Q(t) ìàòðèöû èç ðàâåíñòâà (5). Äëÿ îïðåäåëåííîñòè
áóäåì ñ÷èòàòü, ÷òî ν < n. Ïîëó÷èì

P (t)(Λ1 + V )Q(t)y =

=

(
Er 0
0 0

)(
ẏ1
ẏ2

)
+

(
B11 B12

B21 B22

)(
y1
y2

)
+

(
W11 W12

W21 W22

)(
y1
y2

)
= P (t)f =

(
f1
f2

)
. (10)
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Áëî÷íàÿ ñòðóêòóðà â ðàâåíñòâå (10) âûïèñàíà ñ ó÷åòîì ðàçáèåíèÿ íà áëîêè ïðîèçâåäåíèÿ
P (t)A(t)Q(t), (

y1
y2

)
= y, Wijz =

∫ t

α
K̃ij(t, s)z(s)ds,

K̃ij(t, s)−áëîêè ïîäõîäÿùåé ðàçìåðíîñòè ïðîèçâåäåíèÿ P (t)K(t, s)Q(t).

Â ñèëó óñëîâèÿ 2) òåîðåìû rank

(
Er 0
B21 B22

)
= min{ν, n} ∀t ∈ T . Â ñèëó ýòîãî rankB22 =

ν − r ∀t ∈ T . Ñîãëàñíî ñëåäñòâèþ 1 íàéäåòñÿ íåâûðîæäåííàÿ ìàòðèöà Q̃ ñî ñâîéñòâîì

B22Q̃ =
(
Eν−r 0

)
. Ïîñëå çàìåíû ïåðåìåííûõ y =

(
Er 0

0 Q̃

)
v ñèñòåìà (10) ïðåîáðàçóåòñÿ ê

âèäó

(
Er 0 0
0 0 0

)v̇1v̇2
v̇3

+

(
B11 B̃12 B̃13

B21 Eν−r 0

)v1v2
v3

+

(
W11 Ṽ12 Ṽ13
W21 Ṽ22 Ṽ23

)v1v2
v3

 =

(
f1
f2

)
, (11)

ãäå y1 = v1, y2 = Q̃

(
v2
v3

)
. Óìíîæàÿ ñèñòåìó (11) íà ìàòðèöó

(
Er −B̃13

0 Eν−r

)
è ïðîèçâîäÿ

çàìåíó u3 = v3,

(
u1
u2

)
=

(
Er 0

−B21 Eν−r

)(
v1
v2

)
, ìû ïðèâåäåì ñèñòåìó (11) ê âèäó (6), ãäå

J(t) = B11−B̃12B21, B13 = B̃13. Cóïåðïîçèöèè ýòèõ äåéñòâèé äàäóò íàì ìàòðèöû P(t), Q(t).
Ñóùåñòâîâàíèå ôîðì (7), (8) äîêàçûâàåòñÿ àíàëîãè÷íî.

Ñëåäñòâèå 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1 è ν ≤ n. Òîãäà ñèñòåìû ðàçðåøèìû
ïðè ëþáîé f(t), è èõ îáùåå ðåøåíèå èìååò âèä

x(t, c) = Xr(t)c+ ζ(t), (12)

ζ(t) =

∫ t

α
K̃(t, s)f(s)ds+ C0(t)f(t) +

∫ t

α
K̃(t, s)w(s)ds+ C̄0(t)w(t),

x(t, c) = X̄r(t)c+ ζ̄(t), (13)

ζ̄(t) =

∫ t

α
K̄(t, s)f(s)ds+ C̄0(t)f(t),

ãäå Xr(t), X̄r(t)− (n× r)-ìàòðèöû, K̃(t, s), C0(t), K̄(t, s), C̄0(t)− (n× n)-ìàòðèöû, ãëàäêèå
â îáëàñòÿõ îïðåäåëåíèÿ, w(t)−ïðîèçâîëüíàÿ ãëàäêàÿ âåêòîð-ôóíêöèÿ, c-âåêòîð ïðîèçâîëü-
íûõ ïîñòîÿííûõ, è äðóãèõ ðåøåíèé íà T íåò.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñëó÷àé çàìêíóòîé ñèñòåìû. Èç âòîðîãî áëî÷íîãî óðàâíåíèÿ
(7) ïîëó÷èì

u2 = (En−r + V22)
−1[−V21u1 + f̃2]. (14)

Ïîñòàâèì u2 èç (14) â ïåðâîå óðàíåíèå. Â ðåçóëüòàòå ïîëó÷èì:

u̇1 + Ju1 + Ṽ u1 = F, (15)

ãäå Ṽ− îïåðàòîð Âîëüòåððà ñ íåêîòîðûì ÿäðîì K̃(t, s), F− íåêîòîðîå àëãåáðàè÷åñêîå âû-
ðàæåíèå îòíîñèòåëüíî f̃1(t), f̃2(t) è ñîîòâåòñòâóþùèõ îïåðàòîðîâ Âîëüòåððà, äåéñòâóþùèõ
íà ïåðå÷èñëåííûå ôóíêöèè.
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Çäåñü ó÷òåíî, ÷òî ïðîèçâåäåíèå îïåðàòîðîâ Âîëüòåððà ÿâëÿåòñÿ îïåðàòîðîì Âîëüòåððà
è (En−r + V22)

