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ÈÑÑËÅÄÎÂÀÍÈÅ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÌÎÄÅËÈ
ÏÐÎÖÅÑÑÀ ÍÀÃÐÅÂÀ ÍÅÎÄÍÎÐÎÄÍÎÉ ÑÐÅÄÛ

À.Í. Íàèìîâ

Â ñòàòüå èññëåäîâàíà ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà íàãðåâà íåîäíîðîäíîé ñðå-

äû ≪ÒÝÍ � ïåñîê � âîçäóõ≫. Äàííàÿ ìîäåëü ïðèìåíÿåòñÿ â èíæåíåðíûõ çàäà÷àõ äëÿ

ðàñ÷åòà òåìïåðàòóðíîãî ðåæèìà è òåïëîâûõ õàðàêòåðèñòèê â ïðîöåññå íàãðåâà. Ìåòî-

äîëîãèÿ òàêèõ ðàñ÷åòîâ ðàçðàáîòàíà â ðàáîòàõ àêàäåìèêîâ À.Í. Òèõîíîâà è À.À. Ñà-

ìàðñêîãî. Èññëåäóåìàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïðåäñòàâëÿåò ñîáîé ñìåøàííóþ çàäà÷ó

äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íà êîíå÷íîì îòðåçêå. Â ðàññìàòðèâàåìîé çàäà÷å, â

îòëè÷èå îò êëàññè÷åñêèõ, òðè íåèçâåñòíûõ: â óðàâíåíèè íåèçâåñòíà îäíà ôóíêöèÿ îò

äâóõ ïåðåìåííûõ, à â ãðàíè÷íûõ óñëîâèÿõ íåèçâåñòíû äâå ôóíêöèè îò îäíîé ïåðåìåí-

íîé. Ïðèâîäèòñÿ ðåøåíèå ñìåøàííîé çàäà÷è â âèäå ôîðìàëüíûõ ôóíêöèîíàëüíûõ ðÿ-

äîâ. Ýòè ðÿäû ñòðîÿòñÿ íà îñíîâå ðåøåíèÿ ñîîòâåòñòâóþùåé êðàåâîé çàäà÷è Øòóðìà

� Ëèóâèëëÿ â ôîðìå Êíåçåðà. Äîêàçûâàåòñÿ, ÷òî òàêèì îáðàçîì ïîñòðîåííûå ôóíê-

öèîíàëüíûå ðÿäû îïðåäåëÿþò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå ñìåøàííîé çàäà÷è.

Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà íàãðåâà íåîäíîðîäíîé ñðåäû;

ðåøåíèå ñìåøàííîé çàäà÷è; ìåòîä ýíåðãåòè÷åñêèõ íåðàâåíñòâ.

Ââåäåíèå. Ñòàòüÿ ïîñâÿùåíà èññëåäîâàíèþ ìàòåìàòè÷åñêîé ìîäåëè ïðîöåññà íàãðåâà íåîä-
íîðîäíîé ñðåäû ≪ÒÝÍ � ïåñîê � âîçäóõ≫. Äàííàÿ ìîäåëü ïðèìåíÿåòñÿ â èíæåíåðíûõ çà-
äà÷àõ äëÿ ðàñ÷åòà òåìïåðàòóðíîãî ðåæèìà è òåïëîâûõ õàðàêòåðèñòèê â ïðîöåññå íàãðåâà.
Ìåòîäîëîãèÿ òàêèõ ðàñ÷åòîâ ðàçðàáîòàíà â ðàáîòàõ àêàäåìèêîâ À.Í. Òèõîíîâà è À.À. Ñà-
ìàðñêîãî ([1]). Èññëåäóåìàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïðåäñòàâëÿåò ñîáîé ñìåøàííóþ çàäà÷ó
äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè íà êîíå÷íîì îòðåçêå:
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u(0, x) = ur(0) = uR(0) = u0, r < x < R. (6)

Çäåñü a, r, R, k, cr, hr, cR, hR, αR, u0, Q � çàäàííûå ïîëîæèòåëüíûå ÷èñëà, t, x � íåçàâèñèìûå
ïåðåìåííûå, u(t, x), ur(t), uR(t) � íåèçâåñòíûå ôóíêöèè.