−1 = En−r + Ṽ22, ãäå Ṽ22−íåêîòîðûé îïåðàòîð Âîëüòåððà. Äàëåå, ðàçðåøèâ
(15) êàê îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

u̇1 + Ju1 = Ψ,Ψ = F − Ṽ u1,

ïîëó÷èì èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà

u1 = U(t)c+Wu1 + Ψ̃,

ãäå U(t)−ìàòðèöàíò ñèñòåìû u̇1 = −Ju1, W = W̃ Ṽ , c−âåêòîð ïðîèçâîëüíûõ ïîñòîÿííûõ,

W̃g =

∫ t

α
U(t)U−1(s)g(s)ds, Ψ̃ =W = W̃F, u1 = (Er +W )−1[U(t)c+ Ψ̃]. (15)

Ïîñòàâëÿÿ u1 â (14), íàéäåì âûðàæåíèå äëÿ u2 è ïîñëå óìíîæåíèÿ íà Q ïîëó÷èì âèä îáùåãî
ðåøåíèÿ ñèñòåìû (13). Ïîëàãàÿ â (6) êîìïîíåíòó u3 ïðîèçâîëüíîé ôóíêöèåé è ïîâòîðÿÿ
âûøåïðèâåäåííûå âûêëàäêè, ïîëó÷èì (12). Ñëåäñòâèå äîêàçàíî.

Â ñëó÷àå ïåðåîïðåäåëåííîé ñèñòåìû äëÿ ïåðâûõ äâóõ áëî÷íûõ óðàâíåíèé èç (8) ìû
ìîæåì ïîâòîðèòü ðàññóæäåíèÿ èç ñëåäñòâèÿ è ïîëó÷èì ôîðìóëó (13). Èç ôîðìóëû (8) ìû
âèäèì, ÷òî âåêòîð ïðîèçâîëüíûõ ïîñòîÿííûõ äîëæåí óäîâëåòâîðÿòü åùå òàêîìó óðàâíåíèþ

L(t)c = ψ(t), (16)

ãäå

L(t) = (V31 V32)

(
(Er +W )−1U(t)

−(En−r + V22)
−1V21(Er +W )−1U(t)

)
,

ψ(t) = −(V31 V32)

(
(Er +W )−1Ψ̃)

−(En−r + V22)
−1V21(Er +W )−1Ψ̃

)
,

ãäå îáîçíà÷åíèÿ â ôîðìóëå (16) ñîîòâåòñòâóþò îáîçíà÷åíèÿì èç ôîðìóë (6) � (15). Ñîãëàñíî
[2], ñèñòåìà (16) ðàçðåøèìà îòíîñèòåëüíî c òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî ñîîòíî-
øåíèå

ψ(t) = L(t)C−θ, (17)

ãäå C−ïîëóîáðàòíàÿ ìàòðèöà C: CC−C = C,

C =

β∫
α

L⊤(s)L(s)ds, θ =
β∫

α

L⊤(s)ψ(s)ds. (18)

Âñå ðåøåíèÿ îïèñûâàþòñÿ ôîðìóëîé

c = C−θ + [Er − C−C]c̄, (19)

ãäå c̄−ïðîèçâîëüíûé âåêòîð Rr. Ïðè âûïîëíåíèè óñëîâèÿ (17), à åìó óäîâëåòâîðÿþò âñå
ôóíêöèè èç îáðàçà îïåðàòîðà ñèñòåìû (1) (Λ1 + V )z, z ∈ C1(T ), îáùåå ðåøåíèå ïåðåîïðå-
äåëåííîé ñèñòåìû èìååò âèä

x(t, c̄) = Xd(t)c̄+ ζ̃(t), (20)

ãäå

Xd(t) = Q
(

(Er +W )−1U(t)
−(En−r + V22)

−1V21(Er +W )−1U(t)

)
[En − C−C],
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ζ̃(t) = Xd(t)C−θ +

∫ t

α
K(t, s)f(s)ds+C0(t)f(t),

ãäå Xd(t)− (n× d)-ìàòðèöû, d = rank[Er −C−C], K(t, s), C0(t)− (n×m)-ìàòðèöû, ãëàäêèå
â îáëàñòÿõ îïðåäåëåíèÿ. Èç (19) ñëåäóåò, ÷òî ðàçìåðíîñòü ìíîãîîáðàçèÿ ïåðåîïðåäåëåííûõ
ñèñòåì íå çàâèñèò â íàøèõ óñëîâèÿõ îò ñâîáîäíîãî ÷ëåíà f(t).

Ñëåäñòâèå 3. Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 1 è óñëîâèå (19), òî êðàåâàÿ çàäà÷à
(1), (2) ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà ðàçðåøèìû îòíîñèòåëüíî âåêòîðîâ c, c̄
ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé:

Z1c = a− Cζ(α)−Dζ(β), Z1 = CXr(α) +DXr(β), ν < n, (21)

Z2c = a− Cζ̄(α)−Dζ̄(β), Z2 = CX̄r(α) +DX̄r(β), ν = n, (22)

Z3c̄ = a− Cζ̃(α)−Dζ̃(β), Z3 = CXd(α) +DXd(β), ν > n. (23)

Åñëè ðåøåíèå ñèñòåìû c, c̄ åäèíñòâåííî, òî åäèíñòâåííî ðåøåíèå çàäà÷è (1), (2).

Çàìå÷àíèå 2. Ñëó÷àé n < ν, rank(A(t)|B(t)) > n ∀t ∈ T , â ðàáîòå íå ðàññìàòðèâàåòñÿ.