Ñìåøàííàÿ çàäà÷à (1) � (6) â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè ïðîöåññà íàãðåâà íåîäíî-
ðîäíîé ñðåäû ≪ÒÝÍ � ïåñîê � âîçäóõ≫ðàññìîòðåíà â ðàáîòàõ [2, 3]. Â ýòèõ ðàáîòàõ, èñïîëü-
çóÿ ìåòîäîëîãèþ ðàáîòû [1], ñ ïîìîùüþ ðåøåíèÿ çàäà÷è (1) � (6) ðàçðàáîòàíû àëãîðèòìû

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2015. Ò. 8, � 4. Ñ. 131�137

131



À.Í. Íàèìîâ

ðàñ÷åòà òåìïåðàòóðíîãî ðåæèìà è òåïëîâûõ õàðàêòåðèñòèê íàáëþäàåìîãî ïðîöåññà íàãðå-
âà íåîäíîðîäíîé ñðåäû. Ïðè ýòîì ðåøåíèå çàäà÷è (1) � (6) ïðåäñòàâëÿåòñÿ ôîðìàëüíûìè
ðÿäàìè

u(t, x) = u(x) +
∞∑
n=1

Dnun(x)e
−λnat,

ur(t) = ur +

∞∑
n=1

Dnun,re
−λnat, uR(t) = uR +

∞∑
n=1

Dnun,Re
−λnat. (7)

Íî âîïðîñ î òîì, ñõîäÿòñÿ ëè ýòè ðÿäû è ÿâëÿþòñÿ ëè ñóììû ýòèõ ðÿäîâ êëàññè÷åñêèì
ðåøåíèåì çàäà÷è (1) � (6), â ðàáîòàõ [2, 3] íå ðàññìàòðèâàåòñÿ. Ýòîìó âîïðîñó ïîñâÿùåíà
íàñòîÿùàÿ ðàáîòà.

Îïðåäåëåíèå 1. Ðåøåíèåì ñìåøàííîé çàäà÷è (1) � (6) íàçîâåì òðîéêó

(u(t, x), ur(t), uR(t)) ôóíêöèé u(t, x) ∈ C1,2((0,+∞) × (r,R)) ∩ C0,1((0,+∞) × [r,R]),
ur(t), uR(t) ∈ C1(0,+∞), óäîâëåòâîðÿþùèõ óðàâíåíèþ (1), êðàåâûì óñëîâèÿì (2) � (5) è

íà÷àëüíûì óñëîâèÿì (6) â ñëåäóþùåì ñìûñëå:

R∫
r

x(u(t, x)− u0)
2dx → 0, ur(t) → u0, uR(t) → u0 ïðè t → 0. (8)

Ðåøåíèå çàäà÷è (1) � (6) áóäåì èñêàòü â âèäå ðÿäîâ (7). Ïîäñòàâëÿåì (7) â (1) � (5)
è, ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ýêñïîíåíòàõ, ïîëó÷àåì ñëåäóþùèå êðàåâûå
çàäà÷è äëÿ íåèçâåñòíûõ (u(x), ur, uR) è (un(x), un,r, un,R), n = 1, 2, ... :

xu′′(x) + u′(x) = 0, r < x < R, (9)

−ku′(r) = Q, −ku′(r) = hr(ur − u(r)), −ku′(R) = αRuR, −ku′(R) = hR(u(R)− uR),

xu′′n(x) + u′n(x) + λnxun(x) = 0, r < x < R,

−ku′n(r) = λnacrun,r, −ku′n(r) = hr(un,r − un(r)), (10)

−ku′n(R) = (αR − λnacR)un,R, −ku′n(R) = hR(un(R)− un,R).