Çàìå÷àíèå 3. Ïóñòü íàéäåòñÿ ìàòðèöà P (t) èç îïðåäåëåíèè 2, íî óñëîâèå î ïîëíîòå ðàíãà

íå âûïîëíåíî: rank A1(t) < min{ν, n} ∀t ∈ T, A1(t) =

(
A1(t)
B2(t)

)
, òî ìîæíî ïîïûòàòüñÿ íàéòè

ìàòðèöó P 1(t) ñ àíàëîãè÷íûìè ñâîéñòâàìè è ïîâòîðèòü ïðîöåññ.

Ëåììà 3. Ïóñòü â ñèñòåìå (1) A(t), B(t) ∈ CA(T ), K(t, s) ∈ CA(T × T ), ãäå
CA(T ), CA(T × T )−ïðîñòðàíñòâà âåùåñòâåííî-àíàëèòè÷åñêèõ ôóíêöèé, è èíäåêñ ñèñòå-
ìû ðàâåí k.

Òîãäà ñóùåñòâóþò ìàòðèöû P i(t) ∈ CA(T ), i = 1, 2, · · · k, detP i(t) ̸= 0 ∀t ∈ T, ñî-
îòâåòñòâóþùåé ðàçìåðíîñòè ñî ñâîéñòâàìè: ïðîèçâåäåíèå îïåðàòîðîâ, ïîñòðîåííûõ ïî
ôîðìóëå (9) ÿâëÿåòñÿ ËÐÎ. Èíà÷å ãîâîðÿ, ìîæíî ïðèíÿòü

Λk =

k∏
i=1

Ωi, Ωi =

(
P i
1(t)
0

)
+

(
0

(d/dt)P i
2(t)

)
,

(
P i
1(t)
P i
2(t

)
= P i(t).

Äëÿ çàìêíóòûõ ñèñòåì äîêàçàòåëüñòâî ïðèâåäåíî â [6]. Äëÿ íåçàìêíóòûõ ñèñòåì àëãî-
ðèòì äîêàçàòåëüñòâà ïî÷òè íå ìåíÿåòñÿ.

Åñëè äëÿ ñèñòåìû (1) îïðåäåëåí ËÐÎ è ν ≥ n, òî ìíîãîîáðàçèå åå ðåøåíèé êîíå÷íîìåð-
íî. Â îáðàòíîì ñëó÷àå ìû ýòîãî íå ìîæåì ãàðàíòèðîâàòü.

Ïðèìåð 1. Ðàññìîòðèì ñèñòåìó

(Λ1 + V )x =

(
t 1
0 0

)
ẋ+

(
γ 0
t 1

)
x+

∫ t

0

(
0 0

g(t)s g(t)

)
x(s)ds = 0, t ∈ [0, 1],

ãäå γ−âåùåñòâåííûé ïàðàìåòð, g(t)−ôóíêöèÿ èç CA(T ). Èìååì x2 = −tx1, ãäå (x1 x2)
⊤ =

x. Îòñþäà (γ − 1)x1 = 0 ⇔ dim ker (Λ1 + V ) < ∞ ïðè γ ̸= 1. Åñëè γ = 1, òî ìîæíî
ïðèíÿòü x = (−u(t) tu(t))⊤, ãäå u(t)− ïðîèçâîëüíàÿ ôóíêöèÿ èç C1[0, 1]. Â êà÷åñòâå áàçèñà

â ïðîñòðàíñòâå ðåøåíèé ìîæíî ïðèíÿòü ôóíêöèè ϕj =
(
−tj tj+1

)⊤
, j = 0, 1, · · · . Èíà÷å

ãîâîðÿ, dim ker (Λ1 + V ) = ∞. Âûáîðîì ôóíêöèè g(t) ìîæíî çàäàâàòü ëþáîé íàïåðåä
çàäàííûé èíäåêñ ðàññìàòðèâàåìîé ñèñòåìû ïðè óñëîâèè γ ̸= 1.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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3. ×èñëåííûé ìåòîä

Ñèñòåìû èíäåêñà 1 îáëàäàþò âàæíûì ñâîéñòâîì.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1, êðàåâàÿ çàäà÷à (1),(2) ðàçðåøèìà è äëÿ
íåêîòîðîé âåêòîð-ôóíêöèè xϵ(t) ∈ C1(T ), âûïîëíåíû óñëîâèÿ

∥ϕϵ(t)∥C(T ) < ϵ, ∥hϵ∥I < ϵ, (24)

ãäå
ϕϵ(t) = (Λ1 + V )xϵ(t)− f(t), hϵ = Cxϵ(α) +Dxϵ(β)− a.

Òîãäà íàéäóòñÿ ðåøåíèå çàäà÷è x(t) è ïîëîæèòåëüíûå ÷èñëà ϵ0, κ òàêèå, ÷òî

∥xϵ(t)− x(t)∥C(T ) < κϵ, ϵ < ϵ0.

Áîëåå òîãî, åñëè â êðàåâûõ óñëîâèÿõ (2) C = En, D = 0 (êðàåâàÿ çàäà÷à ÿâëÿåòñÿ çàäà÷åé
Êîøè), è äëÿ íåêîòîðîé âåêòîð-ôóíêöèè xϵ(t) ∈ C1(T ), âûïîëíåíû óñëîâèÿ

∥ϕϵ(t)∥2L2(T ) < ϵ, xϵ(α)− x(α) = hϵ = 0, (25)

òîãäà íàéäóòñÿ ðåøåíèå çàäà÷è x(t) è ïîëîæèòåëüíûå ÷èñëà ϵ1, κ1 òàêèå, ÷òî

∥xϵ(t)− x(t)∥2L2(T ) < κ1ϵ, ϵ < ϵ1.

Äîêàçàòåëüñòâî. Âûïèøåì äëÿ íåâÿçêè y(t) = x(t)− xϵ(t) êðàåâóþ çàäà÷ó

(Λ1 + V )y(t) = ϕϵ(t), Cy(α) +Dy(β) = hϵ. (26)

Ïóñòü ν < n. Ïîëàãàåì â ôîðìóëå (12) ïðîèçâîëüíóþ âåêòîð-ôóíêöèþ w(t) ≡ 0 è f(t) =
ϕϵ(t). Âûïèñûâàåì ñèñòåìó (21) ïðèìåíèòåëüíî ê çàäà÷å (26) Z1c = b, b = hϵ−Cζ(α)−Dζ(β).
Ñèñòåìà ñîâìåñòíà. Èç óñëîâèé (24) è ôîðìóëû (12) â ðåçóëüòàòå ïðîñòûõ îöåíîê (ñ ó÷åòîì
ãëàäêîñòè) âûòåêàåò, ÷òî ñïðàâåäëèâî íåðàâåíñòâî ∥b∥I < κ̃ϵ, ãäå κ̃−íåêîòîðàÿ êîíñòàíòà.
Ñîãëàñíî ôîðìóëå (19) îáùåå ðåøåíèå c = Z−

1 b + [Er − Z1
−Z1]v, ãäå v− ïðîèçâîëüíûé

âåêòîð. Ïîëàãàÿ v = 0, âèäèì, ÷òî âåêòîð êîíñòàíò â ýòîì ñëó÷àå èìååò îöåíêó ∥∥I < κ̃1ϵ.
Ïîäñòàâëÿÿ ýòîò âåêòîð â (12), ìû íàõîäèì âåêòîð ôóíêöèþ y(t) è íóæíîå íàì ðåøåíèå
x(t) = y(t) + xϵ(t). Äëÿ ñëó÷àåâ ν = n, n < ν óòâåðæäåíèå äîêàçûâàåòñÿ àíàëîãè÷íî. Íå
íóæíî òîëüêî îãîâàðèâàòü óñëîâèå w(t) ≡ 0.

Âî âòîðîé ÷àñòè óòâåðæäåíèÿ ìû èìååì äåëî ñ çàäà÷åé Êîøè. Ïóñòü ν < n. Èç ôîðìóëû
(15) ìû âèäèì, ÷òî ïðè íóëåâûõ íà÷àëüíûõ äàííûõ c = 0, òàê êàê U(α) = Er. Ñëåäîâàòåëü-
íî, ïîëàãàÿ â ôîðìóëå (12) w(t) ≡ 0 è ïîäñòàâëÿÿ â íåå f(t) = ϕϵ(t), ïîñëå íåñëîæíûõ îöåíîê
ïîëó÷èì íóæíîå íàì íåðàâåíñòâî. Ñëåäóåò òîëüêî ó÷åñòü: åñëè ξ(t) ∈ C(T ), ε(t) ∈ L2(T ),
òî ξ(t)ε(t) ∈ L2(T ), ∥ξ(t)ε(t)∥L2(T ) ≤ ∥ξ(t)∥C(T ) ∥ε(t)∥L2(T ) [15].

Èòàê, äëÿ êðàåâûõ çàäà÷ (1), (2), ãäå ñèñòåìà èìååò èíäåêñ 1, ñóùåñòâóåò ãàðàíòèðî-
âàííàÿ îöåíêà îòêëîíåíèÿ ïðèáëèæàþùåé âåêòîð-ôóíêöèè îò ìíîæåñòâà ðåøåíèé êðàåâîé
çàäà÷è.

Áóäåì èñêàòü ïðèáëèæåíèÿ ê ðåøåíèþ êðàåâîé çàäà÷è (1), (2) â âèäå ïîëèíîìà

pi(t) = c0 + c1t+ . . .+ cit
i, i = 1, 2, . . . ,

ãäå c0, c1, . . . , ci-âåêòîðíûå êîýôôèöèåíòû, ïîäëåæàùèå îïðåäåëåíèþ.
Ïî ìåòîäó ìíîæèòåëåé Ëàãðàíæà [16], ïîñòðîèì ôóíêöèþ:

S(c0, c1, . . . , ci, λ) = ∥δ(t)∥2L2(T ) + (λ,Ω) =

∫ β

α
∥F (t)c− f(t)∥2Edt+ (λ,Ω), (27)
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δ(t) = A(t)ṗi(t) +B(t)pi(t) +