Êðàåâàÿ çàäà÷à (9) ðåøàåòñÿ íåïîñðåäñòâåííî:

u(x) =
rQ

R

(
1

αR
+

1

hR

)
+

rQ

k
ln

R

x
, r ≤ x ≤ R, ur = u(r) +

Q

hr
, uR =

rQ

RαR
. (11)

Êðàåâàÿ çàäà÷à (10), ïðåäñòàâëÿþùàÿ ñîáîé çàäà÷ó Øòóðìà � Ëèóâèëëÿ â ôîðìå Êíåçå-
ðà, ÿâíî íå ðåøàåòñÿ. Â ðàáîòàõ [4, 5], èññëåäóÿ äàííóþ çàäà÷ó, äîêàçàíî ñóùåñòâîâàíèå
ñ÷åòíîãî ÷èñëà ïîëîæèòåëüíûõ çíà÷åíèé λ1 < λ2 < ... òàêèõ, ÷òî: à) ïðè êàæäîì çíà÷å-
íèè λn ñóùåñòâóåò íåíóëåâîå ðåøåíèå (un(x), un,r, un,R) êðàåâîé çàäà÷è (10); á) äëÿ λn ïðè
áîëüøèõ n âåðíà àñèìïòîòèêà

√
λn = (π(n+ n0))/(R − r) + o(1), n → ∞, ãäå n0 � ôèêñèðî-

âàííîå öåëîå ÷èñëî, çàâèñÿùåå îò äàííûõ çàäà÷è; â) íåíóëåâûå ðåøåíèÿ (un(x), un,r, un,R),
n = 1, 2, ... ìîæíî íîðìèðîâàòü òàê, ÷òî îíè îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â ãèëüáåð-
òîâîì ïðîñòðàíñòâå H, ñîñòîÿùåì èç âñåõ òðîåê F = (f(x), A,B), ãäå f(x) ∈ L2(r,R) è A, B
� âåùåñòâåííûå ÷èñëà, ñî ñêàëÿðíûì ïðîèçâåäåíèåì

< F, F̃ >=
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Òðîéêó (u0 − u(x), u0 − ur, u0 − uR), êàê ýëåìåíò ãèëüáåðòîâîãî ïðîñòðàíñòâà H, ìîæíî
ðàçëîæèòü ïî îðòîíîðìèðîâàííîìó áàçèñó (un(x), un,r, un,R), n = 1, 2, .... Êîýôôèöèåíòû
ýòîãî ðàçëîæåíèÿ âîçüìåì â êà÷åñòâå ÷èñåë Dn, n = 1, 2, ... â ôîðìóëàõ (7):

Dn =

R∫
r

x(u0 − u(x))un(x)dx+
racr
k

(u0 − ur)un,r +
RacR
k

(u0 − uR)un,R, n = 1, 2, .... (12)

Èìåþò ìåñòî ñëåäóþùèå òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ ñìåøàí-
íîé çàäà÷è (1) � (6).

Òåîðåìà 1. Òðîéêà ôóíêöèé (u(t, x), ur(t), uR(t)), êîòîðàÿ îïðåäåëÿåòñÿ ôîðìóëàìè (7),

ÿâëÿåòñÿ ðåøåíèåì ñìåøàííîé çàäà÷è (1) � (6), åñëè

1) òðîéêó (u(x), ur, uR) îïðåäåëèòü ôîðìóëàìè (11);

2) òðîéêè (un(x), un,r, un,R), n = 1, 2, ... ñ÷èòàòü íåíóëåâûìè ðåøåíèÿìè êðàåâîé çàäà-

÷è (10), îáðàçóþùèìè îðòîíîðìèðîâàííûé áàçèñ â ïðîñòðàíñòâå H;

3) ÷èñëà Dn, n = 1, 2, ... íàõîäèòü ôîðìóëîé (12).