∫ t

α
K(t, s)pi(s)ds− f(t),

∥δ(t)∥2L2(T ) =

∫ β

α
∥δ(t)∥2Edt,

ãäå (λ,Ω)-ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå Rm, c =


c0
c1
. . .
ci

 , λ =


λ0
λ1
. . .
λm

 ,

F (t) = A(t)Ṗi(t) +B(t)Pi(t) +

∫ t

α
K(t, s)Pi(s)ds,

Pi(t) = (En tEn . . . t
iEn),

Ω = Cx(α) +Dx(β)− a = C[c0 + c1α+ . . .+ ciα
i] +D[c0 + c1β + . . .+ ciβ

i]− a,

Áóäåì èñêàòü êîýôôèöèåíòû c0, c1, . . . , ci, äîñòàâëÿþùèå ìèíèìóì ôóíêöèè (27). Íåîáõîäè-
ìûì óñëîâèåì ìèíèìóìà ôóíêöèè ìíîãèõ ïåðåìåííûõ ÿâëÿåòñÿ ðàâåíñòâî íóëþ åå ÷àñòíûõ
ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ïî íåçàâèñèìûì ïåðåìåííûì. Â ôóíêöèè (27) òàêèìè íåçàâè-
ñèìûìè ïåðåìåííûìè ÿâëÿþòñÿ êîýôôèöèåíòû c0, c1, . . . , ci, λ. Âûïèøåì ñèñòåìó ëèíåéíûõ
àëãåáðàè÷åñêèõ óðàâíåíèé ïîðÿäêà n(k + 1) +m îòíîñèòåëüíî íåèçâåñòíûõ c0, c1, . . . , ci, λ.
Èìååì 

∂S/∂c0 = 0,
∂S/∂c1 = 0,

. . .
∂S/∂ci = 0,
∂S/∂λ = 0.

Ñ ó÷åòîì âèäà ôóíêöèè (27) ñèñòåìà âûãëÿäèò òàêèì îáðàçîì:{(
2
∫ β
α F

T (t)F (t)dt
)
c+ (∂Ω/∂c)λ = 2

∫ β
α F

T (t)f(t)dt,

(∂Ω/∂c)T c = a.
(28)

Â âåêòîðíîì âèäå ñèñòåìà (28) èìååò âèä:

A

(
c
λ

)
=

(
Λ ∆
∆T 0

)(
c
λ

)
=

(
Θ
a

)
, (29)

ãäå

Λ = 2

∫ β

α
F T (t)F (t)dt,∆ = ∂Ω/∂c,Θ = 2

∫ β

α
F T (t)f(t)dt.

Ðåøåíèå ñèñòåìû (29) ìîæåò áûòü îñóùåñòâëåíî ëþáûì èç èçâåñòíûõ ìåòîäîâ (íàïðèìåð,
ìåòîäîì Ãàóññà). Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ c = (c0, c1, . . . , ci), λ, ïîëó÷èì ôóíêöèè
pi(t) = c0 + c1t+ . . .+ cit

i � ïðèáëèæåíèÿ ê òî÷íûì ðåøåíèÿì çàäà÷è (1), (2).

Ëåììà 4. Ïóñòü ν ≥ n, è çàäà÷à (1), (2) èìååò åäèíñòâåííîå ðåøåíèå. Òîãäà ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (29). Èíà÷å ãîâîðÿ,

detA ̸= 0. (30)
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Äîêàçàòåëüñòâî. Ïîäñòàâèì â çàäà÷ó (1), (2) ïîëèíîì pi(t) = c0+c1t+. . .+cit
i, i = 1, 2, . . . ,

è âû÷èñëèì ñîîòâåòñòâóþùèå åìó f(t) = fi(t), a = ai. Â ñèëó åäèíñòâåííîñòè ðåøåíèÿ èñ-
õîäíîé çàäà÷è â ñèñòåìàõ (22), (23) ðåøåíèÿ åäèíñòâåííû. Ñëåäîâàòåëüíî, ðåøåíèÿ êðàåâûõ
çàäà÷ ñ âõîäíûìè äàííûìè f(t) = fi(t), a = ai åäèíñòâåííû. Ýòî âîçìîæíî òîãäà è òîëüêî
òîãäà, êîãäà ñïðàâåäëèâî íåðàâåíñòâî (30).

Çàìå÷àíèå 4. Â ñëó÷àå ν < n åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1), (2) íåâîçìîæíà èç-çà
òîãî, ÷òî ðåøåíèå çàâèñèò îò ïðîèçâîëüíûõ ôóíêöèé.

Îöåíèì îòêëîíåíèå ïðèáëèæàþùåãî ïîëèíîìà îò ðåøåíèÿ çàäà÷è Êîøè. Â îñíîâó äîêà-
çàòåëüñòâà ïîëîæèì ïîèñê ìíîãî÷ëåíà, îòêëîíåíèå êîòîðîãî îò ðåøåíèÿ ìû ìîæåì îöåíèòü.

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2, êðàåâàÿ çàäà÷à (1), (2) ÿâëÿåòñÿ çàäà÷åé
Êîøè è ðåøåíèå x(t) åäèíñòâåííî. Òîãäà íàéäåòñÿ ðåøåíèå ñèñòåìû (29) è ñîîòâåòñòâó-
þùèé åé ìíîãî÷ëåí çàäà÷è pi òàêîé, ÷òî

S(c0, c1, . . . , ci, λ) ≤
κ1

(i2 · (ln i)2)
, ∥pi(t)− x(t)∥2L2(T ) ≤

κ2
(i2 · (ln i)2)

,

ãäå κ1 = const, κ2 = const.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ôóíêöèîíàë (27) íà ìíîãî÷ëåíå µi(t), ó êîòîðîãî µi(t) åñòü
ìíîãî÷ëåí ×åáûøåâà äëÿ ïðîèçâîäíîé ðåøåíèÿ ñèñòåìû (1) x(t). Ñîãëàñíî [17] èìååì

∥µ̇i(t)− ẋ(t)∥C(T ) = O(1/(i · ln i)), S(c̃0, c̃1, . . . , c̃i, λ) = O(1/(i2 · (ln i)2)),

ãäå c̃0, c̃1, . . . , c̃i−êîýôôèöèåíòû ïîëèíîìà µi(t). Òàê êàê íà ïîëèíîìå pi(t) äîñòèãàåòñÿ ìè-
íèìóì, òî

S(c0, c1, . . . , ci, λ) ≤ S(c̃0, c̃1, . . . , c̃i, λ).

Èç âòîðîãî óòâåðæäåíèÿ òåîðåìû 2 ñëåäóåò âòîðàÿ îöåíêà óòâåðæäåíèÿ.

Çàìå÷àíèå 5. Ïðè îïðåäåëåííûõ òðåáîâàíèÿõ íà ãëàäêîñòü ðåøåíèÿ çàäà÷è (1), (2) ìîæíî
áðàòü äðóãèå ïðîáíûå ìíîãî÷ëåíû, íàïðèìåð, èíòåðïîëÿöèîííûé ìíîãî÷ëåí Ëåæàíäðà, è
ïîëó÷àòü äðóãèå îöåíêè ñêîðîñòè ñõîäèìîñòè.

4. ×èñëåííûå ýêñïåðèìåíòû

Â êà÷åñòâå èëëþñòðàöèè ïðèâåäåì íåñêîëüêî ïðèìåðîâ.

Ïðèìåð 2. Ïóñòü çàäàíà êðàåâàÿ çàäà÷à(
1 2t
0 0

)
ẋ+

(
t 1
0 1

)
x+

∫ t

0

(
1 + s t
t 0

)
x(s)ds =

(
1 + sint+ (1− t)cost

t+ cost− tcost

)
, t ∈ [0, π],

(
1 0
0 1

)
x(0) +

(
1 0
0 1

)
x(π) =

(
0
0

)
.

Èíäåêñ ñèñòåìû ðàâåí 1. Òî÷íîå ðåøåíèå ýòîé êðàåâîé çàäà÷è: x(t) =
(sint cost)T . Ðåçóëüòàòû ðàñ÷åòîâ ïðèìåðà ïðèâåäåíû â òàáë. 1. Çäåñü Err =∥∥(sin(t)− x1(tj), cos(t)− x2(tj))

T
∥∥
I
.

Èç òàáë. 1 ìû âèäèì, ÷òî ïðè óâåëè÷åíèè ñòåïåíè i ïîëèíîìà pi(t), ïîãðåøíîñòè ðàñ÷å-
òîâ óìåíüøàþòñÿ.
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Òàáëèöà 1

Ðåçóëüòàòû ðàñ÷åòîâ äëÿ ïðèìåðà 2

i = 3 i = 5
tj x1(tj) x2(tj) Err tj x1(tj) x2(tj) Err
0 0,0624 0,9758 0,0624 0 0,0001 0,9999 0,0001
0,3142 0,3669 0,9533 0,0579 0,3142 0,3095 0,9500 0,0011
0,6283 0,6117 0,8193 0,0239 0,6283 0,5878 0,8088 0,0003
0,9425 0,7928 0,6011 0,0162 0,9425 0,8080 0,5884 0,0010
3,1416 �0,0624 �0,9758 0,0624 3,1416 �0,0001 �0,9999 0,0001

Ïðèìåð 3. Ðàññìîòðèì ñèñòåìó èç ïðèìåðà 1 ïðè g(t) ≡ 0, t ∈ [0, 1] è íåíóëåâîì ñâîáîäíîì
÷ëåíå. (

t 1
0 0

)
ẋ+

(
γ 0
t 1

)
x =

(
tet + 2e2t + γet

tet + e2t

)
, t ∈ [0, 1].

Ñèñòåìà èìååò èíäåêñ 2, åñëè γ ̸= 1 è ðàçðåøèìà ïðè ëþáîé f(t) ∈ C2[0, 1]. Ðåøåíèå ñèñòåìû

åäèíñòâåííî, è êðàåâûå óñëîâèÿ íå íóæíû, x(t) =
(
et e2t

)T
.

Â íàñòîÿùåå âðåìÿ äëÿ ëþáîé êîíêðåòíîé ñòàíäàðòíîé ðàçíîñòíîé ñõåìû ìîæíî óêàçàòü
çíà÷åíèå ïàðàìåòðà γ, ïðè êîòîðûõ ñõåìà ðàñõîäèòñÿ. Ðåçóëüòàòû ðàñ÷åòîâ äëÿ ïðèìåðà 2
ïðè γ = 2 ïðèâåäåíû â òàáë. 2. Çäåñü Err =

∥∥(et − x1(tj), e
2t − x2(tj))

T
∥∥
I
.