Òåîðåìà 2. Ðåøåíèå ñìåøàííîé çàäà÷è (1) � (6) åäèíñòâåííî.

Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ [6].

1. Ñóùåñòâîâàíèå ðåøåíèÿ ñìåøàííîé çàäà÷è. Â ýòîì ïàðàãðàôå ïðèâåäåì äîêàçà-
òåëüñòâî òåîðåìû 1 î ñóùåñòâîâàíèè ðåøåíèÿ ñìåøàííîé çàäà÷è (1) � (6).

Èç òîãî, ÷òî ïîñëåäîâàòåëüíîñòü (un(x), un,r, un,R), n = 1, 2, ... îðòîíîðìèðîâàíà â H,
ñëåäóåò, ÷òî ÷èñëîâûå ïîñëåäîâàòåëüíîñòè un,r, un,R, Dn, n = 1, 2, ... îãðàíè÷åíû:

racr
k

u2n,r ≤ 1,
RacR
k

u2n,R ≤ 1,

|Dn| = | < (u0 − u, u0 − ur, u0 − uR), (un, un,r, un,R) > | ≤ ||(u0 − u, u0 − ur, u0 − uR)||.

Îòñþäà âûòåêàåò, ÷òî ôóíêöèîíàëüíûå ðÿäû

∞∑
n=1

Dnun,r(−λna)
me−λnat,

∞∑
n=1

Dnun,R(−λna)
me−λnat

ïðè ëþáîì öåëîì m = 0, 1, 2, ... àáñîëþòíî è ðàâíîìåðíî ñõîäÿòñÿ íà ëþáîì ïðîìåæóòêå
[t0,+∞), ãäå t0 > 0; çäåñü ó÷èòûâàåòñÿ ïîëîæèòåëüíîñòü λn, n = 1, 2, ... è àñèìïòîòèêà
λn ïðè n → ∞. Ñëåäîâàòåëüíî, ôóíêöèè ur(t), uR(t) áåñêîíå÷íî äèôôåðåíöèðóåìû íà
ïðîìåæóòêå (0,+∞) è ur(t) → ur, uR(t) → uR ïðè t → +∞.

Ïîêàæåì, ÷òî íà ëþáîì ìíîæåñòâå [t0,+∞) × [r,R], ãäå t0 > 0, àáñîëþòíî è ðàâíîìåð-
íî ñõîäÿòñÿ ðÿä ôóíêöèè u(t, x) è åãî ïðîèçâîäíûå ëþáîãî ïîðÿäêà ïî t è x. Äëÿ ýòîãî
äîñòàòî÷íî ïðîâåðèòü ñïðàâåäëèâîñòü ñëåäóþùåé ëåììû.

Ëåììà 1. Ïîñëåäîâàòåëüíîñòü ôóíêöèé λ
−1−m/2
n u

(m)
n (x), n = 1, 2, ... ïðè ëþáîì öåëîì

m = 0, 1, 2, ... ðàâíîìåðíî îãðàíè÷åíà íà îòðåçêå [r,R].

Äîêàçàòåëüñòâî. Èç êðàåâûõ óñëîâèé êðàåâîé çàäà÷è (10), â ñèëó îãðàíè÷åííîñòè ïîñëå-
äîâàòåëüíîñòåé un,r, un,R, n = 1, 2, ... ñëåäóåò, ÷òî ÷èñëîâûå ïîñëåäîâàòåëüíîñòè λ−1

n un(r),
λ−1
n u′n(r), n = 1, 2, ... îãðàíè÷åíû.

Äèôôåðåíöèàëüíîå óðàâíåíèå

u′′n(x) +
1

x
u′n(x) + λnun(x) = 0, r < x < R,
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ïåðåìíîæàÿ íà 2u′n(x) è èíòåãðèðóÿ îò r äî x, èìååì:

(u′n(x))
2 + λn(un(x))

2 + 2

x∫
r

s−1(u′n(s))
2ds = (u′n(r))

2 + λn(un(r))
2.