Òàáëèöà 2

Ðåçóëüòàòû ðàñ÷åòîâ äëÿ ïðèìåðà 3

i = 3 i = 5
tj x1(tj) x2(tj) Err tj x1(tj) x2(tj) Err
0 0,9795 1,0100 0,0205 0 0,9999 1,0000 0, 1029× 10−3

0,1 1,1456 1,2245 0,0405 0,1 1,1057 1,2214 0, 5105× 10−3

0,2 1,2844 1,4832 0,0630 0,2 1,2215 1,4918 0, 0540× 10−3

0,3 1,4068 1,8046 0,0569 0,3 1,3495 1,8222 0, 3362× 10−3

1,0 2,7388 7,3791 0,0205 1,0 2,7184 7,3890 0, 1029× 10−3

Ïðèìåð 4. 1 1
2 2
3 3

 ẋ+

 t 1
2t+ 1 2
3t 4

x+

∫ t

0

1 + s t
t 0
t 0

x(s)ds = f3(t) t ∈ [0, 1]

ñ êðàåâûì óñëîâèåì (
1 1

)
x(0) +

(
3 2

)
x(1) = 50.

Èíäåêñ ñèñòåìû ðàâåí 1. Ðåøåíèå êðàåâîé çàäà÷è åäèíñòâåííî. Â êà÷åñòâå ðåøåíèÿ áûë
ïðèíÿò âåêòîðíûé ìíîãî÷ëåí

x3(t) =

(
1
2

)
+

(
3
2

)
t+

(
2
1

)
t2 +

(
5
2

)
t3
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è âû÷èñëåí ñîîòâåòñòâóþùèé ñâîáîäíûé ÷ëåí f3(t). Ïîñòðîåíà è ðåøåíà ñèñòåìà (29). Âû-
÷èñëåííûå êîýôôèöèåíòû ìíîãî÷ëåíà p3(t) îòëè÷àþòñÿ îò êîýôôèöèåíòîâ x3(t) íà âåëè÷è-
íó, íå ïðåâûøàþùóþ 10−12.

Çàêëþ÷åíèå

Â ðàáîòå ïîëó÷åíû óñëîâèÿ ðàçðåøèìîñòè íåäîîïðåäåëåííûõ, ïåðåîïðåäåëåííûõ è çà-
ìêíóòûõ ñèñòåì âèäà (1), âêëþ÷àþùèõ êàê ÷àñòíûé ñëó÷àé ÄÀÓ. Ïðîàíàëèçèðîâàíà âîç-
ìîæíîñòü ïðèìåíèìîñòè ìåòîäà íàèìåíüøèõ êâàäðàòîâ äëÿ ðåøåíèÿ êðàåâûõ çàäà÷ (1), (2).
Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ õîðîøî ñîîòâåòñòâóþò òåîðåòè÷åñêèì îöåíêàì.

Ëèòåðàòóðà

1. Ñèäîðîâ, Í.À. Èññëåäîâàíèå íåïðåðûâíûõ ðåøåíèé çàäà÷è Êîøè â îêðåñòíîñòè òî÷êè
âåòâëåíèÿ / Í.À. Ñèäîðîâ // Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà. � 1976. � � 9. � C. 99�110.

2. Áîÿðèíöåâ, Þ.Å. Ðåãóëÿðíûå è ñèíãóëÿðíûå ñèñòåìû ëèíåéíûõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé / Þ.Å. Áîÿðèíöåâ.� Íîâîñèáèðñê: Íàóêà, 1980. � 222 ñ.

3. Sviridyuk, G.A. Linear Sobolev Type Equations and Degenerate Semigroups of Operators /
G.A. Sviridyuk, V.E. Fedorov. � Utrecht; Boston; Koln; Tokyo: VSP, 2003.

4. Ñâèðèäþê, Ã.À. Èíâàðèàíòíûå ïðîñòðàíñòâà è äèõîòîìèè ðåøåíèé îäíîãî êëàññà ëè-
íåéíûõ óðàâíåíèé òèïà Ñîáîëåâà / Ã.À. Ñâèðèäþê, À.Â. Êåëëåð // Èçâåñòèÿ âóçîâ.
Ìàòåìàòèêà. � 1997. � 5. � C. 60�68.

5. Êåëëåð, À.Â. ×èñëåííîå ðåøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ âûðîæäåííîé ëè-
íåéíîé ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íà÷àëüíûìè óñëîâè-
ÿìè Øîóîëòåðà�Ñèäîðîâà/ À.Â. Êåëëåð // Âåñòíèê ÞÓðÃÓ. Ñåðèÿ: Ìàòåìàòè÷åñêîå
ìîäåëèðîâàíèå è ïðîãðàììèðîâàíèå. � 2008. � � 27 (127), âûï. 2. � C. 50�56.

6. ×èñòÿêîâ, Â.Ô. Àëãåáðî-äèôôåðåíöèàëüíûå îïåðàòîðû ñ êîíå÷íîìåðíûì ÿäðîì /
Â.Ô. ×èñòÿêîâ. � Íîâîñèáèðñê: Íàóêà. Ñèáèðñêàÿ èçäàòåëüñêàÿ ôèðìà ÐÀÍ, 1996. �
278 c.

7. ×èñòÿêîâà, Å.Â. Ìåòîäû èññëåäîâàíèÿ è ðåøåíèÿ âûðîæäåííûõ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé è èõ ïðèëîæåíèÿ: äèñ. ... êàíä. ôèç.-ìàò.íàóê /
Å.Â. ×èñòÿêîâà. � Èðêóòñê, 2006.

8. ×èñòÿêîâ Â.Ô. Î ðàçðåøèìîñòè ëèíåéíûõ èíòåãðî-àëãåáðàè÷åñêèõ óðàâíåíèé è ÷èñëåí-
íûõ ìåòîäàõ èõ ðåøåíèÿ / Â.Ô. ×èñòÿêîâ // Ñèáèðñêèé ìàòåìàòè÷åñêèé æóðíàë. �
2013. � Ò. 54, � 4. � C. 932�946.

9. Áóëàòîâ, Ì.Â. Îá îäíîì ñåìåéñòâå âûðîæäåííûõ èíòåãðîäèôôåðåíöèàëüíûõ óðàâíå-
íèé/ Ì.Â. Áóëàòîâ, Å.Â. ×èñòÿêîâà // Æóðíàë âû÷èñëèòåëüíîé ìàòåìàòèêè è ìàòåìà-
òè÷åñêîé ôèçèêè. � 2011. � Ò. 51, � 9.� C. 1665�1673.

10. Ôàëàëååâ, Ì.Â. Âûðîæäåííûå èíòåãðî-äèôôåðåíöèàëüíûå îïåðàòîðû â áàíàõîâûõ ïðî-
ñòðàíñòâàõ è èõ ïðèëîæåíèÿ / Ì.Â. Ôàëàëååâ, Ñ.Ñ. Îðëîâ // Èçâåñòèÿ âóçîâ. Ìàòåìà-
òèêà. � 2011. � � 10. � C. 68�79.

11. Clark, Kenneth D. Numerical Solution of Boundary Value Problems in Di�erential-Algebraic
Systems / D. Kenneth Clark, Linda R. Petzold // SIAM Journal on Scienti�c and Statistical
Computing archive. �1989. � V. 10, � 5. � P. 915�930.

12. Marz, R. On Di�erence and Shooting Methods for Boundary Value Problems in Di�erential-
Algebraic Equations / Marz R. // ZAMM Journal of Applied Mathematics and Mechanics:
Zeitschrift fur angewandte Mathematik und Mechanik. � 2006. � V. 64, � 11. � P. 463�473.

13. ×èñòÿêîâ, Â.Ô. Ïðèìåíåíèå ìåòîäà íàèìåíüøèõ êâàäðàòîâ äëÿ ðåøåíèÿ ëèíåéíûõ
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé / Â.Ô. ×èñòÿêîâ, Å.Â. ×èñòÿêîâà // Ñè-
áèðñêèé æóðíàë âû÷èñëèòåëüíîé ìàòåìàòèêè. � 2013. � Ò. 21, � 1. � C. 81�95.

92 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2015, vol. 8, no. 2, pp. 81�94



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

14. Óøàêîâ, Å.È. Ñòàòè÷åñêàÿ óñòîé÷èâîñòü ýëåêòðè÷åñêèõ ñèñòåì / Å.È. Óøàêîâ. � Íîâî-
ñèáèðñê: Íàóêà, 1988.

15. Ìàñëîâ, Â.Ï. Îïåðàòîðíûå ìåòîäû / Â.Ï. Ìàñëîâ. � Ì: Íàóêà, 1973.

16. Áåðòñåêàñ, Ä. Óñëîâíàÿ îïòèìèçàöèÿ è ìåòîäû ìíîæèòåëåé Ëàãðàíæà / Ä. Áåðòñåêàñ. �
Ì.: Ðàäèî è ñâÿçü, 1987.

17. Áàõâàëîâ, Í.Ñ. ×èñëåííûå ìåòîäû / Í.Ñ. Áàõâàëîâ, Í.Ï. Æèäêîâ, Ã.Ì. Êîáåëüêîâ. �
Ì.: Íàóêà, 1987.

Áàíã Äûê Íãóåí, àñïèðàíò, êàôåäðà ≪Âû÷èñëèòåëüíàÿ òåõíèêà≫, Èðêóòñêèé ãîñóäàð-
ñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò(ã. Èðêóòñê, Ðîññèéñêàÿ Ôåäåðàöèÿ), ducbang@mail.ru.

Âèêòîð Ôèëèìîíîâè÷ ×èñòÿêîâ, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, Èíñòèòóò äèíà-
ìèêè ñèñòåì è òåîðèè óïðàâëåíèÿ ÑÎ ÐÀÍ (ã. Èðêóòñê, Ðîññèéñêàÿ Ôåäåðàöèÿ), ñhist@icc.ru.

Ïîñòóïèëà â ðåäàêöèþ 13 ìàðòà 2015 ã.

MSC 65R20 DOI: 10.14529/mmp150207

On Boundary Value Problems for Singular Systems of Linear
Integro-Di�erential Equations Method of Least Squares

B.D. Nguyen, Irkutsk State Technical University, Irkutsk, Russian Federation,
ducbang@mail.ru,
V.F. Chistyakov, Institute for System Dynamics and Control Theory of Seberian Branch
of Russian Academy of Sciences, Irkutsk, Russian Federation, chist@icc.ru

At present, in the analysis of complex electrical and electronic circuits, the system often
includes interconnected di�erential, integral and algebraic equations. Algebraic equations
are responsible for the di�erence of balance relations in the models, in particular, the
conservation laws or equations of state, the system of di�erential equations describing the
dynamics of the process. If the process has afteraction, the mathematical model can include
integral equation (IE). The systems of interconnected di�erential, algebraic and integral
equations can be written in the form of vector integro-di�erential equations with a matrix at
the highest derivative of a searched vector-function of not full rank in the domain. Numerical
solution of boundary and initial problems for such systems conjugates with great di�culty.
In this paper we discuss the least squares method and the results of numerical calculations.

Keywords: degenerate system; general solution; integro-di�erential equations; boundary

value problem; least squares method.
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