Îòñþäà âûòåêàåò, ÷òî ïîñëåäîâàòåëüíîñòè ôóíêöèé λ−1
n un(x), λ

−3/2
n u′n(x), n = 1, 2, ... ðàâ-

íîìåðíî îãðàíè÷åíû íà îòðåçêå [r,R]. Èç ñàìîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, êîòîðîìó
óäîâëåòâîðÿåò un(x), ñëåäóåò ðàâíîìåðíàÿ îãðàíè÷åííîñòü ôóíêöèé λ−2

n u′′n(x), n = 1, 2, ....
Äàëåå, èíäóêöèåé ïî m, ëåãêî ïðîâåðèòü, ÷òî ïðè ëþáîì öåëîì m = 3, 4, ... ïîñëåäîâàòåëü-

íîñòü ôóíêöèé λ
−1−m/2
n u

(m)
n (x), n = 1, 2, ... ðàâíîìåðíî îãðàíè÷åíà íà îòðåçêå [r,R].

Èç äîêàçàííîé ëåììû ñëåäóåò, ÷òî ôóíêöèÿ u(t, x) áåñêîíå÷íî äèôôåðåíöèðóåìà íà
ìíîæåñòâå (0,+∞)× [r,R], ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1), è âìåñòå ñ ôóíêöèÿìè ur(t),
uR(t) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì (2) � (5).

Òåïåðü, äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà òåîðåìû îñòàåòñÿ ïðîâåðèòü, ÷òî ïðè t → 0
èìåþò ìåñòî ïðåäåëû (8). Âîñïîëüçóåìñÿ òåì, ÷òî â ñèëó âûáîðà ÷èñåë Dn, n = 1, 2, ...
ïîñëåäîâàòåëüíîñòü òðîåê(

N∑
n=1

Dnun(x),
N∑

n=1

Dnun,r,
N∑

n=1

Dnun,R

)
, N = 1, 2, ...

ñõîäèòñÿ ê òðîéêå (u0 − u(x), u0 − ur, u0 − uR) ïî íîðìå ïðîñòðàíñòâà H:∣∣∣∣∣
∣∣∣∣∣
(
u0 − u−

N∑
n=1

Dnun, u0 − ur −
N∑

n=1

Dnun,r, u0 − uR −
N∑

n=1

Dnun,R

)∣∣∣∣∣
∣∣∣∣∣
2

=

=

∣∣∣∣∣
∣∣∣∣∣(u0 − u, u0 − ur, u0 − uR)−

N∑
n=1

Dn(un, un,r, un,R)

∣∣∣∣∣
∣∣∣∣∣
2

=

∞∑
n=N+1

D2
n → 0, N → ∞.

Ó÷èòûâàÿ ýòî, äëÿ ëþáîãî t > 0 èìååì:∣∣∣∣∣
∣∣∣∣∣
(
u0 − u−

N∑
n=1

Dnune
−λnat, u0 − ur −

N∑
n=1

Dnun,re
−λnat, u0 − uR −

N∑
n=1

Dnun,Re
−λnat

)∣∣∣∣∣
∣∣∣∣∣ ≤

≤

∣∣∣∣∣
∣∣∣∣∣
(
u0 − u−

N∑
n=1

Dnun, u0 − ur −
N∑

n=1

Dnun,r, u0 − uR −
N∑

n=1

Dnun,R

)∣∣∣∣∣
∣∣∣∣∣+

+

∣∣∣∣∣
∣∣∣∣∣
(

N∑
n=1

Dnun(1− e−λnat),

N∑
n=1

Dnun,r(1− e−λnat),

N∑
n=1

Dnun,R(1− e−λnat)

)∣∣∣∣∣
∣∣∣∣∣ =

=

( ∞∑
n=N+1

D2
n

)1/2

+

(
N∑

n=1

D2
n(1− e−λnat)2

)1/2

≤

( ∞∑
n=N+1

D2
n

)1/2

+ (1− e−λ1at)

(
N∑

n=1

D2
n

)1/2

.

Ïåðåõîäÿ ê ïðåäåëó ïðè N → ∞, ïîëó÷èì:

||(u0 − u(t, ·), u0 − ur(t), u0 − uR(t))|| ≤ (1− e−λ1at)

( ∞∑
n=1

D2
n

)1/2

.

Îòñþäà ñëåäóåò, ÷òî ïðè t → 0 èìåþò ìåñòî ïðåäåëû (8). Òåîðåìà 1 äîêàçàíà.
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2. Åäèíñòâåííîñòü ðåøåíèÿ ñìåøàííîé çàäà÷è. Äîêàæåì òåîðåìó 2 î åäèíñòâåííîñòè
ðåøåíèÿ ñìåøàííîé çàäà÷è (1) � (6) ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ [6]. Ïóñòü Q = 0
è u0 = 0. Ïîêàæåì, ÷òî â ýòîì ñëó÷àå ðåøåíèå (u(t, x), ur(t), uR(t)) çàäà÷è (1) � (6) òîæäå-
ñòâåííî ðàâíî íóëþ. Òàê êàê u0 = 0, ïîýòîìó ñîãëàñíî (8) èìååì:

R∫
r

xu2(t, x)dx → 0, ur(t) → 0, uR(t) → 0 ïðè t → 0. (13)

Ïðîâåðèì, ÷òî ïðè ëþáûõ s2 > s1 > 0 èìååò ìåñòî ýíåðãåòè÷åñêîå íåðàâåíñòâî

R∫
r

xu2(s2, x)dx+
racr
k

u2r(s2) +
RacR
k

u2R(s2) ≤

≤
R∫
r

xu2(s1, x)dx+
racr
k

u2r(s1) +
RacR
k

u2R(s1).

(14)

Òîãäà èç (13) è (14) ñëåäóåò, ÷òî ôóíêöèè u(t, x), ur(t), uR(t) òîæäåñòâåííî ðàâíû íóëþ.
Ýòèì ñàìûì òåîðåìà 2 áóäåò äîêàçàíà.

Îáå ñòîðîíû óðàâíåíèÿ (1) ïåðåìíîæèì íà xu(t, x) è ïðîèíòåãðèðóåì ïî ïðÿìîóãîëü-
íèêó [s1, s2]× [r + ε,R− ε]:

s2∫
s1

R−ε∫
r+ε

x
∂u

∂t
(t, x)u(t, x)dxdt = a

s2∫
s1

R−ε∫
r+ε

∂

∂x

(
x
∂u

∂x
(t, x)

)
u(t, x)dxdt,

1

2

s2∫
s1

d

dt

 R−ε∫
r+ε

xu2(t, x)dx

 dt = a

s2∫
s1

x
∂u

∂x
(t, x)u(t, x)

∣∣∣∣R−ε

r+ε

−
R−ε∫
r+ε

x

(
∂u

∂x
(t, x)

)2

dx

 dt,

1

2

 R−ε∫
r+ε

xu2(s2, x)dx−
R−ε∫
r+ε

xu2(s1, x)dx

 =

= a

s2∫
s1

x
∂u

∂x
(t, x)u(t, x)

∣∣∣∣R−ε

r+ε

−
R−ε∫
r+ε

x

(
∂u

∂x
(t, x)

)2

dx

 dt.

Óñòðåìëÿÿ ε ê íóëþ, ïîëó÷èì:

R∫
r

xu2(s2, x)dx−
R∫
r

xu2(s1, x)dx = 2Ra

s2∫
s1

u(t, R)
∂u

∂x
(t, R)dt−

−2ra

s2∫
s1

u(t, r)
∂u

∂x
(t, r)dt− 2a

s2∫
s1

R∫
r

x

(
∂u

∂x
(t, x)

)2

dxdt. (15)

Èç êðàåâûõ óñëîâèé (3) è (2), ó÷èòûâàÿ ðàâåíñòâî Q = 0, âûâîäèì:

u(t, r) = ur(t)+
k

hr

∂u

∂x
(t, r) = ur(t)+

cr
hr

dur
dt

(t), u(t, r)
∂u

∂x
(t, r) =

(
ur(t) +

cr
hr

dur
dt

(t)

)
cr
k

dur
dt

(t),
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u(t, r)
∂u

∂x
(t, r) =

c2r
khr

(
dur
dt

(t)

)2

+
cr
2k

d

dt

(
u2r(t)

)
,

−2ra

s2∫
s1

u(t, r)
∂u

∂x
(t, r)dt = − racr

k
u2r(t)

∣∣∣s2
s1

− 2ra
c2r
khr

s2∫
s1

(
dur
dt

(t)

)2

dt ≤ − racr
k

u2r(t)
∣∣∣s2
s1
,

−2ra

s2∫
s1

u(t, r)
∂u

∂x
(t, r)dt ≤ − racr

k
u2r(t)

∣∣∣s2
s1
. (16)

Àíàëîãè÷íûì îáðàçîì, èç êðàåâûõ óñëîâèé (4) è (5) âûâîäèì:

2Ra

s2∫
s1

u(t, R)
∂u

∂x
(t, R)dt = − RacR

k
u2R(t)

∣∣∣∣s2
s1

−

−2Ra

s2∫
s1

(
αR

k
u2R(t) +

1

khR

(
cR

duR
dt

(t) + αRuR(t)

)2
)
dt ≤ − RacR

k
u2R(t)

∣∣∣∣s2
s1

,

2Ra

s2∫
s1

u(t, R)
∂u

∂x
(t, R)dt ≤ − RacR

k
u2R(t)

∣∣∣∣s2
s1

. (17)

Òàêèì îáðàçîì, èç (15), (16) è (17) ñëåäóåò, ÷òî

R∫
r

xu2(s2, x)dx−
R∫
r

xu2(s1, x)dx ≤ − racr
k

u2r(t)
∣∣∣s2
s1
− RacR

k
u2R(t)

∣∣∣∣s2
s1

−2a

s2∫
s1

R∫
r

x

(
∂u

∂x
(t, x)

)2

dxdt.

Îòñþäà âûòåêàåò íåðàâåíñòâî (14). Òåîðåìà 2 äîêàçàíà.

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÔÔÈ 15-01-04713a
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Research of Mathematical Model of Inhomogeneous Media
the Heating Process

A.N. Naimov, Vologda State University, Vologda, Russian Federation, nan67@rambler.ru

In the paper mathematical model of inhomogeneous medium "TEN � sand �

air" heating is investigated. This model is used in engineering problems to calculate

the temperature and thermal characteristics during heating. The methodology of these

calculations was developed in works of academician A.N. Tikhonov and A.A. Samarskiy. The

considered mathematical model is an initial-boundary value problem for heat equation on a

�nite interval. Our problem, in contrast to the classical problems, includes three unknowns:

one unknown function of two variables in the equation and two unknown functions of a

single variable in the boundary conditions. The solution of initial-boundary value problem

is found in the form of series of functions. These series are constructed by solving of the

corresponding boundary value Sturm � Liouville problem in the Kneser's form. It is proved

that the series of functions constructed in this way determines a unique classical solution of

the initial-boundary value problem. Uniqueness of solution is proved by energy inequalities

method.

Keywords: the mathematical model of heat inhomogeneous medium; solution of initial-

boundary value problem; method of energy inequalities.
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